Minimal models of canonical singularities and their cohomology

Mirel Caibăr

A thesis submitted to the University of Warwick for the degree of Doctor of Philosophy

Mathematics Institute University of Warwick

February 1999

Contents

List of examples iv

Acknowledgements v

Declaration vi

Summary vii

1 Introduction 1 1.1 Motivation and results . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.2.1 The Milnor fibration . . . . . . . . . . . . . . . . . . . 7 1.2.2 Monodromy . . . . . . . . . . . . . . . . . . . . . . . . 8 1.2.3 The homology of L . . . . . . . . . . . . . . . . . . . . 9 1.2.4 Nondegenerate singularities . . . . . . . . . . . . . . . 10 1.2.5 Canonical singularities . . . . . . . . . . . . . . . . . . 11 1.2.6 Mixed Hodge structures . . . . . . . . . . . . . . . . . 14 1.2.7 Thom–Sebastiani type results . . . . . . . . . . . . . . 16

2 The divisor class group 17 2.1 The identification with H^2(L, Z) . . . . . . . . . . . . . . . . 17 2.2 Singularities of the form xy = g(z, t) . . . . . . . . . . . . . . 18 2.3 Quasihomogeneous singularities . . . . . . . . . . . . . . . . . 19 2.4 Canonical singularities . . . . . . . . . . . . . . . . . . . . . . 21 2.5 Nondegenerate singularities . . . . . . . . . . . . . . . . . . . 22 2.6 The general case . . . . . . . . . . . . . . . . . . . . . . . . . 28

3 Crepant divisors 32 3.1 The number c(X) . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.2 Toric resolutions . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Weighted blowups . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3.1 Toric description . . . . . . . . . . . . . . . . . . . . . 35 3.3.2 Global description . . . . . . . . . . . . . . . . . . . . 36 3.3.3 Local description . . . . . . . . . . . . . . . . . . . . . 37 3.3.4 Algebraic description . . . . . . . . . . . . . . . . . . . 38 3.4 Crepant weightings . . . . . . . . . . . . . . . . . . . . . . . . 39 3.5 Crepant valuations . . . . . . . . . . . . . . . . . . . . . . . . 42 3.6 The set E(f) . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.7 A formula for c(X) . . . . . . . . . . . . . . . . . . . . . . . . 50

4 The cohomology of a minimal model 51 4.1 Aims of this chapter . . . . . . . . . . . . . . . . . . . . . . . 51 4.2 A basic exact sequence . . . . . . . . . . . . . . . . . . . . . . 52 4.3 A “model case” . . . . . . . . . . . . . . . . . . . . . . . . . . 53 4.4 Some lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 4.5 The 2nd and 4th Betti numbers of a minimal model . . . . . 57 4.6 The cohomology of weighted surfaces . . . . . . . . . . . . . . 59 4.7 Examples with normal exceptional divisors . . . . . . . . . . 61 4.8 Examples with nonnormal exceptional divisors . . . . . . . . 65 4.9 The 3rd Betti number of a minimal model . . . . . . . . . . . 68 4.10 Further remarks . . . . . . . . . . . . . . . . . . . . . . . . . 73

Bibliography 76

List of examples

2.4 The rank ρ(X) of the divisor class group for a Brieskorn–Pham 3-fold canonical singularity X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.14 ρ(X) for the singularity defined by x^p +y^q +z^r +xyz +t^n, where n ≥ 2 and^1_p +^1_q +^1_r < 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.15 ρ(X) for x^3 + x^2z + y^2z + z^4 + t^n with n ≥ 2 . . . . . . . . . . . . . . . . . . . . . 26 2.19 ρ(X) for x^2 + y^3 + (z^p + t^p)^2 + t^n, where p ≥ 2 and n ≥ 2p + 1 . . . 30 3.1 A toric resolution for x^3 + y^3 + z^3 + t^n . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.10 Some crepant divisors for x^3 + x^2z + y^2z + z^4 + t^n . . . . . . . . . . . . . . . 46 4.14 The Betti numbers of a minimal model Y of the singularity defined by x^2 + y^3 + z^6 + t^n with n ≥ 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.15 The Betti numbers of Y for x^3 + y^3 + z^3 + t^n = 0 with n ≥ 3 . . . . . 63 4.16 b_i(Y ) for x^3 + y^4 + z^4 + t^4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.17 b_i(Y ) for x^3 + x^2z + y^2z + z^4 + t^5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .65 4.18 b_i(Y ) for xyz + x^n + y^n + z^n + t^4 with n ≥ 4. . . . . . . . . . . . . . . . . . . . . .66

Acknowledgements

First of all I would like to thank my supervisor, Professor Miles Reid, without whose support this work would not exist. I am very grateful for his guidance throughout my studies at Warwick, for suggesting this problem, for his continuous supply of ideas and helpful explanations during many and long discussions, for his constant encouragement.

I wish also to thank Dr. Alessio Corti, Dr. Mark Gross, Dr. David Mond and Dr. András Némethi for very useful suggestions and discussions.

I am very grateful to the Wolfson Foundation for providing the financial support during my research at Warwick, and to the Mathematics Institute for giving me the opportunity to study in a stimulating environment.

Part of this work was carried out at Nagoya University, during March- September 1997, with funding from NUPACE-AIEJ. I benefitted from discussing with many mathematicians, among which Professors S. Ishii, Y. Kawamata and S. Mukai.

A special thanks to colleagues and friends, especially Claudio Arezzo, Gavin Brown, Andrei Căldăraru and Andrea Loi, for discussions on early versions of this thesis, and for making the last few years so enjoyable.

This thesis is dedicated to my wife, Luminiţa, for her continuous help, encouragement and understanding.

Declaration

Except where otherwise stated, the results of this thesis are, to the best of my knowledge, original.

Summary

Chapter 1 briefly describes the results of the thesis, and reviews the background material used throughout the other chapters.

Chapter 2 gives various formulas for the rank of the local analytic divisor class group of an isolated canonical 3-fold hypersurface singularity, using methods from singularity theory and mixed Hodge structures.

Chapter 3 calculates the number of crepant divisors on a minimal model of a nondegenerate isolated canonical n-dimensional hypersurface singularity. The methods used come from toric geometry.

Chapter 4 is concerned with determining the Betti numbers b_i(Y ) of a minimal model Y of an isolated canonical 3-fold singularity (X, x). For b_2(Y ) and b_4(Y ) we obtain an answer which becomes effective together with the results from the previous chapters. We give a formula for the remaining interesting Betti number b_3(Y ) in terms of the 3rd Betti numbers of certain representatives of the crepant valuations of X, and conjecture that this formula has a birational invariant character.

Chapter 1

Introduction

1.1 Motivation and results

Canonical singularities, introduced and studied by Reid in [R1], arise as singularities of the canonical model of a complex projective variety of general type.

A normal variety X has canonical singularities if a multiple of the canonical divisor K_X is Cartier, and if, for any resolution φ: Y → X, with exceptional divisors E_i, the rational numbers a_i defined by

K_Y = φ^∗(K_X ) + ∑ a_iE_i are nonnegative. If all the discrepancies a_i are positive, X is said to have terminal singularities. For results about canonical and terminal singularities, see also [R3].

Canonical surface singularities are either Du Val singularities or nonsingular points. In dimension 3 the situation is much harder, the class of canonical 3-fold singularities has yet to reach a complete classification.

Let X be an algebraic 3-fold with canonical singularities. In [R2] Reid proved that there exists a crepant projective morphism φ: Y → X from a variety Y with Q-factorial terminal singularities. Recall that a singularity p ∈ Y is algebraically Q-factorial if, for any Weil divisor D, there exists an integer m such that mD can be defined by one equation near p; in other words, the local algebraic divisor class group Cl O_{Y,p} is torsion.

When passing from the surface case to 3-folds, various new phenomena occur; one of these is that a Q-factorial terminal minimal model Y of X is not unique in general. Different minimal models of a 3-fold X are closely related, and their study involves finding properties which are independent of choices, that is, finding objects on Y which depend only on X. By a result of Kollár [K1], [K2], the following are among the invariants of X: the collection of analytic singularities of Y , the intersection cohomology groups IH^k(Y, C ) together with their Hodge structures, the integer cohomology groups H^k(Y, Z), the Picard group and the divisor class group of Y . This raises the problem of describing these objects.

The topology of X and of its partial resolutions have not been studied in detail since the 1980s [R1], [R2], except in some special cases. This thesis is based on these results, and aims to understand the particular case of an isolated singularity (X, x).

There are 2 local divisor class groups associated to X at its singular point: the algebraic class group Cl O_{X,x} and the analytic class group Cl O^{an}_{X,x}. We can think about branches of plane curves as an illustration and motivation for many aspects related to local divisor class groups of 3-folds. Namely, if x ∈ X is an isolated cA_n singularity, i.e., X is given by an equation f = 0 with f = xy − g(z, t) near its singular point, and g_i are the algebraic (resp. analytic) factors of g, then Cl O_{X,x} (resp. Cl O^{an}_{X,x}) is generated by (x = g_i = 0), with only one dependency relation (see Section 2.2). Even though the inclusion Cl O_{X,x} → Cl O^{an}_{X,x} is not surjective in general, we can use the finite determinancy property of isolated hypersurface singularities, i.e., the fact that x ∈ X is equivalent to the singularity defined by the kth jet of f for some k and, by a change of coordinates, assume that these groups are equal. For instance, the germ (X, 0) defined by xy + zt + z^n + t^n is 2-determined, hence analytically equivalent to the germ given by xy + zt. The same is true, in fact, for an arbitrary isolated singularity (X, x), by a finite determinancy theorem of Hironaka [Hi2, Theorem 3.3].

Let Y^′ be a minimal model of X with (algebraically) Q-factorial terminal singularities. Since Y^′ has only isolated singularities, its (middle perversity) intersection cohomology groups with C -coefficients are given by

IH^k(Y^′) =

H^k(Y^′) for k > 3, Im(H^k(Y^′ \ Sing Y^′) →H^k(Y^′)) for k = 3, H^k(Y^′ \ Sing Y^′) for k < 3

(see e.g. [Ki, p. 48]). An important feature of the cohomology groups IH^k(Y^′) is that, by the Decomposition Theorem (see e.g. [Ki, p. 108]), they are direct summands in H^k( ~Y ), for any resolution of singularities ~Y of X. The usual cohomology groups H^k(Y^′) do not have this birational invariance property; moreover, there is a simple relation between IH^k(Y^′) and H^k(Y^′), so once the former is determined, one has enough information about the latter, as well.

The minimal model Y^′ is a Q-homology manifold if and only if it is locally analytically Q-factorial if and only if, for each p ∈ Y^′, the local divisor class groups Cl O_Y ′_{,p} and Cl O^{an}_Y ′_{,p} have the same rank. This is not the case in general, but we can slightly modify Y^′ to make it Q-homology. This is done by taking an analytic Q-factorialisation Y of Y^′, which exists by [R2], at its singular points. This is a small morphism and, therefore, it leaves the intersection cohomology groups unchanged (see [K1, Corollary 4.12] and [Ki, p. 112]). The variety Y is a Q-homology manifold, hence its intersection cohomology (with rational coefficients) coincides with the usual cohomology. Thus IH^k(Y^′, Q) =H^k(Y, Q). In this thesis we aim to determine the cohomology groups H^k(Y, Q) of a partial resolution of (X, x) with terminal analytically Q-factorial singularities, or, equivalently, the intersection cohomology groups of a minimal model Y^′ of X with terminal algebraically Q-factorial singularities. The main class of singularities we are interested in is the class of hypersurface singularities 0 ∈ X : (f = 0) ⊂ C^4 .

An answer to this question involves calculating:

• the rank ρ(X) of the analytic divisor class group Cl O^{an}_{X,x} of x ∈ X;

• the number of crepant divisors c(X) on a minimal model or resolution of X; this is an invariant of X, that is, it does not depend on choices.

Chapter 2 calculates ρ(X) in the case of an isolated canonical hypersurface singularity 0 ∈ X : (f = 0) ⊂ C^4 . For quasihomogeneous singularities an answer is known [Fl]; beyond this class only a few other cases were known, but not a general answer.

In Section 2.1 we recall a result of Flenner [Fl] giving an identification between the local analytic divisor class group Cl O^{an}_{X,0} of X and H^2(L, Z), where L is the link of the singularity (X, 0).

Sections 2.2 and 2.3 give interpretations in singularity theory terms of some known results about the class group Cl O^{an}_{X,0}. The rest of the chapter is devoted to finding such results for more general singularities.

The isomorphism Cl O^{an}_{X,0} ∼= H^2(L, Z) is a consequence of the assumption that the singularity 0 ∈ X is canonical. This assumption is used once more in Section 2.4 to relate ρ(X) to other invariants of the singularity. Namely, if F denotes the Milnor fiber and Δ(t) the characteristic polynomial of the monodromy operator on the homology of F , then ρ(X) coincides with the Hodge number h^{2,2}_1 (F ); ρ(X) is also equal to the power of (t − 1) dividing Δ(t) (Proposition 2.7). In particular, since Δ(t) can be calculated from an embedded resolution of X by a result of A’Campo, the same is possible for ρ(X). This is the content of Proposition 2.18. Although embedded resolutions of 3-fold singularities are difficult to control, in simple cases this information is useful (cf. Example 2.19).

Section 2.5 calculates ρ(X) for canonical singularities which are nondegenerate with respect to their Newton diagrams. We use a suitable set of monomials whose residue classes form a basis for the Milnor algebra M(f), which we define to be a regular basis for the Newton filtration on the space Ω^4 of germs at 0 ∈ C^4 of holomorphic 4-forms (Definition 2.10). Making use of results about mixed Hodge structures on the vanishing cohomology from [Sa1], [Sa2], [S2] and [VK], it follows that, for nondegenerate singularities of Newton degree α, the divisor class number ρ(X) can be calculated as

ρ(X) = #{m ∈ B : α(m + 1) = 2},

where B is a regular set of monomials whose residue classes give a basis for M(f). This is the main result of Chapter 1; it is an approximation to an idea of Reid that there might exist a certain twisted pairing on M(f), whose kernel has dimension ρ(X). Moreover, the above formula is quite close to the geometry of X; it relates the space of divisor classes to certain differential forms. It would be very interesting to clarify this relation.

Chapter 3 is an application of results from [R1] and [R3] in the case of an isolated canonical hypersurface singularity 0 ∈ X : (f = 0) ⊂ C^{n+1} , assumed to be nondegenerate with respect to its Newton diagram. We detect the birationally defined crepant divisors and, in particular, derive a formula for their number, c(X). The main application is to the 3-fold case, since, for 3-fold singularities, c(X) is the second invariant we need to compute the 2nd and the 4th Betti numbers of a minimal model.

By a discrepancy calculation from [R3, Section 4.8], it turns out that every crepant valuation is represented by an exceptional divisor on an αblowup φ_α : X(α) → X, where α is a weighting satisfying the equation α(1) = α(f)+1; we call the weightings satisfying this equation crepant, and denote the set of crepant weightings by W (f). This gives a relation between crepant valuations and exceptional prime divisors on weighted blowups with crepant weightings. In order to make this correspondence 1-to-1, we define in Section 3.5 the set E(f) consisting of the irreducible components E of E(α), for some α ∈ W (f), satisfying v_E(x_i) = α_i, where v_E is the valuation of E. After some auxiliary results, we obtain in Section 3.6 a characterisation of the set E(f) (Theorem 3.11). This gives a list of representatives of the crepant valuations, which are certain hypersurfaces in weighted projective spaces. As a consequence, we obtain in Section 3.7 a formula for c(X) = #E(f) in terms of the Newton diagram Γ(f) of f. Namely c(X) = ∑ α∈W (f) dim Γ_α=1

length Γ_α + # {α ∈ W (f) : dim Γ_α ≥ 2} ,

where Γ_α denotes the face of Γ(f) corresponding to α.

Chapter 4 is devoted to studying how the invariants of an isolated canonical singularity (X, x) change under a proper birational morphism. The basic tool for comparing the integer cohomology groups is a Mayer–Vietoris type sequence of that morphism (see (4.1)).

Fix a representative X of the germ (X, x) which is Stein and contractible, and let φ: Y → X be a minimal model, assumed throughout this chapter to have terminal analytically Q-factorial singularities. Denote by b_i(Y ) = dim H^i(Y, R) the Betti numbers of Y , and let E_i for 1 ≤ i ≤ c(X) be any projective nonsingular representatives of the crepant valuations of X. Under certain strong assumptions, we show in Section 4.3 that

b_3(Y ) = c(X)∑

i=1 b_3(E_i)

(Theorem 4.4). This is the “ideal case”, on which we hope to model the general situation. Although the assumptions are too strong, there are examples satisfying them, so we can calculate b_3 for some cases (see Section 4.7).

Section 4.4 contains a collection of lemmas, leading to a simplification of the Mayer–Vietoris sequence (4.1). These results are also used in Section 4.5, which calculates the 2nd and 4th Betti numbers of a minimal model (Theorem 4.12). Together with the formulas from Chapter 2 and Chapter 3 about ρ(X) and c(X), we thus obtain explicit answers about b_i(Y ), i ≠ 3, for a large class of isolated canonical singularities 0 ∈ X : (f = 0) ⊂ C^4 .

The rest of this chapter is concerned with calculating the remaining Betti number of Y , namely b_3. After working out some examples in Sections 4.7 and 4.8, we prove in Section 4.9 an approximation of the “ideal case” from

Theorem 4.4 for general singularities. The approach is now geometrical, not topological, namely we study divisor class groups rather than cohomology groups. This is done in two steps, first for a morphism φ_i : X_i → X_{i−1} between two (globally) Q-factorial partial resolutions of X contracting precisely one crepant divisor E_i (Proposition 4.20), and second for an analytic Q-factorialisation of X_i at the set of its dissident points (Proposition 4.21). Combining the two, we obtain the relation (4.15) involving the 3rd Betti numbers of X_i, X_{i−1} and a certain transformation ~E_i of E_i. This leads to

b_3(Y ) = c(X)∑

i=1 b_3( ~E_i),

which is the conclusion of Theorem 4.22.

We conjecture that b_3( ~E_i) = b_3( ~E^′_i), where ~E^′_i is any nonsingular projective surface birational to E_i, in other words, the “ideal case” is, in fact, general. Since each ~E^′_i is rational or ruled [R1, Corollary 2.14], this conjecture implies that

b_3(Y ) = 2 ∑ g(C_i), where the summation is taken over the surfaces ~E^′_i which are ruled over C_i. In particular, for nondegenerate hypersurface singularities, this would give a formula for b_3(Y ) in terms of the Newton diagram of the defining equation (Remark 4.26).

Finally, Remark 4.25 gives a partial reason for the conjecture.

1.2 Preliminaries

This section is a review of some fundamental concepts and results about the topology of isolated hypersurface singularities, mixed Hodge structures and singularities in higher dimensional algebraic geometry. All the results presented in this section are known and constitute the foundational material for the later chapters of this thesis.

The first three sections are devoted to the local study of singularities and most of the results are due to Milnor [M]. For these and many other aspects related to the topology of hypersurface singularities see also [Di] and [N]. The fourth section contains a construction of Khovanskiĭ, leading to desingularisations of hypersurface singularities satisfying a certain generality condition. Section five is devoted to canonical singularities, which are the central objects of this thesis. The main references are [R1], [R2] and [R3].

Finally, the results in section six, together with subsequent references, can be found in [AGVII].

1.2.1 The Milnor fibration

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated hypersurface singularity, that is, a germ (X, 0) ⊂ (C^{n+1} , 0) defined by an analytic function f : C^{n+1} → C having an isolated critical point at the origin. If we denote by O_{n+1} = C {x_1, . . . , x_{n+1}} the C -algebra of analytic function germs, and by J(f) = (∂f/∂x_i)_{1≤i≤n+1} the Jacobian ideal of f, then the assumption that 0 is an isolated singularity is equivalent to the condition that the Milnor algebra of f, M(f) = O_{n+1}/J(f), is finitely dimensional (as C -vector space). Its dimension, μ(f) = dim_C M(f), is called the Milnor number. Since isolated singularities are finitely determined, we can always take f to be a polynomial.

Let B_ε = {x ∈ C^{n+1} : ||x|| ≤ ε} be the ball of radius ε about the origin of C^{n+1} , and S_ε = ∂B_ε ∼= S^{2n+1} its boundary. Choose ε > 0 so that, for every ε^′ with 0 < ε^′ ≤ ε, the sphere S_ε′ intersects X transversely. The intersection L := S_ε ∩ X is called the link of f. It is a compact (2n − 1)-dimensional, (n − 1)-connected submanifold L ⊂ S^{2n+1}. Near the singular point, the hypersurface X has a cone structure; namely, if ε is small enough, there is a homeomorphism of pairs

(B_ε, B_ε ∩ X) ≃ (Cone(S_ε), Cone(L)). (1.1)

For ε sufficiently small, the map

φ: S_ε \ L → S^1, given by φ(x) = f(x) |f(x)| (1.2)

is a smooth locally trivial fibration [M, Theorem 4.8]. Also, if D_δ = {t ∈ C : |t| < δ} is a small disk of radius δ, and D^∗_δ = D_δ \ 0 is the punctured disk, then, for any 0 < δ ≪ ε small enough, the map

B_ε ∩ f^{−1}(D^∗_δ ) → D^∗_δ , x → f(x) (1.3)

is a smooth locally trivial fibration [Lê].

The fibrations (1.2) and (1.3) restricted to ∂D_δ are isomorphic as C^∞ fiber bundles. They are both called the Milnor fibration of the hypersurface singularity. The fiber F = f^{−1}(t) is called the Milnor fiber. It is a 2ndimensional manifold with boundary. When restricted to S_ε, the fibration

(1.3) extends to a trivial fibration over the whole disk; in particular ∂F is diffeomorphic to S_ε ∩ X, which is L by definition.

The fiber F has the homotopy type of a bouquet of n-spheres ⋁ S^n. The number of spheres in this bouquet equals μ(f), the Milnor number of f. In particular, the reduced homology of F satisfies

H̃_k(F, Z) = { Z^μ if k = n, 0 otherwise.

(1.4)

1.2.2 Monodromy

To any C^∞ fiber bundle over the punctured disk D^∗_δ , with fiber F , one can associate a gluing diffeomorphism m_g : F → F , well defined up to isotopy, called the geometric monodromy of the fibration. In the case of the fiber bundle (1.3), we can assume that m_g is the identity on ∂F = L, because the fibration extends over the disk D_δ . At the homology level, m_g induces an automorphism h = (m_g)_∗ : H_n(F, Z) →H_n(F, Z), called the (homology) monodromy operator, which is uniquely determined.

Let Δ(t) = det(h − t · id) be its characteristic polynomial and

H_n(F )_1 = {v ∈ H_n(F ) : ∃m ∈ N s.t. (h − id)^mv = 0}

the generalised eigenspace of the monodromy belonging to the eigenvalue 1. Denote by h_1 the restriction h|H_n(F )_1.

A basic result is the following Monodromy Theorem:

Theorem 1.1 The monodromy operator h satisfies the following properties:

(1) all the eigenvalues of h are roots of unity;

(2) the dimension of any Jordan block of h is at most n + 1;

(3) the dimension of any Jordan block of h_1 is at most n.

Part (1) is proved in [B] and parts (2) and (3) in [S1], using mixed Hodge structures, which is closely related to the study of the monodromy (see Section 1.2.6).

Suppose Δ(t) = ∏_{μ(f)} i=1 (t−ζ_i), where ζ_i are the eigenvalues of h. A useful way of encoding the information about the eigenvalues of h is

Div(f) := μ(f)∑

i=1 (ζ_i) ∈ Z[S^1].

1.2.3 The homology of L Let ( , ): H_n(F, Z)⊗H_n(F, Z) → Z be the intersection form induced by the algebraic intersection of n-cycles. Since H_k(F, L, Z) ∼= H^{2n−k}(F, Z) by Lefschetz duality (see [Sp, p. 298]) and H̃^k(F, Z) = 0 unless k = n by (1.4), the long exact sequence of the pair (F, L) gives: 0 → H_n(L, Z) →H_n(F, Z) → H_n(F, L, Z) → H_{n−1}(L, Z) → 0. This sequence, together with the identification H_n(F, L, Z) ∼=H_n(F, Z)^∗, leads to the first useful description of the (co)homology of L : H_n(L, Z) ∼= ker( , ) ⊂ H_n(F, Z). (1.5) The kernel of the intersection form is not easy to describe. An answer to this problem can be formulated in terms of mixed Hodge structures (see Section 1.2.6).

The Wang exact sequence associated to the fibration (1.2) gives:

0 → H_{n+1}(S_ε \ L) → H_n(F )^{h−id}−→ H_n(F ) → H_n(S_ε \ L) → 0. By Alexander and Poincaré duality H_k(S_ε \ L) ∼= H^{2n−k}(L, Z) ∼= H_{k−1}(L, Z), for n ≥ 2 this sequence becomes:

0 → H_n(L) → H_n(F )^{h−id}−→ H_n(F ) → H_{n−1}(L) → 0.

This gives, in particular, the second useful description of the homology of L: H_n(L, Z) ∼= ker(h − id) ⊂ H_n(F, Z). (1.6)

Similarly, for n = 1, the reduced cohomology of L satisfies

~H^0(L) ∼= ker(h − id). (1.7)

Denote by b_n(F )_1 the exponent of (t − 1) in Δ(t), the characteristic polynomial of h. Then, from (1.6), the interesting Betti numbers of L satisfy

b_{n−1}(L) = b_n(L) = dim ker(h − id) ≤ dim H_n(F )_1 = b_n(F )_1, (1.8)

with equality if and only if the Jordan matrix of the monodromy operator h belonging to the eigenvalue 1 is diagonal. As it will turn out, canonical 3-fold singularities have this property (see Section 2.4).

1.2.4 Nondegenerate singularities

Recall standard toric terminology. Let M be the free Abelian group Z^{n+1}, N = Hom_Z(M, Z) its dual, M_k = M ⊗_Zk and N_k = N ⊗_Zk the vector spaces obtained by extending scalars to k, where k = Q or R. By identifying m ∈ M with x^m = x^{m1}_1 · · · x^{mn+1}_{n+1} , we can refer to M as the lattice of monomials and to N as the lattice of weightings. A weighting α = (α_1, . . . , α_{n+1}) is primitive if the α_i have no common factor.

Write e_i for the standard basis of N_R, σ = ∑_{n+1} i=1 R_{≥0} e_i ⊂ N_R for the positive quadrant, and σ^∨ = ∑_{n+1} i=1 R_{≥0} e^∗_i for the dual quadrant. It is convenient to write m ∈ f if f = ∑ m∈M a_mx^m with a_m ≠ 0; define then, for α ∈ N ∩ σ, α(m) = ∑_{n+1} i=1 α_im_i and α(f) = min{α(m) : m ∈ f}. Toric geometry (see e.g. [Fu]) provides a dictionary between the geometry of toric varieties and combinatorial data of polyhedral sets. Even when working with non-toric varieties, it can happen that a toric resolution of the ambient space leads to a desingularisation. This property defines a large class of hypersurface singularities.

Definition 1.2 Let X : (f = 0) ⊂ C^{n+1} be a hypersurface.

(i) The Newton polyhedron of f, Γ_+(f), is the convex hull in M_R of the set ⋃ m∈f (m + σ^∨); the union of all its compact facets, Γ(f), is called the Newton diagram of f.

(ii) For any face Γ ≺ Γ(f) denote f_Γ = ∑ m∈Γ∩M amx m; f is nondegenerate with respect to its Newton diagram if, for each face Γ of Γ(f), the hypersurface defined by f_Γ = 0 is nonsingular on the open stratum T_Γ = (C^∗ )^{dim(Γ)+1}.

Since the nondegenerate hypersurfaces form an open dense set in the class of all hypersurfaces with a given Newton diagram [Kh], this concept is not very restrictive. One of the main features of nondegenerate singularities is that, as in the case of toric varieties, it is often possible to express their invariants in a purely combinatorial way.

Let X : (f = 0) ⊂ C^{n+1} be a nondegenerate hypersurface singularity. Recall a construction of Khovanskiĭ [Kh], leading to a desingularisation of X. The function g : σ → R_+ defined by

g(α) = min_{m∈Γ+(f )} α(m)

is called the supporting function of the polyhedron Γ_+(f). For any α ∈ σ, denote

Γ_α = {m ∈ Γ_+(f) : α(m) = g(α)}.

Define an equivalence relation ∼ on σ by α ∼ β iff Γ_α = Γ_β. The closure of any equivalence class is a cone in σ. The collection of all cones obtained in this way turns out to be a fan Δ(f). We call it the fan associated to f.

The required refinement of Δ(f) is obtained in two steps:

(i) by subdividing Δ(f) (in an arbitrary way) until it becomes simplicial, i.e., all its cones are generated by linearly independent vectors;

(ii) by subdividing the simplicial fan further until it becomes nonsingular, i.e., every cone in it is generated by a part of a basis for the lattice N.

The procedure described above gives a subdivision of the positive quadrant σ, hence a proper birational morphism

ψ : ~C^{n+1} → C^{n+1} .

By [Kh], the proper transform X̃ of X with respect to ψ is nonsingular.

1.2.5 Canonical singularities

In higher dimensional algebraic geometry it is not possible in general to select a nonsingular representative with good global properties in a given birational class, so one has to allow certain singularities. Choosing the correct class is fundamental. These are the canonical and terminal singularities introduced and studied by Reid in [R1].

Definition 1.3 A variety Z is said to have canonical singularities if it is normal and the following two conditions are satisfied:

(i) the Weil divisor K_Z (which is well defined by the normality assumption) is Q-Cartier;

(ii) for any resolution of singularities φ: Z̃ → Z, with exceptional divisors E_i ⊂ Z̃, the rational numbers a_i satisfying

K_{Z̃} = φ^∗(K_Z ) + ∑ a_iE_i are nonnegative. The numbers a_i are called the discrepancies of φ at E_i; if they are all positive, Z is said to have terminal singularities.

Let X be a variety with canonical singularities. A partial resolution of X is a proper birational morphism φ: Z → X from a normal variety; the morphism φ is said to be crepant if K_Z = φ^∗(K_X ) [R2].

A contraction is a proper surjective morphism with connected fibers ψ : Z^′ → Z between normal irreducible varieties, with the property that ψ_∗O_Z′ = O_Z . The contraction ψ is said to be crepant if it is birational and satisfies K_Z′ = ψ^∗K_Z .

A normal variety X has rational singularities if R^iφ_∗O_Y = 0 for some resolution φ: Y → X and all i > 0. Canonical singularities are rational; moreover, for Gorenstein varieties, canonical is equivalent to rational (see [R3, (3.8)] for discussions and related references).

The following result, due to Reid, [R3] is a characterisation of canonical and terminal singularities, giving necessary conditions for a hypersurface singularity to be canonical or terminal, in terms of the position of 1 = (1, . . . , 1) with respect to the Newton diagram of f. These conditions are also sufficient provided that the singularity is nondegenerate.

Theorem 1.4 Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be a hypersurface singularity. Then

(1) if 0 ∈ X is canonical, then α(1) ≥ α(f)+1 for all α ∈ σ ∩N primitive, i.e., 1 ∈ Int Γ_+(f);

(2) if X is nondegenerate, then the converse of (1) also holds.

The same holds with canonical replaced by terminal and ≥ by >.

Let WDiv Z and CDiv Z denote the group of Weil divisors and Cartier divisors on a variety Z. If Z has at most rational singularities, then the Abelian group WDiv Z/ CDiv Z is finitely generated [Ka]; denote by σ(Z) its rank. The same holds if we replace Z by a pair (Z, W ) consisting of an analytic space and its compact subset; denote in this case

σ(Z, W ) = rank lim−→ WDiv U/ lim−→ CDiv U,

where the limit is taken over all open neighbourhoods U of W . In particular, for a germ (Z, p) with p ∈ Z a point, we denote by ρ(Z) or ρ(p) the number σ(Z, p). An algebraic (or analytic) 3-fold Z is (globally analytically) Q-factorial if WDiv Z ⊂ (CDiv Z)_Q . An analytic variety is said to be locally analytically Q-factorial if the germ (Z, p) is Q-factorial, for any point p ∈ Z. This is the same as saying that the local analytic divisor class group Cl_p Z = Cl O^{an}_{Z,p} is torsion, or that the local ring O^{an}_{Z,p} is almost factorial, for any p ∈ Z. As remarked in [Ka] and [KM, Example 2.17], these notions are different, namely

algebraic Q-factoriality ⇏ global analytic Q-factoriality ⇏ local analytic Q-factoriality.

For example, the germ (X, 0) given by xy + zt + z^n + t^n is algebraically Q-factorial but not analytically Q-factorial, since it is 2-determined, hence analytically equivalent to the germ given by xy + zt. See Example 2.15 and the examples in Section 4.8 and Section 4.9 for further discussions and examples related to this.

Let X be a 3-fold with canonical singularities. The following theorem of Reid [R2] proves the existence of a minimal model with terminal singularities of X.

Theorem 1.5 Let X be an algebraic (resp. analytic) 3-fold with canonical singularities. Then there exists a crepant projective (resp. locally projective) birational morphism ψ : Y → X from a 3-fold Y with at most terminal singularities.

The existence of a Q-factorial small partial resolution of a variety with terminal singularities was proved by Reid [R2]. This result was extended by Kawamata [Ka] to a variety with canonical singularities. The theorem is the following:

Theorem 1.6 Let X be an algebraic (resp. analytic) 3-fold with canonical singularities. Then there exists a birational projective (resp. locally projective) morphism ψ : Y → X, which is an isomorphism in codimension 1, from a 3-fold Y with Q-factorial terminal singularities.

Definition 1.7 Let X be a 3-fold with canonical singularities. A minimal model of X is a 3-fold Y with analytically Q-factorial terminal singularities, together with a crepant birational morphism φ: Y → X.

1.2.6 Mixed Hodge structures

The two filtrations

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated singularity and F its Milnor fiber. The geometric monodromy m_g induces an action T = (m^∗_g)^{−1} on the cohomology group H^n(F ), called the cohomological monodromy operator.

A mixed Hodge structure on H^n(F ) consists of an increasing weight filtration W_• on H^n(F, Q) and a decreasing Hodge filtration F^• on H^n(F, C ) such that the filtration induced by F^• on the lth graded quotient Gr^W_l = W_l/W_{l−1} of the weight filtration gives a pure Hodge structure of weight l, i.e.,

Gr^W_l H^n(F ) = F^k Gr^W_l H^n(F ) ⊕ F^{l−k+1} Gr^W_l H^n(F ),

for all l and all 0 ≤ k ≤ l + 1.

A mixed Hodge structure on the vanishing cohomology H^n(F ) was constructed by Steenbrink [S1], using the resolution of the singularity and alternatively by Varchenko [V2], using the asymptotic expansion of integrals over vanishing cycles.

If we decompose T into the product T_sT_u of its semisimple and unipotent parts, then T_s preserves the filtrations F^• and W_•, hence T_s acts on Gr^p_F = F^p/F^{p+1} and Gr^W_{p+q} Gr^p_F H^n(F, C ). For any eigenvalue λ of T , we write (Gr^p_F )_λ and H^{p,q}_λ for the corresponding eigenspaces, and h^{p,q}_λ = dim_C H^{p,q}_λ for the Hodge numbers.

For any r ∈ Q, let λ = exp(−2πir) and define the integers n_r in terms of the Hodge numbers h^{p,q}_λ corresponding to the eigenvalue λ by

n_r = ∑ q h^{n+1+[−r],q} λ . One way of encoding the relation between the semisimple part of the monodromy and the Hodge filtration is the invariant

Sp(f) = ∑ n_r(r), defined as an element of the free Abelian group on Q. This is essentially a more precise version of the invariant Div(f) defined in Section 1.2.2; the relation between them is given by taking exponentials r → λ = exp(−2πir). In the literature Sp(f) is referred to either as the exponents of the singularity by M. Saito (see [Sa1], [Sa2]), or, if shifted by 1 to the left, as the spectrum the singularity. We call Sp(f) the spectrum of the singularity, the rational numbers r the spectral numbers, and the integers n_r their multiplicities.

Symmetries and range

(1) Let N = log T_u be the logarithm of the unipotent part of the monodromy operator. The Hodge numbers enjoy the following symmetries arising from complex conjugation and the isomorphisms given by the powers of N ([S1]): h^{p,q}_λ = h^{q,p}_λ ; h^{p,q}_1 = h^{n+1−q,n+1−p} 1 ; (1.9) h^{p,q}_λ = h^{n−q,n−p} λ if λ ≠ 1. (2) In particular, the spectrum Sp(f), regarded as a subset of R, is symmetric under reflection in (n + 1)/2, i.e., n_r = n_{n+1−r}. (3) The spectrum Sp(f), regarded as a subset of R, is contained in the interval (0, n + 1), Sp(f) ⊂ (0, n + 1).

(4) If f defines a canonical singularity, Saito proved in [Sa1] that Sp(f) ⊂ (1, n). (1.10)

Intersection form Let ( , ) be the intersection form on the nth homology group H_n(F, R), and μ_0 = dim ker( , ). This invariant can be expressed in terms of the Hodge numbers of f ([S1, Theorem 4.11]) as

μ_0 = ∑ p+q≤n+1 h^{p,q}_1 − ∑ p+q≥n+3 h^{p,q}_1 . (1.11)

1.2.7 Thom–Sebastiani type results These are results relating the invariants of a direct sum (join) of singularities to the corresponding invariants of the components.

Let g ⊕ h be the direct sum of the isolated singularities g : (C^{n+1} , 0) → (C , 0) and h: (C^{m+1} , 0) → (C , 0), i.e., g ⊕ h is defined to be the singularity of g(y) + h(z): (C^{m+n+2} , 0) → (C , 0). Then g ⊕ h is isolated and satisfies:

(1) M(g ⊕ h) = M(g) ⊗ M(h); in particular μ(g ⊕ h) = μ(g)μ(h); (2) H_{n+m+1}(F_{g⊕h}, Z) = H̃_n(F_g, Z) ⊗ H̃_m(F_h, Z); (3) h_{g⊕h} = h_g ⊗ h_h;

(4) Div(g ⊕ h) = Div(g) Div(h); (5) Sp(g ⊕ h) = Sp(g) Sp(h).

Parts (1), (2) and (3) are proved in [ST], Part (4) in [MO]. Part (5) was conjectured by Steenbrink [S1] and proved for isolated singularities by Varchenko [V2].

Chapter 2

The divisor class group

2.1 The identification with H^2(L, Z)

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated hypersurface singularity, and denote by Cl X its local analytic divisor class group (see Section 1.2.5). This is a very interesting invariant of the singularity, which is related to the geometry and topology of X and of its partial resolutions. The key towards computing Cl X is the following result of Flenner.

Proposition 2.1 ([Fl]) If 0 ∈ X is as above, then

(1) the first Chern class map

c_1 : Pic(X \ 0) → H^2(X \ 0, Z)

is an injection;

(2) if, moreover, 0 ∈ X is canonical, then c_1 is an isomorphism.

Thus, via the retraction (X \ 0) ↘ L coming from the cone structure of analytic sets (1.1), one has, in the canonical case, an isomorphism Cl X ∼= H^2(L, Z). If n ≥ 4, it follows from the above identification that X is (locally analytically) factorial, since L is 2-connected in this case. This is just a particular case of a result of Grothendieck [Gr1, Exp. XI]. In the surface case, canonical singularities are characterised by having a finite local class group, and these groups are well known (see e.g. [Du] for a description of the invariants of Du Val singularities).

Therefore, the interesting case is n = 3. If (X, 0) is a 3-fold singularity, then Cl X is a finitely generated free Abelian group; set ρ(X) := rank Cl X. For certain results about the divisor class group of a canonical 3-fold singularity and connections between Cl X and the geometry of X see [K2, Sections 2.2 and 6.1].

The aim of this chapter is to study the divisor class group Cl X in the 3-dimensional case. The divisor class number ρ(X) has been calculated for several classes of singularities:

• singularities defined by f = xy − g(z, t);

• Brieskorn–Pham singularities [BS], [Sto];

• arbitrary quasihomogeneous singularities [Fl].

In Sections 2.2 and 2.3 we show how to derive formulas for ρ(X) directly from Proposition 2.1, if X is one of the singularities above. The rest of this chapter is devoted to obtaining such answers in more general circumstances.

2.2 Singularities of the form xy = g(z, t)

Suppose f = xy − g(z, t). In this case F_f is a double suspension of F_g and, since the monodromy of xy is trivial, by (1.6), (1.7) and Section 1.2.7, we can write

H_3(L_f ) = ker(h_f − id) = ker(h_g ⊗ h_{xy} − id) = ker(h_g − id)

= ~H^0(L_g).

If r denotes the number of branches of g, we have L_g = ⨆ r S^1 and, since f defines a canonical singularity,

ρ(X) = rank ~H^0(L_g) = r − 1. In fact, this class of singularities is very special since, in this case, it is possible to write explicitly generators of Cl X in terms of a factorisation. Namely, if g_i are the irreducible components of g and D_i = (x = g_i = 0) for 1 ≤ i ≤ r, then it is known that

Cl X = ⨁ Z[D_i] ( ∑ D_i)

2.3. Quasihomogeneous singularities 19

(see [K2, Proposition 2.2.6]).

2.3 Quasihomogeneous singularities

Definition 2.2 A hypersurface X : (f = 0) ⊂ C^{n+1} is quasihomogeneous if there exists α ∈ N_Q such that α(m) = 1 for every m ∈ f.

We write α = (α_1, . . . , α_{n+1}) ∈ N_Q and α_i = u_i/v_i with hcf(u_i, v_i) = 1. In the three-dimensional canonical case, formulas for the divisor class number of singularities of Brieskorn–Pham type were obtained in [BS] and for quasihomogeneous singularities in [Fl]. This section contains a way of deriving such formulas from Proposition 2.1, via a result of Milnor and Orlik [MO, Theorem 4].

With the notation

Λ_m := m∑ k=1 (e^{2πik/m}) ∈ Z[S^1] for m ≥ 1,

the characteristic polynomial of a quasihomogeneous singularity is given, in terms of its weights, by the following result.

Theorem 2.3 ([MO]) If f defines an α-quasihomogeneous isolated singularity, then Δ(t) is determined by:

Div(f) = n+1∏ i=1 (u^{−1}_i Λ_{vi} − (1)).

Example 2.4 Brieskorn–Pham singularities

This example is a well known illustration of the calculations involved in the proof of Theorem 2.3 (see e.g. [N, p. 23]). The reason for presenting it is that, in the case of a 3-fold canonical singularity X, these calculations lead to a formula for ρ(X).

Let f = ∑_{n+1} i=1 x^{ai}_i . For any i, we have Div(x^{ai}_i ) = Λ_{ai} − (1). This can be seen easily because the Milnor fiber F_i : (x^{ai}_i = δ_i) consists of a_i points and the geometric monodromy m_g : F_i → F_i is given by the cyclic permutation of these points. In particular, if h_i : H̃_0(F_i) → H̃_0(F_i) is the monodromy operator, then

Δ_i(t) := det(h_i − id) = t^{ai} − 1 t − 1 .

From the Thom–Sebastiani formula for Div(f) (see Section 1.2.7) it follows that

Div(f) = n+1∏ i=1 (Λ_{ai} − (1))

or, equivalently, if a_I := ∏ i∈I a_i and [a_I ] := lcm(a_i, i ∈ I)

Δ(t) = ∏ I⊂{1,... ,n+1} (t^{[aI ]} − 1)^{(−1)|I| aI /[aI ]},

where, by convention, a_Φ = [a_Φ] = 1. In particular, if n = 3 and we assume that 0 ∈ X : (f = 0) is canonical, that is, if we assume

∑_4 i=1 1/a_i > 1, then

ρ(X) = ∑ I⊂{1,2,3,4} (−1)^{|I|} · a_I [a_I ] ,

as in [Sto].

There is a larger class of singularities which behave topologically exactly like the quasihomogeneous ones.

Definition 2.5 A polynomial f is called α-semiquasihomogeneous, for some α ∈ N_Q , if its α-tangent cone defines an isolated singularity.

It is known that the monodromy operator of a quasihomogeneous singularity has finite order. In particular, one has equality in (1.8). Thus, a direct consequence of Proposition 2.1 and Theorem 2.3 is the following formula for the rank of the divisor class group in the three-dimensional canonical case.

Proposition 2.6 Let 0 ∈ X ⊂ C^4 be a canonical α-semiquasihomogeneous singularity. Then the Picard number of X is given by ρ(X) = ∑ I⊂{1,2,3,4} (−1)^{|I|} α_I · [v_I ]

, (2.1)

where the summation is taken over all subsets I ⊂ {1, 2, 3, 4}, and α_I = ∏ i∈I α_i, [v_I ] := lcm(v_i, i ∈ I).

2.4. Canonical singularities 21

2.4 Canonical singularities

The assumption that a given singularity 0 ∈ X : (f = 0) ⊂ C^4 is canonical gives certain restrictions on the invariants of X; one of these comes from Saito’s result (1.10)

Sp(f) ⊂ (1, 3),

which implies that the only spectral number associated to the eigenvalue 1 is 2. In particular, this gives useful information about the divisor class number of X which, in this case, coincides with the rank of the kernel of the intersection form μ_0.

Proposition 2.7 Let 0 ∈ X : (f = 0) ⊂ C^4 be an isolated canonical singularity and F its Milnor fiber. Then

(1) The only nontrivial Hodge number of F associated to the eigenvalue 1 is h^{2,2}_1 ; in particular

ρ(X) = h^{2,2}_1 (F ).

(2) The Jordan matrix of the monodromy operator associated to the eigenvalue 1 is diagonal; in particular

ρ(X) = b_3(F )_1.

Proof We have n_r = ∑ q h^{4−r,q}_1 . Since n_r = 0 unless r = 2, this implies that h^{p,q}_1 = 0 unless p = 2 and, by the symmetry of the Hodge numbers (1.9), h^{p,q}_1 = 0 unless (p, q) = (2, 2). In particular n_2 = h^{2,2}_1 .

From Steenbrink’s formula (1.11), it follows that

μ_0 = n_2 = h^{2,2}_1 ,

which proves (1), using again the fact that the singularity is canonical.

On H^3(F, C )_1, W_• is the weight filtration of N with central index 4. It follows from (1) that Gr^W_l H^3(F, C )_1 = 0 unless l = 4, which shows that W_• is trivial on H^3(F, C )_1. In particular, (1.8) implies that

ρ(X) = b_3(F )_1. □

2.5 Nondegenerate singularities

It is possible to calculate explicitly the spectrum for large classes of isolated singularities. In the semiquasihomogeneous case there is the following answer, due to Steenbrink.

Theorem 2.8 ([S2]) Suppose that 0 ∈ X : (f = 0) ⊂ C^{n+1} is an isolated α-semiquasihomogeneous singularity, and let B be a set of monomials whose residue classes form a basis of the Milnor algebra of f. Then

Sp(f) = ∑ m∈B α(m + 1). (2.2)

A similar description holds for nondegenerate singularities, for a suitable choice of a basis for the Milnor algebra M(f).

To see this, suppose that f is nondegenerate and convenient. The last assumption means that the Newton diagram of f intersects every coordinate axis; this is not restrictive since f is finitely determined and thus, if we change f by adding monomials of the form x^k_i for sufficiently large k, we obtain an equivalent singularity.

Let Ω^p denote the space of germs at 0 ∈ C^{n+1} of holomorphic p-forms. In [VK], a filtration N^• on Ω^{n+1} is introduced as follows.

Let Γ_i ≺ Γ(f) be the facets (top dimensional faces) of the Newton diagram and suppose that each Γ_i is defined by a weighting α^{(i)} ∈ N_Q . The Newton degree of f, denoted by α, is defined on monomials m ∈ M by α(m) = min_i α^{(i)}(m), and on power series g ∈ O_{n+1} by α(g) = min_{m∈g} α(m). This definition can be extended to forms ω = g(x)dx ∈ Ω^{n+1} by α(ω) = α(g(x)x). The Newton filtration N^• is then the decreasing filtration on Ω^{n+1} associated to α, i.e.,

N^r = { ω ∈ Ω^{n+1} : α(ω) ≥ r } . Let N^•and α denote the induced filtration and degree on the quotient space Ω_f := Ω^{n+1}/df ∧ Ω^n. Denote also by N^{>r} the set consisting of those forms ω of degree strictly bigger than r; same notation for N^{>r}.

Let ~Sp(f) be the spectrum of the Newton filtration N^• on Ω_f , i.e.,

~Sp(f) = ∑ n_r(r), where n_r = dim N^r/N^{>r}.

M. Saito proved in [Sa1] a conjecture of Steenbrink [S1] relating the spectrum of a singularity Sp(f) to ~Sp(f). In [VK] there is an alternative proof of this. The result is the following:

Theorem 2.9 ([Sa1],[VK]) Under the above assumptions, Sp(f) = ~Sp(f). (2.3) [AGVI, 12.7] defines and constructs a regular basis for the Milnor algebra of f. We make an analogous definition, except that we work in Ω_f = Ω^{n+1}/J_f Ω^{n+1} = M(f) ⊗_{On+1} Ω^{n+1}.

Definition 2.10 A set of elements B ⊂ O_{n+1}, whose residue classes form a basis for the Milnor algebra M(f), is regular for the filtration N^• on Ω^{n+1} if, for any r, the elements of the set {ω ∈ Ω^{n+1} : ω = g(x)dx, g ∈ B, α(ω) = r} are independent modulo (df ∧ Ω^n) + N^{>r}.

A proof identical to that in [AGVI, 12.7] shows that there exists a monomial basis for M(f), that is regular for the filtration N^• on Ω^{n+1}. Lemma 2.11 Let f and B be as above, m ∈ B a regular element, and ω = x^mdx. Then α(ω) = ᾱ(ω). Proof For any form ω, we have ᾱ(ω) = max η∈df∧Ω^n α(ω + η) ≥ max η∈df∧Ω^n min {α(ω), α(η)} = α(ω), since it is possible to find elements η ∈ df ∧ Ω^n of arbitrary large degree (in fact, all (n + 1)-forms of sufficiently large degree belong to df ∧ Ω^n, by the finite-determinancy property).

If we had strict inequality above, α(ω) > α(ω), then there would exist η ∈ df ∧Ω^n such that α(ω+η) > α(ω). But this means that ω belongs to the ideal (df ∧ Ω^n) + N^{>α(ω)}, which is impossible by the regularity assumption. □

Suppose B is a regular set. By definition, this means that the elements ω_m with m ∈ B, of degree α(ω_m) = r, form a basis of the quotient vector space N^r/N^{>r}. Thus, from the above lemma, one can write ~Sp(f) = ∑ m∈B α(m + 1),

for B a regular set, which gives an alternative way of writing formula (2.3), similar to Steenbrink’s formula (2.2).

The divisor class number of a quasihomogeneous singularity was calculated by Flenner [Fl, Theorem 7.5].

Theorem 2.12 ([Fl]) Let 0 ∈ X : (f = 0) ⊂ C^4 be an isolated semiquasihomogeneous singularity of type α, and B any set of monomials whose residue classes give a basis for M(f). Then ρ(X) ≤ #{m ∈ B : α(m + 1) = 2}, with equality if 0 ∈ X is canonical.

Proof It follows from Proposition 2.1, Proposition 2.7 and Theorem 2.8. □ This theorem can be extended to nondegenerate singularities to the following:

Theorem 2.13 Let 0 ∈ X : (f = 0) ⊂ C^4 be an isolated nondegenerate singularity of Newton degree α, and B a regular set of monomials whose residue classes give a basis for M(f). Then ρ(X) ≤ #{m ∈ B : α(m + 1) = 2}, (2.4) with equality holding if 0 ∈ X is canonical.

Proof Apply Proposition 2.1, Proposition 2.7 and Theorem 2.9. □ The following two examples are illustrations of the result above.

Example 2.14 Let g(x, y, z) = x^p + y^q + z^r + xyz with^1_p +^1_q +^1_r < 1 be a singularity of type T_{p,q,r}, and let f(x, y, z, t) = g(x, y, z) + t^n with n ≥ 2.

Then f defines a isolated canonical nondegenerate singularity. Let

Γ_1 = [(1, 1, 1), (0, q, 0), (0, 0, r)], Γ_2 = [(p, 0, 0), (1, 1, 1), (0, 0, r)], Γ_3 = [(p, 0, 0), (0, q, 0), (1, 1, 1)],

be the facets of Γ(g), where, for a set A ⊂ M_R, we denote by [A] the convex hull of A; also let

α^{(1)} = ( 1 − q + r qr , 1 q , 1 r ) , α^{(2)} = ( 1 p , 1 − p + r pr , 1 r ) , α^{(3)} = ( 1 p , 1 q , 1 − p + q pq )

be the quasihomogeneity types of g. The set B = { 1, xyz, x^i, y^j , z^k; 1 ≤ i ≤ p − 1, 1 ≤ j ≤ q − 1, 1 ≤ k ≤ r − 1 }

is regular. In order to see this, let { ω ∈ Ω^4 : ω = x^mdx, m ∈ B, α(m + 1) = s } be a set of forms of a given degree s. The element xyz is clearly regular. For s ≠ 1 this set can contain at most one element ω of the form x^idx, since different elements of this form have different degrees; the same is true for y^j and z^k. Suppose we have a relation

c_1x^idx + c_2y^jdx + c_3z^kdx = η + ω^′

with η ∈ df ∧ Ω^3 and ω^′ ∈ N^{>s}. Then, since J_g = (px^{p−1} + yz, qy^{q−1} + xz, rz^{r−1} + xy), the relation above with, say, c_1 ≠ 0 implies that i = p − 1 and ω^′ = yzdx + (other terms); therefore

α(ω^′) ≤ α(yzdx) = 1 + 1 q + 1 r . On the other hand

s = α(x^{p−1}dx) = p − 1 p + 1 > 1 + 1 q + 1 r , and this gives a contradiction. It follows that

Sp(g) = (1) + (2) + p−1∑ i=1 ( i p ) + q−1∑ j=1 ( j q ) + r−1∑ k=1 ( k r ) .

Since Sp(t^n) = ∑_{n−1} l=1 (_l n ) , and the Thom–Sebastiani type formula for Sp(f) (see Section 1.2.7) gives Sp(f) = Sp(g) Sp(t^n), it follows that the Picard number of X : (f = 0) is

ρ(X) = hcf(p, n) + hcf(q, n) + hcf(r, n) − 3.

A blowup of a factorial singularity need not be locally factorial, as the next example shows (see also Example 4.17).

Example 2.15 Let f(x, y, z, t) = g(x, y, z) + t^n, where g(x, y, z) = x^3 + x^2z+y^2z+z^4 and n ≥ 2. The polynomial f defines an isolated nondegenerate singularity, which is canonical since g = 0 is an elliptic Gorenstein surface singularity (see [R4], [SB1] and [Ste]). Let

Γ_1 = [(3, 0, 0), (2, 0, 1), (0, 2, 1)], Γ_2 = [(2, 0, 1), (0, 2, 1), (0, 0, 4)]

be the 2-dimensional faces of Γ(g) and

α^{(1)} = ( 1 3 , 1 3 , 1 3 ) , α^{(2)} = ( 3 8 , 3 8 , 1 4 )

the corresponding quasihomogeneity types.

x^3

x^2z

z^4

y^2z

Γ_1

Γ_2

The set of monomials B = { 1, x, y, x^2, xy, z^k } 1≤k≤4 induces a regular basis on Ω_g. This implies that the spectrum of g is

Sp(g) = (1) + ( 5 4 ) + 2 ( 4 3 ) + ( 3 2 ) + 2 ( 5 3 ) + ( 7 4 ) + (2).

From Section 1.2.7 and Theorem 2.13 it follows that

ρ(X) =

0 if n ≡ ±1 mod 6 1 if n ≡ ±2 mod 12 3 if n ≡ ±4 mod 12 4 if n ≡ ±3 mod 12 5 if n ≡ 6 mod 12 7 if n ≡ 0 mod 12.

In particular, for n = 5, the singularity (X, 0) is (analytically) factorial.

Suppose n = 5, and let X_1 = Bl_0 X be the blowup of X at its singular point. The blown up variety X_1 has only one singular point. Its equation near this point is x^3 + x^2z + y^2z + tz^4 + t^2 = 0 or, by a change of variable,

X_1 : x^3 + x^2z + y^2z + z^8 + t^2 = 0.

The singularity (0, 0, 0, 0) ∈ X_1 is a cD_4 point. Denote h = x^3 + x^2z + y^2z + z^8; the corresponding Newton diagram Γ(h) has again 2 facets and the quasihomogeneity types are now

β^{(1)} = ( 1 3 , 1 3 , 1 3 ) , β^{(2)} = ( 7 16 , 7 16 , 1 8 ) . A regular set for Ω_h is

B^′ = { 1, x, y, x^2, xy, z^k } 1≤k≤8 and the spectral numbers of h are given by

Sp(h) = (1) + 2 ( 4 3 ) + 2 ( 5 3 ) + 7∑ i=1 ( i + 8 8 ) + (2).

It follows that ρ(X_1) = 1.

In [V1] it is obtained a formula relating the characteristic polynomial of an isolated nondegenerate singularity

0 ∈ X : (f = 0) ⊂ C^{n+1}

to its Newton diagram Γ(f). For any face Γ ≺ Γ(f), denote by d(Γ) its dimension and by V (Γ) its (d(Γ))-dimensional volume. Varchenko’s formula and Proposition 2.1 give the following:

Proposition 2.16 Let 0 ∈ X : (f = 0) ⊂ C^4 be an isolated canonical nondegenerate singularity. Then

ρ(X) = 1 + ∑ Γ (−1)^{d(Γ)+1}d(Γ)!V (Γ),

where the summation is taken over all faces Γ of Γ(f) which are contained in a (d(Γ) + 1)-dimensional coordinate plane.

For instance, if xy = g(z, t) as in Section 2.2, with g nondegenerate and convenient, then

ρ(X) = length Γ(g) − 1.

2.6 The general case

The idea of this section is that, in principle, it is possible to calculate the rank of the divisor class group ρ(X) for any isolated canonical singularity

0 ∈ X : (f = 0) ⊂ C^4 .

The reason is that ρ(X) is related to the characteristic polynomial Δ(t) by

ρ(X) = b_3(F )_1

(Proposition 2.7) and Δ(t) can be calculated from the embedded resolution data of X by A’Campo’s formula.

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated singularity, φ: ~C^{n+1} → C^{n+1} an embedded resolution of the singularity of X. This means that a desingularisation of X is achieved by making a transformation of the ambient space C^{n+1} with the property that the strict transform ~X of X and the exceptional locus E = φ^{−1}(0) have only normal crossings. In particular, in suitable local coordinates around any intersection point of k prime divisors from the inverse image of X, φ^{−1}(X) = φ^∗(X)_{red}, the function f ∘ φ can be written as z^{m1}_1 · · · z^{mk}_k . Such a resolution exists by [Hi1]. Let

E_m = {z ∈ E : f ∘ φ = z^m_1 in suitable local coordinates near z} .

The following theorem, due to A’Campo, gives the characteristic polynomial of f in terms of the multiplicities of the exceptional divisors and the Euler characteristics χ(E_m) of the interior loci above.

Theorem 2.17 ([AC]) The characteristic polynomial of the monodromy operator h_f is given by

Δ(t) = 1 t − 1 ∏ m≥1 (t^m − 1)^{χ(Em)}

(−1)^n

This result, together with Proposition 2.7, gives a formula for ρ(X) in the canonical 3-dimensional case.

Proposition 2.18 Let 0 ∈ X : (f = 0) ⊂ C^4 be an isolated singularity. Then, with the above notation, ρ(X) ≤ 1 − ∑ m≥1 χ(E_m), with equality if the singularity is canonical.

Although embedded resolutions of 3-fold singularities are difficult to control, in simple cases this result is useful. For instance, suppose that f(x, y, z, t) = g(x, y) + h(z, t). If 0 ∈ C : (g = 0) ⊂ C^2 is a curve singularity and φ: ~C^2 → C^2 an embedded resolution of g, then A’Campo’s formula becomes

Δ_g(t) = (t − 1) ∏ (t^{mi} − 1)^{δi−2}, (2.5)

where the product is taken over all irreducible components E_i of the exceptional set E, m_i = m(E_i) are their multiplicities and δ_i is the number of irreducible components of φ^{−1}(C) intersecting E_i, for any i (see e.g. [N, p. 21]).

Using the expression (2.5) for both g and h gives, via Thom–Sebastiani, a formula for Δ_f (t).

Example 2.19 This is an example about the calculation of ρ(X) for degenerate singularities. Let

g(z, t) = (z^p + t^p)^2 + t^n, p ≥ 2, n ≥ 2p + 1, f(x, y, z, t) = x^2 + y^3 + g(z, t). The polynomials g and f define isolated singularities, degenerate with respect to their Newton polyhedrons. This is because the singular locus defined by the hypersurface g_{Γ(g)} = 0 consists of p lines passing through the origin, each with multiplicity 2.

First we want to compute Δ_g(t) from the resolution graph of 0 ∈ C : (g = 0) ⊂ C^2 . Blowing up 0 ∈ C^2 we obtain an exceptional divisor E_1 ∼= P^1 of multiplicity 2p. The proper transform of C has p singular points of type A_{n−2p−1}, lying on E_1. The following is one of the p identical branches, having their left vertex in common, of the resolution graph of C in the case n = 2k:

(2p) (2p + 2) (2k − 2) (2k)

Vertices of the graph • correspond to the exceptional curves; the irreducible components of the proper transform of C are denoted by ∘. An edge is associated to a pair of vertices with nonempty intersection. The numbers in brackets are the multiplicities of the corresponding exceptional divisors.

There is a similar picture for n = 2k + 1:

(2p) (2p + 2) (2k) (4k + 2)

(2k + 1)

From A’Campo’s formula (2.5) it follows that

Div(g) = (1) + (p − 2)Λ_{2p} + pΛ_{2k}, if n = 2k Div(g) = (1) + (p − 2)Λ_{2p} + pΛ_{4k+2} − pΛ_{2k+1}, if n = 2k + 1.

Using Thom–Sebastiani’s formula (see Section 1.2.7) we obtain:

Div(f) =p(3, k)Λ_{2[3,k]} + (p − 2)(3, p)Λ_{2[3,p]} − pΛ_{2k} −(p − 2)Λ_{2p} + Λ_6 − Λ_3 − Λ_2 + (1), if n = 2k, Div(f) =p(3, 2k + 1)Λ_{[3,2k+1]} + (p − 2)(3, p)Λ_{2[3,p]} − pΛ_{2k+1} −(p − 2)Λ_{2p} + Λ_6 − Λ_3 − Λ_2 + (1), if n = 2k + 1.

In particular, b_3(F_f )_1 = p((3, n) − 1) + (p − 2)((3, p) − 1) in both cases.

The singularity 0 ∈ X is canonical if and only if p ≤ 5. This is because, taking α = (3p, 2p, 3, 3), the condition α(1) ≥ α(f) + 1 implies p ≤ 5. On the other hand, if p = 2, the singularity 0 ∈ X is cDV, hence canonical (see [R1, Theorem 2.6]), while for 3 ≤ p ≤ 5

x^2 + y^3 + z^{2p}

define elliptic Gorenstein singularities (see [R4]), and thus 0 ∈ X is canonical by [SB1] and [Ste]. Therefore

ρ(X) ≤ p((3, n) − 1) + (p − 2)((3, p) − 1),

with equality for p ≤ 5.

Chapter 3

Crepant divisors

3.1 The number c(X)

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be a canonical hypersurface singularity. Given a morphism φ: Y → X from a partial resolution Y with at most terminal singularities, we can write

K_Y = φ^∗K_X + ∑ a_iE_i, where E_i are the φ-exceptional prime divisors and a_i ≥ 0. If a_i = 0 the divisor E_i is called crepant.

The discrepancy a_i depends only on the valuation of the divisor E_i, since, given any partial resolution φ^′ : Y^′ → X, and φ^′-exceptional prime divisor E^′_i birational to E_i, the varieties Y and Y^′ are locally isomorphic near the generic points of E_i and E^′_i. A crepant valuation v_{Ei} has centre a divisor E^′_i on any partial resolution Y^′ of X with at most terminal singularities. The number of crepant valuations

c(X) := #{i : a_i = 0},

measuring how far is X from being terminal, is finite [R1, Lemma (2.3)] and independent of Y .

Under the assumption that the hypersurface X is nondegenerate with respect to its Newton polyhedron, we develop in this chapter the calculations in toric geometry enabling us to detect the birationally defined divisors E_i in terms of weightings and the Newton polyhedron of f; in particular, we derive a formula for their number, c(X). The arguments work for a n-dimensional hypersurface X, but the main application is to the 3-fold case, since, for 3- dimensional singularities, c(X) is the second invariant we need to compute the Betti numbers of a minimal model.

3.2. Toric resolutions 33

3.2 Toric resolutions

We begin with an example to illustrate the method of calculating the number of crepant divisors c(X) from a toric resolution of X. For notation, see Section 1.2.4.

Example 3.1 Let f = x^3+y^3+z^3+t^n with n ≥ 2. The polynomial f defines an isolated canonical nondegenerate singularity X, which is non-terminal if n ≥ 4. The blowup φ_1 : X_1 → X of X at 0 is a crepant morphism, and X_1 is given on one affine piece by

X_1 : x^3 + y^3 + z^3 + t^{n−3} = 0.

After repeating the blowup, at the new singular point, [n/3] times, where [n/3] denotes the integer part of n/3, we obtain either a nonsingular variety, if n ≡ 0 or 1 mod 3, or a variety which can be desingularised by a discrepant morphism, if n ≡ 2 mod 3. Therefore c(X) = [n/3]. The example above is very special; in order to compute c(X) for more general singularities, we need to use toric geometry.

We treat the cases n ≡ 0, 1 and 2 mod 3 separately.

(i) n = 3k

The fan Δ(f) associated to f (see Section 1.2.4) consists of the cones σ_i generated by e_j for j ≠ i and α^{(k)} := (k, k, k, 1), together with all their faces. Recall that a desingularisation of X is obtained by an arbitrary nonsingular subdivision of Δ(f). Since e_1, e_2, e_3 and α^{(k)} are basic, the cone σ_4 is nonsingular. The remaining cones can be resolved by taking a triangulation w.r.t. the weightings

α^{(l)} = (l, l, l, 1) for 1 ≤ l ≤ k − 1

as in the following picture:

e_3 e_2

e_1 α^{(k)} α^{(k−1)} α^{(1)} e_4

Notice that α^{(l)} for 1 ≤ l ≤ k satisfy the equality

α^{(l)}(1) = α^{(l)}(f) + 1. (3.1) Weightings satisfying an equation of this form will play an important role in the sequel (see Definition 3.2). Their corresponding exceptional divisors turn out to be crepant; in particular, a minimal model of X is nonsingular in this case, and c(X) = k. (ii) n = 3k + 1

The fan Δ(f) consists of the cones σ_i = (e_j , α)_{j≠i}, where α = (n, n, n, 3), together with all their faces. Taking a triangulation w.r.t. the weightings α^{(l)} = (l, l, l, 1), 1 ≤ l ≤ k, resolves σ_i for 1 ≤ i ≤ 3. In the case of σ_4 the weightings are α^{(k+1)} = (k + 1, k + 1, k + 1, 1) and β = (2k + 1, 2k + 1, 2k + 1, 2).

Only α^{(l)} = (l, l, l, 1) for 1 ≤ l ≤ k satisfy the equation (3.1) above. Therefore c(X) = k.

(iii) n = 3k + 2

In this case α = (n, n, n, 3). The cones σ_i, for 1 ≤ i ≤ 3, are subdivided w.r.t. α^{(l)} = (l, l, l, 1), 1 ≤ l ≤ k, and σ_4 w.r.t. α^{(k+1)} = (k + 1, k + 1, k + 1, 1). The number of crepant divisors is again k.

3.3 Weighted blowups

A nondegenerate hypersurface singularity 0 ∈ X : (f = 0) ⊂ C^{n+1} can be desingularised by a toric resolution of C^{n+1} , that is, by a resolution of C^{n+1} corresponding to a subdivision of the positive quadrant σ ⊂ N_R (see Section 1.2.4).

It is possible to resolve X by successive barycentric subdivisions (defined below) of σ; a weighted blowup is a 1-step process, giving a prime divisor isomorphic to a weighted projective space. Weighted blowups can be described in several different ways, and this section reviews these descriptions.

3.3.1 Toric description

Let α ∈ σ ∩ N be a primitive weighting. The barycentric subdivision of σ w.r.t. α is the fan Δ(α) consisting of the cones

σ_i(α) = ∑ j≠i R_{≥0} e_j + R_{≥0} α

for 1 ≤ i ≤ n + 1, together with all their faces. Define the α-blowup of C^{n+1} as the proper birational morphism

φ_α : C^{n+1} (α) → C^{n+1}

from the toric variety C^{n+1} (α) associated to the fan Δ(α) to C^{n+1} . This is obtained by gluing together the birational morphisms

φ_{α,i} : C^{n+1}_i (α) = Spec C [σ_i(α)^∨∩M] → C^{n+1},

for 1 ≤ i ≤ n + 1. Let E_α := φ^{−1}_α (0) be the exceptional divisor. The restriction of φ_α to the proper transform X(α) of X φ_α|: X(α) → X is called the α-blowup of X. Denote this morphism, for simplicity, still by φ_α, and let E(α) = E_α ∩ X(α) be its exceptional set. The n-dimensional torus T^n corresponding to the lattice α^⊥ ∩ M is

O_α = Spec C [α^⊥ ∩ M] ∼= T^n

and E_α is its closure (see [Fu, Section 3.1]).

In [R3, (4.8)] a neighborhood U_α of the generic point of E_α is described as follows. Let U_α = Spec C [α^∨ ∩ M] ∼= T^n × C . The surjection C [α^∨ ∩ M] ↠ C [α^⊥ ∩ M]

x^m −→ { x^m if m ∈ C [α^⊥ ∩ M] 0 otherwise

corresponds to an embedding O_α → U_α. Choose a monomial m_0 ∈ M such that α(m_0) = 1 and denote u = x^{m0} . Then O_α = E_α ∩ U_α is given in U_α by the equation u = 0. This description has the advantage that one can work on an open piece of the α-blowup rather than on one of its cyclic covers (see Section 3.3.3).

3.3.2 Global description

A weighted blowup is just a generalisation of the usual blowup of the origin of C^{n+1} , and we can see it in a different way.

Let x = (x_i)_{1≤i≤n+1} be local coordinates on C^{n+1} around 0. Consider another copy of C^{n+1} , with coordinates z = (z_i)_{1≤i≤n+1}, and the map

ψ_α : C^{n+1}_z → C^{n+1}_x z_i → z^{αi}_i = x_i. Let ψ : Bl_0 C^{n+1}_z → C^{n+1}_z be the blowup of the origin and ξ = (ξ_j)_{1≤j≤n+1} homogeneous coordinates on P^n. Denote by G = μ_{α1} ×· · ·×μ_{αn+1} the direct product of the groups of α_ith roots of unity and consider the action of G on Bl_0 C^{n+1}_z given by

(ε, (z; ξ)) → (ε_1z_1, . . . , ε_{n+1}z_{n+1}; ε_1ξ_1, . . . , ε_{n+1}ξ_{n+1}),

for ε = (ε_1, . . . , ε_{n+1}) ∈ G. Then the α-blowup of C^{n+1}_x is the quotient

C^{n+1} (α) = Bl_0 C^{n+1}_z /G.

3.3.3 Local description The local version of this description is as follows. Let U_i be the affine piece of Bl_0 C^{n+1}_z given by (ξ_i ≠ 0). This is a copy of C^{n+1} with coordinates z_i and ρ_j := ξ_j /ξ_i for j ≠ i. The induced action of G on U_i is z_i → ε_iz_i ρ_j → ε_j ε^{−1}_i ρ_j and the corresponding quotient U_i/G = Spec C [z_i, ρ_j ]^G_{j≠i}.

Denote ζ_j = ρ^{αj}_j for j ≠ i, and let ~C^{n+1}_i (α) be a copy of C^{n+1} with coordinates z_i and ζ_j.

We can realise U_i/G alternatively as the quotient ~C^{n+1}_i (α)/μ_{αi} , where μ_{αi} acts on ~C^{n+1}_i (α) by z_i → ε_iz_i ζ_j → ε^{−αj}_i ζ_j. This is immediate, since the rings of invariants of G on U_i and μ_{αi} on ~ C^{n+1}_i (α) are the same:

C [z_i, ρ_j ]^G_{j≠i} = C z^{ai}_i ∏ j≠i ρ^{aj}_j , a_i ≡ ∑ j≠i a_j mod α_i and a_j ≡ 0 mod α_j , j ≠ i

= C z^{bi}_i ∏ j≠i ζ^{bj}_j , b_i ≡ ∑ j≠i α_jb_j mod α_i = C [z_i, ζ_j ]^{μαi}_{j≠i} . Furthermore, both algebras are isomorphic to C [σ^∨_i (α)∩M], therefore define the ith affine piece of the blowup. For instance C [z_i , ζ_j ]^{μαi}_{j≠i} ∼= C [σ^∨_i (α) ∩ M], via the correspondence z^{bi}_i ∏ j≠i ζ^{bj}_j → x^{(bi−} ∑ j≠i bj αj )/αi i ∏ j≠i x^{bj}_j . The right hand side makes sense since (b_i − ∑ j≠i bj αj)/αi is an integer; moreover, this monomial belongs to C [σ^∨_i (α) ∩ M] since, by definition, σ^∨_i (α) ∩ M = {m ∈ M : α(m) ≥ 0 and m_j ≥ 0 for all j ≠ i} and b_j ≥ 0, α((b_i − ∑ b_jα_j )/α_j , b_j ) = b_i ≥ 0.

Since x_i = z^{αi}_i and x_j = z^{αj}_j = z^{αj}_i ρ^{αj}_j = z^{αj}_i ζ_j, the morphism ~φ_{α,i} : ~ C^{n+1}_i (α) → C^{n+1} from the cyclic cover of C^{n+1}_i (α) to C^{n+1} , descending to φ_{α,i}, is given by z_i → z^{αi}_i ζ_j → z^{αj}_i ζ_j. 3.3.4 Algebraic description For terminology and notation throughout this section see [Ha, II.7].

The weighted projective space P(α), for α ∈ σ ∩ N, can be seen either geometrically, as P(α) = (C^{n+1} \ 0)/C^∗ , where C^∗ acts by λ · (x_1, . . . , x_{n+1}) = (λ^{α1} x_1, . . . , λ^{αn+1} x_{n+1}), or algebraically, as P(α) = Proj A, where the algebra A = C [x_1, . . . , x_{n+1}] is graded by deg(x_i) = α_i.

Similarly, weighted blowups can be realised in an algebraic way, as well. Consider the filtration of ideals I_•(σ) on A = C [σ^∨ ∩ M] given by I_k(σ) = {g ∈ A : α(g) ≥ k}, where the α-degree of g is defined by α(g) = min_{m∈g} α(m). Then C^{n+1} (α) = Proj A(σ), where A(σ) := ⨁ k≥0 I_k(σ) is the blowup algebra of I_•(σ) in A.

The corresponding graded ring gr_{I•(σ)}A := ⨁ k≥0 I_k(σ)/I_{k+1}(σ)

defines the exceptional set by E_α = Proj gr_{I•(σ)}A ∼= P(α). Furthermore, for any face τ ≺ σ and any open set U_τ = Spec C [τ^∨ ∩ M], we have φ^{−1}_α (U_τ ) = Proj A(τ), where I_•(τ) and A(τ) are defined similarly.

We can see that this definition of a weighted blowup is consistent with the previous one by looking at an open covering. The open affine sets D_+(g), for g ∈ I_k(σ) \ I_{k+1}(σ), covering Proj A(σ), are

D_+(g) = A(σ)_{(g)} = Spec C [h/g^a : a ≥ 0, h ∈ I_{ka}(σ)]. In particular, the standard open subsets of Proj A(σ)

D_+(x_i) = Spec C [σ_i(α)^∨∩M]

coincide with C^{n+1}_i (α).

If there exists an i such that α_i = 1, then a minimal set of generators for σ_i(α)^∨∩M is {e^∗_i , e^∗_j − α_j e^∗_i }_{j≠i}, and thus

D_+(x_i) = Spec C [ζ_j , x_i]_{j≠i} ∼= C^{n+1} ,

where ζ_j = x_j/x^{αi}_i for all 1 ≤ j ≤ n + 1 with j ≠ i.

In general, D_+(x_i) = Spec C [ζ_j , z_i]^{μαi}_{j≠i}, as we have noticed in Section 3.3.3. We can avoid working on the cyclic cover by choosing a different open set. Let m_0 ∈ M be a monomial with α(m_0) = 1, as in Section 3.3.1, and u = x^{m0} . Suppose that p of its components, say the first p, are nonnegative and let τ = ∑_p i=1 R_{≥0} e_i. Then

D_+(u) = Spec A(τ)_{(u)}

= Spec C [ u, x_i u^{αi} for 1 ≤ i ≤ n + 1 ] . If p_0 denotes the number of vanishing components of m_0, then D_+(u) is an open set of C^{n+1} (α) containing U_α (see Section 3.3.1), equal to U_α if p_0 = 0, and equal to one of the standard open sets D_+(x_i) if p_0 = n. With the notation y_i = x_i/u^{αi} , the morphism φ_α|: D_+(u) → C^{n+1} is given then by

x_i = u^{αi} y_i for 1 ≤ i ≤ n + 1.

3.4 Crepant weightings

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated canonical hypersurface singularity and assume, from now on, that f defines a nondegenerate singularity (see Section 1.2.4).

For a finite set of weightings Λ ⊂ σ ∩ N, let Δ be a subdivision of the positive quadrant σ in N_R such that Sk^1(Δ) \ Sk^1(σ) = Λ. Let also

φ_Λ : C^{n+1} (Λ) → C^{n+1}

be the morphism from the corresponding toric variety, and X(Λ) the proper transform of X.

As a part of the proof of Theorem 1.4, it is shown in [R3, Section 4.8] that, for any primitive weighting α ∈ σ ∩ N, there is a relation

K_C n+1_{(α)} + X(α) = φ^∗_α(K_C n+1 + X) + (α(1) − α(f) − 1)E_α, (3.2)

where 1 = (1, . . . , 1) ∈ M. Iterating this for the finite set Λ, it follows that

K_C n+1_{(Λ)} + X(Λ) = φ^∗_Λ(K_C n+1 + X) + ∑ α∈Λ (α(1) − α(f) − 1)E_{α,Λ},

where E_{α,Λ} denotes the exceptional divisor corresponding to α on C^{n+1} (Λ).

In particular, if Δ is a nonsingular subdivision of σ, the adjunction formula implies that

K_{X(Λ)} = φ^∗_Λ(K_X ) + ∑ α∈Λ (α(1) − α(f) − 1)(E_{α,Λ} ∩ X(Λ))

(see also [I]). Therefore, the irreducible components of E_{α,Λ} ∩ X(Λ) are crepant if and only if α(1) = α(f) + 1. This justifies the following:

Definition 3.2 A primitive weighting α ∈ σ ∩ N, not belonging to any proper face of σ (see the remark below), is called crepant if it satisfies the equation

α(1) = α(f) + 1. (3.3)

Denote by W (f) the set of crepant weightings.

Remark 3.3 The reason for restricting to interior weightings α ∈ σ^∘ ∩ N in the above definition is that, since it is always possible to assume that f is convenient, the only solution α of the equation (3.3) with, say, α_i = 0 is α = e^∗_j , for some j.

Remark 3.4 A weighting α ∈ σ ∩ N satisfying (3.3) is automatically primitive.

It is a common phenomenon that a weighted blowup of a given singularity is not normal. Consider, for instance, the singularity given by

f = x^3 + y^3 + z^3 + t^n, n ≥ 3,

and α = (k, k, 1, 1) with 1 ≤ k ≤ [n/3] (compare Example 3.1). One affine piece of the α-blowup of X is given by

x = t^kx_1, y = t^ky_1 and z = tz_1

and thus

X(α) : t^{3(k−1)}(x^3_1 + y^3_1) + z^3_1 + t^{n−3} = 0

is not normal, unless k = 1. Taking its normalisation by replacing z_1 with z_1/t^{k−1} leads to the new weighting β = (k, k, k, 1), which is crepant.

This example can be formalised into the following:

Proposition 3.5 Let 0 ∈ X ⊂ C^{n+1} be a canonical hypersurface singularity and α a crepant weighting. Then the α-blowup of X also has canonical singularities.

Proof We only need to check that X(α) is normal. This is a direct consequence of the adjunction and subadjunction formulas [R5].

(1) Adjunction [R5, 2.12].

From the relation (3.2) it follows, since α is crepant, that the sheaf ω_C n+1_{(α)}(X(α)) of rational sections of ω_C n+1_{(α)} with poles along X(α) satisfies

ω_C n+1_{(α)}(X(α)) = φ^∗_αω_C n+1 (X) (3.4) = O_{Cn+1 (α)} .

Part of the long exact sequence of sheaves Ext^i ( · , ω_C n+1_{(α)} ) on C^{n+1} (α) associated to the standard exact sequence

0 → I_{X(α)} → O_{Cn+1 (α)} → O_{X(α)} → 0

is the following:

ω_C n+1_{(α)} → Hom ( I_{X(α)}, ω_C n+1_{(α)} ) → Ext^1 ( O_{X(α)} , ω_C n+1_{(α)} ) → Ext^1 ( O_{Cn+1 (α)} , ω_C n+1_{(α)} ) .

We have the equalities Ext^1 ( O_{Cn+1 (α)} , ω_C n+1_{(α)} ) = O_{Cn+1 (α)} Hom ( I_{X(α)}, ω_C n+1_{(α)} ) = ω_C n+1_{(α)} (X(α)) Ext^1 ( O_{X(α)} , ω_C n+1_{(α)} ) = ω_{X(α)}, where the last follows from [R5, Theorem 2.12], once we notice that C^{n+1} (α) is a toric variety, hence Cohen-Macaulay. From the sequence above and (3.4) it follows that ω_{X(α)} = O_{X(α)}. (3.5) (2) Subadjunction [R5, 2.3].

Suppose X(α) is not normal and take its normalisation π : ~X(α) → X(α). Let C ⊂ ~X(α) be defined by I_C = ~C, where C = Ann ( π_∗O_{~X(α)}/O_{X(α)} ) ~C = CO_{~X(α)} as in [R5, 2.1]. Then [R5, Proposition 2.3] π^∗ω_{X(α)} = ω_{~X(α)}(C). (3.6) Relations (3.5) and (3.6) with C ≠ 0 contradict the assumption that 0 ∈ X is canonical. □

3.5 Crepant valuations

In order to calculate the number c(X) it is more convenient to use a birational invariant language, namely that of geometric discrete valuations v of the function field k(X). To any prime divisor E on a partial resolution of X, associate the corresponding valuation v_E : k(X)^∗ → Z.

3.5. Crepant valuations 43

By Section 3.4, for any crepant valuation v, there exist a crepant weighting α and a prime divisor E ∈ E(α) such that v = v_E . This gives a relation between crepant valuations and exceptional prime divisors on weighted blowups with crepant weightings. In order to make this correspondence 1-to-1, we introduce the following:

Definition 3.6 Let α be a crepant weighting. A prime divisor E on the α-blowup of X is called essential for its valuation if v_E (x_i) = α_i. Denote by E(f) the set of divisors which are essential for their valuations.

Let f = f_α + f_{>α} be the α-homogeneous decomposition of f. Denote f^{(j)} = ∑ a_mx^m, where the summation is taken over all monomials m ∈ f with m_j = 0; similar notation for f_α and f_{>α}.

Lemma 3.7 Let 0 ∈ X : (f = 0) be a canonical singularity, α ∈ W (f). Suppose that x_j|f_α for some j with 1 ≤ j ≤ n + 1. Then

gcd(α_1, . . . , α_{j−1}, α_{j+1}, . . . , α_{n+1}) = 1.

Proof Let d = gcd(α_1, . . . , α_{j−1}, α_{j+1}, . . . , α_{n+1}) and denote l = min_{m∈fα} m_j. Define a new weighting β ∈ σ^∘ ∩ N by β_j = ⌈α_j /d⌉, and β_i = α_i/d for i ≠ j, where, for r a rational number, ⌈r⌉ is the smallest integer ≥ r.

Since 0 ∈ X is canonical, we have β(1) ≥ β(f) + 1 (see Theorem 1.4). Therefore, using the expression of β in terms of α, at least one of the following conditions must hold:

α(1)+dβ_j − α_j ≥ min_{m∈fα}(α(f) + dβ_j m_j − α_jm_j ) + d; (a)

α(1)+dβ_j − α_j ≥ min_{m∈f>α}(α(m) + dβ_j m_j − α_j m_j) + d. (b) (a) is equivalent to dβ_j − α_j + 1 ≥ l(dβ_j − α_j ) + d, which is possible if and only if d = 1.

(b) is equivalent to the existence of a monomial m ∈ f_{>α} such that

α(f) + dβ_j − α_j + 1 ≥ α(m) + (dβ_j − α_j)m_j + d,

which implies that dβ_j − α_j ≥ (dβ_j − α_j)m_j + d. Therefore m_j = 0, which gives dβ_j − α_j ≥ d. This contradicts the definition of β_j . □

Lemma 3.8 Under the same assumptions as above, denote also l^′ = min_{m∈f (j)} >α (α(m) − α(f)).

Then either l or l^′ is equal to 1.

Proof Define β ∈ σ^∘ ∩ N by β_j = α_j + 1 and β_i = α_i for i ≠ j. As before, since β(1) ≥ β(f) + 1, at least one of the following holds: (i) α(1) ≥ min_{m∈fα} (α(m) + m_j ). In this case, α(1) ≥ α(f) + l, hence l = 1. (ii) α(1) ≥ min_{m∈f>α} (α(m) + m_j).

Since min_{m∈f>α−f} (j)_{>α} (α(m) + m_j ) ≥ α(f) + 2 and α is crepant, the condition (ii) is equivalent to α(1) ≥ min_{m∈f (j)} >α α(m).

Therefore, since α is crepant, it follows that α(f) + 1 ≥ min_{m∈f (j)} >α α(m),

and this is equivalent to l^′ = 1. □

Lemma 3.9 Same assumptions and notation as before. Then the new weighting β ∈ σ ∩ N defined by (i) β_i = lα_i and β_j = lα_j + 1 if l^′ = 1; (ii) β_i = α_i and β_j = α_j + l^′ if l = 1.

is crepant.

Proof (i) Using the fact that α is crepant it follows that β(1) = lα(1) + 1 = l(α(f) + 1) + 1.

In order to express β(f) in terms of α(f), notice that any monomial m ∈ f_{>α} satisfies lα(m) + m_j ≥ l(α(f) + 1). Therefore β(f) = min_{m∈f} (lα(m) + m_j) = min_{m∈f>α}(lα(m) + m_j) = lα(f) + min_{m∈f>α} m_j = lα(f) + l. (ii) Similarly, β(1) = α(1) + l^′ = α(f) + 1 + l^′.

In this case α(m) + l^′m_j ≥ α(f) + 1 + l^′, for any monomial m ∈ f_{>α} with m_j ≠ 0. Since l = 1, we also have min m∈f_α (α(m) + l^′m_j) = α(f) + l^′ min_{m∈fα} m_j = α(f) + l^′, and min m∈f^{(j)}_{>α} (α(m) + l^′m_j) = α(f) + l^′.

Therefore it follows that β is a crepant weighting, since β(f) = min_{m∈f} (α(m) + l^′m_j ) = α(f) + l^′. □ 3.6 The set E(f)

Recall that, given an isolated canonical nondegenerate singularity 0 ∈ X : (f = 0) ⊂ C^{n+1} , we are interested in the exceptional divisors E(α) on weighted blowups X(α) of X with α crepant weightings, that is, weightings satisfying α(1) = α(f) + 1.

In this section we prove that E(f) (see Definition 3.6) is a set of representatives of the crepant valuations. We start with an illustration of the general situation.

Example 3.10 The polynomial f = x^3 + x^2z + y^2z + z^4 + t^n defines an isolated canonical nondegenerate singularity 0 ∈ X : (f = 0) ⊂ C^4 (see also Examples 2.15 and 4.17). A calculation shows that all the weightings in the set { (k, k, k − i, 1) : i ≥ 0 and 3i ≤ k ≤ [ n + i 3 ]}

are crepant. The following are some of the exceptional divisors on weighted blowups with weightings in this set:

• E(α) ∼= (x^3 + x^2z + y^2z = 0) ⊂ P^3; this is the case for α = (k, k, k, 1) with 3k < n. One affine piece of the α-blowup of X is given by

x = t^kx_1 y = t^ky_1 z = t^kz_1,

and thus

X(α) : x^3_1 + x^2_1z_1 + y^2_1 z_1 + t^kz_1 + t^{n−3k} = 0.

Since t is a uniformising parameter of the ring of regular function on X(α) at the generic point of E(α), it follows that E(α) ∈ E(f).

• E(α) ∼= (x^3 + x^2z + y^2z + t^{3k} = 0) ⊂ P(α), where α = (k, k, k, 1). The same calculation as above shows that E(α) ∈ E(f).

• E(α) ∼= (x^2z + y^2z = 0) ⊂ P(k, k, k − i, 1); this is the case for α = (k, k, k − i, 1) with 3k ≤ n and 4i < k. The blowup X(α) is now given by x = t^kx_1 y = t^ky_1 z = t^{k−i}z_1.

The divisor E(α) has 3 irreducible components, and only 2 of them belong to E(f). We can see this by calculating the valuation v_E along the 3rd component, given on

X(α) : t^ix^3_1 + x^2_1z_1 + y^2_1z_1 + t^{k−3i}z_1 + t^{n−3k+i} = 0

by t = z_1 = 0. In the local ring O_{X(α),E} the element t is still a uniformising parameter; the difference from the previous cases is that z_1 is no longer a unit in this ring. A calculation gives

v_E(t) = 1 v_E (z_1) = i v_E (x) = k v_E(y) = k v_E (z) = k.

Taking β := (v_E (x), v_E (y), v_E (z), v_E (t)), we obtain one of the weightings considered before.

Theorem 3.11 Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated canonical nondegenerate singularity, α a crepant weighting, and E an irreducible component of E(α) ⊂ P(α). Then

(1) The divisor E is essential for its valuation if and only if E ⊂ P(α) is not one of the coordinate hyperplanes.

(2) Any crepant valuation is the valuation along a divisor in E(f).

Proof The proof has two parts:

(A) The first part is based on explicit calculations of valuations along crepant divisors and proves (1); it also defines, for E ∉ E(f), a new weighting β, by β_i = v_E (x_i).

(B) In the second part we prove that E(β) has precisely one component E^′ which is essential for its valuation, and that X(α) and X(β) are locally isomorphic over X at the generic points of E and E^′ .

(A) Valuations along crepant divisors

Choose an arbitrary Laurent monomial m_0 ∈ M satisfying α(m_0) = 1 and let u = x^{m0} as in Section 3.3.4. Denote y_i = u^{−αi} x_i and

U^′_α = Spec C [u, y_i for 1 ≤ i ≤ n + 1] .

Notice that the y_i are related by y^{m0} =1.

The α-blowup φ_α is then given on U^′_α by x_i = u^{αi} y_i. Let U := X(α)∩U^′_α be the proper transform of X on U^′_α. Its equation is ∑ m∈f u^{α(m)−α(f)}y^m = 0. (3.7)

On U the exceptional divisor E(α) is given by u = f_α(y) = 0. Let g be the irreducible polynomial such that the component E has the expression

E : u = g(y) = 0 on the open set U.

Denote by A = O_{X(α),E} the localisation of the ring of regular function on X(α) at the generic point of E. Denote also by v = v_E the corresponding valuation.

If g(y) ≠ y_i for any i, it follows from the nondegeneracy assumption that u is an uniformising parameter and all the y_i are units in A. Therefore v(x_i) = α_i, i.e., E is essential.

Suppose that g(y) = y_j for some j. Then v(y_j ) ≥ 1 and E is no longer essential. This proves (1).

Let now l = min_{m∈fα} m_j and choose a monomial m_0 as above with the additional property that its jth component is zero. Such a monomial exists by Lemma 3.7. In the local ring A the relation (3.7) becomes ∑ m∈f_{>α} u^{α(m)−α(f)} y^m = − ∑ m∈f_α y^m (3.8)

= y^l_j(unit).

We have to distinguish two cases: (a) l ≥ 2 In this case it follows from Lemma 3.8 that l^′ := min_{m∈f (j)} >α (α(m) − α(f)) = 1

and (3.8) reads u = y^l_j(unit). This implies that v(y_j ) = 1 and v(u) = l; thus v(x_j ) = lα_j + 1 and v(x_i) = lα_i if i ≠ j.

The new weighting β defined by β_j = lα_j + 1 and β_i = lα_i if i ≠ j is crepant by Lemma 3.9. (b) l = 1

In this case (3.8) becomes ∑ m∈f^{(j)}_{>α} u^{α(m)−α(f)}y^m + ∑ m∈f_{>α}−f^{(j)}_{>α} u^{α(m)−α(f)} y^m = y_j(unit)

and this reduces to u^{l′} = y_j(unit). Thus u is a local parameter, v(u) = 1, v(y_j) = l^′ and v(x_j ) = α_j + l^′, v(x_i) = α_i, if i ≠ j.

As in the previous case, define a new weighting β by β_j = α_j + l^′, β_i = α_i, if i ≠ j.

Again β is crepant by Lemma 3.9.

(B) The local isomorphism

Let the monomial m^′_0 ∈ M with β(m^′_0) = 1 be defined by m^′_0 = e^∗_j − α_j m_0, in case (a), m^′_0 = m_0, in case (b).

Define u^′ = x^{m′0} and z_i = (u^′)^{−βi} x_i, and let U^′_β = Spec C [ u^′, z_i for 1 ≤ i ≤ n + 1 ] and U^′ := X(β) ∩ U^′_β. Look at the birational map φ_{βα} over X between U^′ and U U^′ φ_{βα} U

φ_β φ_α X This map, restricted to the locus U^′ \ { ∏_{n+1} i=1 z_i = 0}, turns out to be a morphism, as the following calculation shows. We have x_i = u^{αi} y_i = (u^′)^{βi} z_i and, taking the product over all i, it follows that u^{α(m0 )} = (u^′)^{β(m0 )}z^{m0} y^{−m0} . Since α(m_0) = 1, y^{m0} = 1 and β(m_0) = l, this implies that the map φ_{βα} is given by y_j = u^′, u = (u^′)^lz^{m0} , y_i = z_iz^{−αim0} , in case (a), y_j = (u^′)^{l′} z_j , u = u^′, y_i = z_i, in case (b), and therefore is a morphism.

Take a monomial m ∈ f; we have

m ∈ f_β iff { either m ∈ f_α and m_j = l, or m ∈ f^{(j)}_{>α} and α(m) = α(f) + 1.

This shows, in particular, that dim Γ_β ≥ 1; let E^′ be any essential component of E(β). The morphism φ_{βα} gives an injective morphism φ^∗_{βα} : A → B, where B := O_{X(β),E}′ is the localisation of the ring of regular function on X(β) at the generic point of E^′. Therefore B dominates A for any choice of E^′, which gives the desired isomorphism. This completes the proof. □

3.7 A formula for c(X)

Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated nondegenerate singularity, α ∈ σ^∘ ∩ N a primitive weighting, and

f_α = n+1∏ i=1 x^{li}_i c(α)∏

j=1 g_j

the decomposition of f_α into irreducible components. From Theorem 3.11 it follows that c(X) = ∑ α∈W (f) c(α).

This formula becomes more precise once we notice that c(α) = { length Γ_α if dim Γ_α = 1 1 if dim Γ_α ≥ 2.

For the case dim Γ_α = 1 see e.g. [O, Lemma 4.8.], while if dim Γ_α ≥ 2 it is enough to view (f_α = 0) as a hypersurface in the torus T_{Γα} , and then apply for instance the toric Lefschetz property proved in [DKh]. Thus we have proved the following:

Corollary 3.12 Let 0 ∈ X : (f = 0) ⊂ C^{n+1} be an isolated canonical nondegenerate singularity. Then the number of crepant divisors c(X) is given by c(X) = ∑ α∈W (f) dim Γ_α=1

length Γ_α + # {α ∈ W (f) : dim Γ_α ≥ 2.}

Chapter 4

The cohomology of a minimal model

4.1 Aims of this chapter

Let X be an algebraic 3-fold with canonical singularities. By a theorem of Reid [R2], there exists a minimal model Y^′ of X with terminal algebraically Q-factorial singularities.

A given 3-fold X may have many different minimal models. Nevertheless, they are closely related, and many of their invariants are independent of the choice. This is the content of the next result, due to Kollár.

Theorem 4.1 ([K1],[K2]) Let Y^′ be a 3-fold minimal model with terminal algebraically Q-factorial singularities. The following objects are independent of the choice of Y^′:

(1) The intersection cohomology groups IH^k(Y^′, C ), together with their Hodge structures.

(2) The integer cohomology groups H^k(Y^′, Z).

(3) The collection of analytic singularities of Y^′.

(4) The divisor class group Cl Y^′ and the Picard group Pic Y^′.

If Y is a minimal model of X with terminal analytically Q-factorial singularities, which exists by [R2], then IH^k(Y^′, Q) =H^k(Y, Q), as remarked in Section 1.1; denote by b_k(Y ) = dim H^k(Y, Q) the Betti numbers of Y .

The goal of this chapter is two-fold.

Firstly, given a germ (X, x) of an isolated 3-dimensional canonical singularity and a minimal model Y of X, assumed throughout this chapter to have only terminal analytically Q-factorial singularities, to determine b_2(Y ) and b_4(Y ). The answer we obtain becomes effective together with the results from the previous chapters.

Secondly, and this occupies most of this chapter, to find methods to calculate the remaining interesting Betti number, namely b_3(Y ). For this, an explicit analysis of how the topology changes under a birational morphism is necessary.

4.2 A basic exact sequence

Let ψ : Z^′ → Z be a proper birational morphism between algebraic varieties or analytic spaces, such that for C ⊂ Z and E = ψ^{−1}(C) we have Z^′ \ E ∼= Z \ C. There is then a diagram · · · −−−→ H^k(Z^′, E; Z) −−−→ H^k(Z^′, Z) −−−→ H^k(E, Z) −−−→ ∼= · · · −−−→ H^k(Z, C; Z) −−−→ H^k(Z, Z) −−−→ H^k(C, Z) −−−→ −−−→ H^{k+1}(Z^′, E; Z) −−−→ · · · ∼= −−−→ H^{k+1}(Z, C; Z) −−−→ · · · where the rows are the long exact sequences of the corresponding pairs, and the vertical arrows at the ends are isomorphisms. This leads to the following long exact sequence in reduced cohomology · · · → H^k(Z, Z) → H^k(Z^′, Z) ⊕ H^k(C, Z) → H^k(E, Z) → (4.1) H^{k+1}(Z, Z) → · · · If Z and Z^′ are algebraic varieties, their cohomology groups carry mixed Hodge structures and the sequence (4.1) becomes a sequence of mixed Hodge structures [De, 8.3.9 and 8.3.10].

This sequence is the basic tool in studying how the cohomology groups change under a morphism ψ as above. For instance, in the smooth case, it is known that the exact sequence (4.1) breaks into short exact sequences 0 → H^k(Z, Z) → H^k(Z^′, Z) ⊕ H^k(C, Z) → H^k(E, Z) → 0

4.3. A “model case” 53

(see e.g. [GH, p. 605]). The same holds for algebraic 3-folds with isolated canonical analytically Q-factorial singularities (cf. Proposition 4.3), but is false in general (cf. the examples in Section 4.8).

4.3 A “model case”

The following result from [K1] relates topological and geometric properties of a threefold with canonical singularities.

Proposition 4.2 Let X be a threefold with at most isolated canonical singularities. Then X is a rational homology manifold if and only if its singular points are analytically Q-factorial.

As a consequence of the previous result and of the fact that (4.1) is a sequence of mixed Hodge structures if Z and Z^′ are algebraic varieties, we obtain the following:

Proposition 4.3 Let ψ : Z^′ → Z be as in Section 4.2. Suppose that Z and Z^′ are algebraic threefolds and Z has at most isolated canonical analytically Q-factorial singularities. Then the exact sequence (4.1) breaks into short exact sequences 0 → H^k(Z, Q) → H^k(Z^′, Q) ⊕ H^k(C, Q) → H^k(E, Q) → 0. Proof Indeed, Z is a Q-homology manifold by Proposition 4.2 and therefore W_{k−1}H^k(Z, Q) = 0 (i.e., H^k(Z, Q) has weights at least k) for any k ([De, Théorème 8.2.4]).

Since E is projective, we also have W_kH^k(E, Q) = H^k(E, Q) that is, H^k(E, Q) has weights at most k, for any k, again by [De, Théorème 8.2.4]. This shows that the morphisms H^k(E, Q) → H^{k+1}(Z, Q), which are morphisms of mixed Hodge structures, are all zero, hence the conclusion. □

Let (X, x) be a germ of 3-dimensional canonical singularity, c = c(X) the number of crepant divisors of X. Suppose that we have a chain of crepant morphisms Y = X_c^{φc}−−−→ X_{c−1} −−−→ · · · −−−→ X_1^{φ1}−−−→ X_0^{φ0}−−−→ X from a minimal model Y of X, where φ_0 is an analytic Q-factorialisation of (X, x), assumed to be an isomorphism if (X, x) is already Q-factorial, and φ_i for i ≥ 1 are divisorial contractions, contracting the divisor E_i corresponding to the crepant valuation v_i.

The next result is a “model theorem” for the 3rd Betti number of Y ; under strong hypotheses, we obtain a formula expressing b_3(Y ) as the sum of the 3rd Betti numbers of arbitrary nonsingular representatives of the crepant valuations. Although these assumptions are too strong, there are examples satisfying them (see Section 4.7); moreover, there are certain obstructions to extend the result below to more general singularities (see the discussion at the beginning of Section 4.9).

Theorem 4.4 With the above assumptions and notation, suppose that the partial resolutions X_i have isolated locally analytically Q-factorial singularities, and the φ_i-exceptional divisors E_i are normal for i = 1, . . . , c. Then

b_3(Y ) = c∑ i=1 b_3( ~E_i), (4.2)

where ~E_i is any nonsingular representative of the valuation v_i.

Proof Apply Proposition 4.3 to each morphism φ_i for 1 ≤ i ≤ c, and notice that b_3(X_0) = 0. □

Remark 4.5 The above argument shows that b_3(Y ) = ∑_c i=1 b_3(E_i). The assumption about the normality of E_i is only made to emphasise the fact that we are looking for a similar birational invariant statement in the general case (see Conjecture 4.23 at the end of this chapter).

4.4 Some lemmas

Lemma 4.6 Let (Z, E) → (X, x) be a birational morphism. Take a common resolution of Z and X, φ: Z^′ → Z, ψ : Z^′ → X and suppose that R^1φ_∗O_Z′ = R^1ψ_∗O_Z′ = 0. Then H^1(Z, Z) = 0.

Proof The exponential exact sequence 0 → Z_Z′ → O_Z′ → O^∗_Z′ → 0 gives 0 → R^1φ_∗Z_Z′ → R^1φ_∗O_Z′ → · · ·

4.4. Some lemmas 55

and this yields R^1φ_∗Z_Z′ = 0. From the Leray spectral sequence of the morphism φ we obtain 0 → H^1(Z, Z) → H^1(Z^′, Z) → H^0(Z, R^1φ_∗Z_Z′) = 0, hence the isomorphism H^1(Z, Z) ∼= H^1(Z^′, Z).

The above argument applied to the morphism ψ shows that H^1(Z^′, Z) ∼= H^1(X, Z), and, since H^1(X, Z) = 0, this proves the lemma. □

Remark 4.7 In [SB1] it is shown that if (X, x) is an isolated canonical 3-fold singularity and Y → X a crepant morphism from Y with terminal singularities, then Y is, in fact, simply connected.

From now on fix a 3-dimensional canonical singularity (X, x); we take X to be a representative of the germ which is Stein and topologically contractible.

Lemma 4.8 Let Z be a partial crepant resolutions of X. Then Pic Z ∼= H^2(Z, Z).

Proof Take a common resolution Z^′ of X and Z as in the following diagram: Z^′ φ Z

ψ X Since Z has canonical singularities, it follows from the Leray spectral sequence associated to φ that, for each i ≥ 0, H^i(Z^′, O_Z′ ) = H^i(Z, φ_∗O_Z′ ) = H^i(Z, O_Z ). The same applies to ψ, giving, for each i > 0, H^i(Z^′, O_Z′ ) = H^i(X, ψ_∗O_Z′ ) = H^i(X, O_X ) = 0.

The conclusion now follows from the exponential sequence H^1(Z, O_Z ) → Pic Z → H^2(Z, Z) → H^2(Z, O_Z ). □

Remark 4.9 If X is algebraic, then the same proof shows that Pic^{alg} Z ∼= H^2(Z, Z), where Pic^{alg} Z is the algebraic Picard group of Z.

Lemma 4.10 Let φ: Z^′ → Z be a morphism between partial crepant resolutions of X. Then the natural maps φ^2 : H^2(Z, Z) → H^2(Z^′, Z) φ^4 : H^4(Z, Z) → H^4(Z^′, Z) are injective.

Proof By Lemma 4.8, the first injection is equivalent to φ^∗ : Pic Z → Pic Z^′. But this is clearly injective since φ_∗(φ^∗L) = L for any L ∈ Pic Z.

For the second injection, it is enough to notice that, if E denotes the exceptional set of the morphism Z → X, and E_i its prime divisor components, then H^4(Z, Z) ∼= H^4(E, Z) ∼= ⨁ H^4(E_i, Z), where the last identification follows from Lefschetz duality [Sp, p. 297].

The same holds for Z^′ and, if E^′_i denotes the proper transform of E_i on Z^′, then H^4(E_i, Z) ∼= H^4(E^′_i, Z). □

4.5. The 2nd and 4th Betti numbers of a minimal model 57

Let ψ : Z^′ → Z be a morphism such that Z^′ \E ∼= Z \C as in Section 4.2. Suppose that Z and Z^′ are partial crepant resolutions of X. Then, by Lemma 4.10, the exact sequence (4.1) becomes

0 → H^2(Z, Z) → H^2(Z^′, Z) ⊕ H^2(C, Z) → H^2(E, Z) → H^3(Z, Z) → H^3(Z^′, Z) → H^3(E, Z) → 0. In particular, we have

b_3(Z^′) = b_3(Z) + b_3(E) + b_2(Z^′) − b_2(Z) + b_2(C) − b_2(E). (4.3)

In some examples, this information is enough to calculate the 3rd Betti number of a minimal model (see Sections 4.7 and 4.8).

4.5 The 2nd and 4th Betti numbers of a minimal model

There are several differences between the algebraic and analytic category related to divisor class groups. For algebraic varieties, there is a surjection

Cl Z → Cl(Z \ W ) → 0

given by restricting divisors on Z to Z \ W , for any proper closed subset W of Z (see e.g. [Ha, p. 133]). If (Z, W ) is a pair consisting of an analytic space and its compact subset, this is no longer true, the reason being the difference between topologies.

The following result from [BS] gives an instance when this difference between the algebraic and the analytic case does not occur.

Proposition 4.11 Let ψ : Z^′ → Z be a proper birational morphism between algebraic varieties (resp. analytic spaces), and C ⊂ Z an algebraic (resp. analytic) set of codimension at least 2 such that Z^′ \ ψ^{−1}(C) ∼= Z \ C. Let K be the subgroup of WDiv Z^′ with support contained in ψ^{−1}(C). There is then a diagram with exact rows 0 −−−→ K −−−→ WDiv Z^{′ ψ∗}−−−→ WDiv Z −−−→ 0 ∼= 0 −−−→ K −−−→ Cl Z^{′ ψ∗}−−−→ Cl Z −−−→ 0 Moreover, if Z is algebraic or compact analytic, then K is a finitely generated free group.

In Chapter 2 and Chapter 3 we obtained formulas for the divisor class number ρ(X) and the number of crepant divisors c(X) for a large class of isolated canonical singularities 0 ∈ X : (f = 0) ⊂ C^4 . Together with the following result, these formulas often calculate the 2nd and 4th Betti numbers of a minimal model of X.

Theorem 4.12 Let (X, x) be 3-fold isolated canonical singularity and let φ: Y → X be a minimal model. Then the Betti numbers of Y other than b_3(Y ) are given by:

(1) b_0(Y ) = 1;

(2) b_1(Y ) = b_5(Y ) = b_6(Y ) = 0;

(3) b_4(Y ) = c(X);

(4) b_2(Y ) = ρ(X) + c(X).

Proof The exceptional set E = φ^{−1}(x) is connected, since X is irreducible. The retraction X ↘ x coming from the cone structure of X can be lifted via φ to a retraction Y ↘ E. This, together with Lemma 4.6, gives (1) and (2).

If E_i are the prime divisor components of E for 1 ≤ i ≤ c(X), then

H^4(Y, Z) ∼= H^4(E, Z) ∼= c(X)⨁

i=1 H^4(E_i, Z),

which shows (3).

Finally, to prove (4), look at the short exact sequence 0 → K → Cl Y → Cl X → 0, of (analytic) divisor class groups from Proposition 4.11. The result follows once we show that the kernel K is equal to ⨁_{c(X)} i=1 Z[E_i], that is, we have an exact sequence 0 → c(X)⨁

i=1 Z[E_i] → Cl Y → Cl X → 0.

To see this, it suffices to prove that the components E_i are linearly independent in Cl Y . Since (X, x) is an isolated singularity, we can assume that X

4.6. The cohomology of weighted surfaces 59

and Y are algebraic. Take then a general hyperplane section H on Y ; the curves C_i = E_i ∩ H are exceptional on the nonsingular surface H, hence the matrix

(C_i · C_j)

is negative definite. □

Remark 4.13 The above argument about the components E_i being linearly independent in Cl Y also shows that, given any crepant partial resolution ψ : Z → X, the prime divisor components E^′_i of ψ^{−1}(x) are linearly independent in Cl Z as well.

To see this, notice that, by Proposition 4.11, Cl Z does not change under a Q-factorialisation; thus we can assume that Z is Q-factorial. Regard now an exceptional divisor D on Z as an element of Pic Z. Then, if φ: Y → Z is a minimal model of Z and D^′ denotes the proper transform of D on Y , the equality

φ^∗(D) = D^′ + ∑ a_iE_i, where the E_i are now φ-exceptional, reduces the problem to Y , where it is already solved.

4.6 The cohomology of weighted surfaces

For the remainder of this chapter we are interested in calculating the 3rd Betti number of a minimal model of X.

This section collects together for future use (see the examples in Sections 4.7 and 4.8) known facts about the topology of weighted projective surfaces

S : (h = 0) ⊂ P(α),

where α_i are positive integers and α = (α_1, α_2, α_3, α_4). We are mainly interested in the third cohomology group of S.

Let G = μ_{α1} × μ_{α2} × μ_{α3} × μ_{α4} . The ramified covering π : P^3 → P(α)/G, given by π(x, y, z, t) = (x^{α1} , y^{α2} , z^{α3} , t^{α4} ) can provide informations about the topology of S in terms of the topology of π^{−1}(S) via the relation

H^∗(S, Q) = H^∗(π^{−1}(S), Q)^G (4.4)

(see e.g. [Di, Appendix B]).

By the weak Lefschetz Theorem (see e.g. [Di, Appendix B]), H^1(S, Q) = 0. For the higher groups we discuss some special cases that will be useful for the examples in the following sections: • h = h(x, y, z, t) If S is quasismooth, i.e., if the vertex of the affine cone over S is an isolated singularity, then S is a V -manifold, hence a Q-homology manifold (see e.g. [Di, Appendix B]), therefore H^k(S, Q) = H^k(P(α), Q) for k ≠ 2 by Lefschetz and Poincaré duality. The dimension of the interesting cohomology group H^2(S) is given by

b_2(S) = #{m ∈ B : α(m + 1) = 2α(f)} + 1,

where B is a set of monomials whose residue classes in M(f) form a basis (see [S2], [Do, 4.3.2 and 4.3.3] and Theorem 2.12). • h = h(x, y, z) In this case S is a weighted projective cone over the curve

C : (h(x, y, z) = 0) ⊂ P(α_1, α_2, α_3).

The topology of the usual projective cones is known. Their cohomology groups are given by H^k(S, Z) ∼= H^{k−2}(C, Z) for k ≥ 2 (see e.g. [Di, Chapter 5, (4.18) and (4.19)]). The same holds in the weighted case if we work with Q-coefficients. This is immediate, since (4.4) implies H^k(S, Q) ∼= H^k(S^′, Q)^G ∼= H^{k−2}(C^′, Q)^G ∼= H^{k−2}(C, Q), where S^′ := π^{−1}(S) and C^′ := π^{−1}(C). In particular, b_3(S) = b_1(C) and, if C is smooth, then b_1(C) = g(C) can be calculated in terms of the weights α_i by the following formula from [Do, 3.5.2]:

g(C) = coefficient of t^{α(h)−α(1)} in 1 − t^{α(h)} ∏ (1 − t^{αi} )

. (4.5) • h = h(x, y)

The third Betti numbers of these surfaces are zero, since h = h(x, y) can be written as a product of homogeneous linear factors in x^γ and y^δ, for some γ and δ.

We end this section by discussing how the cohomology of a surface S changes under a proper modification S^′ → S. Suppose that S^′ \ C^′ ∼= S \ C. Then the exact sequence (4.1) gives a surjection

H^3(S, Z) → H^3(S^′, Z) → 0,

which shows that, in general, b_3(S) drops under a proper modification. It is known that the third Betti number is a birational invariant in the class of projective surfaces with only isolated singularities [BK, Corollaire 3.D.2]. In particular this implies that, having a morphism S^′ → S as above, with S normal,

b_3(S^′) = b_3(S).

It is also shown in [BK] that, for a normal surface S, one has

b_3(S) = 0 iff S is rational.

4.7 Examples with normal exceptional divisors

In all the examples in this section and in the next one, the approach to calculate the 3rd cohomology of a minimal model is “bottom-up”. We start with X and then make explicit blowups leading to Y ; at each step Z^′ → Z, we use formula (4.3), Proposition 4.11 and the material in Section 4.6 to relate the cohomologies of Z and Z^′. Finally we use the knowledge of the 2nd and the 4th Betti numbers of Y from Theorem 4.12 and the formulas from Chapters 2 and 3. All the examples we consider are nondegenerate, and, after calculating b_3(Y ), we also give a toric interpretation of the result.

The singularities (X, 0) in this section are quasihomogeneous; their various partial resolutions have only isolated quasihomogeneous singularities, as well. Therefore, in these cases, there is no subtlety related to the difference between algebraic and analytic divisor classes. For (X, 0) factorial, these examples are also instances where the strong assumptions of Theorem 4.4 are satisfied.

Example 4.14 Let 0 ∈ X : (f = 0) ⊂ C^4 , where f = x^2 + y^3 + z^6 + t^n with n ≥ 6, and Y a minimal model of X (see also Example 3.1). We want to show that

b_3(Y ) = { 2([n/6] − 1) if n ≡ 0 mod 6 2[n/6] otherwise.

(4.6)

The number of crepant divisors and the Picard number of X are given by c(X) = [n/6] and

ρ(X) = 0 if n ≡ ±1 mod 6 2 if n ≡ ±2 mod 6 4 if n ≡ 3 mod 6 8 if n ≡ 0 mod 6.

Let α = (3, 2, 1, 1) and X_1 = X(α) the α-blowup of X. This is a crepant morphism and, on one affine piece

X_1 : x^2 + y^3 + z^6 + t^{n−6} = 0.

Blowing up again, we obtain a chain of crepant morphisms X_c → X_{c−1} → · · · → X_1 → X, where X_{i+1} = X_i(α), and X_c has at most terminal singularities, c = c(X). The exceptional divisor of the morphism X_{i+1} → X_i is given by { x^2 + y^3 + z^6 + t^6 = 0 ⊂ P(3, 2, 1, 1) if i = c − 1 and n ≡ 0 mod 6 x^2 + y^3 + z^6 = 0 ⊂ P(3, 2, 1, 1) otherwise.

Therefore (see Section 4.6)

b_2(E_{i+1}) = { 9 if i = c − 1 and n ≡ 0 mod 6 1 otherwise,

(4.7)

b_3(E_{i+1}) = { 0 if i = c − 1 and n ≡ 0 mod 6 2 otherwise.

(4.8)

Let φ: X_i → X be the composite morphism. Its exceptional divisor E^′ is a chain of elliptic ruled surfaces, ending with a rational surface for i = c and n ≡ 0 mod 6, and with a cone over an elliptic curve otherwise. If E^′_i denote its irreducible components, 1 ≤ i ≤ c(X) − c(X_i), the short exact sequence 0 → ⨁ Z[E^′_i] → Cl X_i → Cl X → 0 coming from Proposition 4.11 and Remark 4.13 shows that rank Cl X_i = ρ(X) + c(X) − c(X_i). Apart from the case i = c and n ≡ 0 mod 6, we have σ(X_i) = ρ(X). Thus

b_2(X_i) = rank Pic X_i (4.9) = c(X) − c(X_i). In the remaining case n ≡ 0 mod 6 the variety X_c is Q-factorial (which is the same as locally Q-factorial by the observation before this example), and

b_2(X_c) = rank Pic X_c (4.10) = rank Cl X_c = c(X) + ρ(X). From (4.3), (4.7), (4.9), (4.10) and (4.8) it follows that

b_3(X_c) = c∑ i=1 b_3(E_i)

= { 2(c − 1) if i = c − 1 and n ≡ 0 mod 6 2c otherwise.

A minimal model is obtained from X_c by a Q-factorialisation. For n ≡ 0, 1 or 5 mod 6 X_c is already Q-factorial, while in the remaining cases it is not. To prove the claim, we are left with showing that, in this example, b_3 does not change under a Q-factorialisation. But this is clear since, if C denotes the exceptional curve, b_2(Y ) = ρ(X) + c(X), b_2(X_c) = c(X), b_2(C) = ρ(X) and, again by (4.3),

b_3(Y ) = b_3(X_c) + b_2(Y ) − b_2(X_c) − b_2(C).

Formula (4.6) can also be interpreted in toric terms. The set of crepant weightings is W (f) = (3k, 2k, k, 1), 1 ≤ k ≤ [n/6] and the corresponding divisors are isomorphic to (x^2 + y^3 + z^6 + t^6 = 0) ⊂ P(3, 2, 1, 1) if n = 6k, and (x^2 + y^3 + z^6 = 0) ⊂ P(3, 2, 1, 1) otherwise (see Section 3.6).

Example 4.15 The singularity defined by f = x^3 + y^3 + z^3 + t^n = 0 for n ≥ 3 can be treated in a similar way. A minimal model Y can be obtained in this case by a sequence of usual blowups, followed, for n ≡ 2 mod 3, by a Q-factorialisation. Calculations as in the previous example show that

b_3(Y ) = { 2([n/3] − 1) if n ≡ 0 mod 3 2[n/3] otherwise.

The other Betti numbers of Y are b_2(Y ) = ρ(X) + c(X) and b_4(Y ) = c(X), where c(X) = [n/3], ρ(X) = { 6 if n ≡ 0 mod 3 0 otherwise.

In particular the Euler number of Y is given by

e(Y ) = { 9 if n ≡ 0 mod 3 1 otherwise.

Example 4.16 ([G]) Let 0 ∈ X : (f = 0) ⊂ C^4 be the singularity defined by f = x^3 + y^4 + z^4 + t^4, and Y a minimal model of X. Then b_3(Y ) = 12.

To see this, let X_1 = Bl_0 X → X be the blowup of X. This is a crepant morphism and the blown up variety X_1 is singular along the quartic curve of A_2-singularities C : (y^4 + z^4 + t^4 = 0) ⊂ P^2 of genus g(C) = 3; the corresponding exceptional divisor E_1 : (x^3 = 0) ⊂ P^3 is a triple plane. For instance, on one affine piece, X_1 is given by x^3 + t(y^4 + z^4 + 1) = 0.

Blowing up X_1 along its singular curve C, leads to a nonsingular variety Y . Again the morphism Y = Bl_C X_1 → X_1 is crepant and, since the term t(y^4 + z^4 + 1) splits, its exceptional locus E is a union of two P^1-bundles, E_2 and E_3, over C. The singularity 0 ∈ X is factorial thus, by Theorem 4.12, b_2(Y ) = 3. Since b_2(X_1) = 1, b_2(C) = 1 and b_2(E) = 3, it follows by (4.3) that b_3(Y ) = b_3(X_1) + b_3(E) = 4g(C) = 12.

The toric interpretation of this formula is as follows. In this case

W (f) = {(1, 1, 1, 1), (2, 1, 1, 1), (3, 2, 2, 2), (4, 3, 3, 3)},

and the essential divisors are the plane E^′_1 : (x^3 + y^4 + z^4 + t^4 = 0) ⊂ P(4, 3, 3, 3), together with the two projective cones E^′_2 : (y^4 + z^4 + t^4 = 0) ⊂ P(2, 1, 1, 1) and E^′_3 : (y^4 + z^4 + t^4 = 0) ⊂ P(3, 2, 2, 2). Notice that

b_3(Y ) = ∑ b_3(E^′_i).

4.8 Examples with nonnormal exceptional divisors

In the next example the singularity (X, x) is factorial and its blowup X_1 is globally factorial, but not locally factorial near its singular point p ∈ X_1. If Y is a Q-factorialisation of X_1 at p, then the global Q-factoriality of X_1 implies that b_2(Y ) = b_2(X_1), while b_3 changes under this morphism precisely by ρ(p).

Example 4.17 We first recall from Example 2.15 that the singularity 0 ∈ X : (f = 0) ⊂ C^4 given by x^3 + x^2z + y^2z + z^4 + t^5 is factorial. Its blowup φ_1 : X_1 → X has one singular point p and the divisor class number of X_1 at this point is 1. The exceptional divisor E = φ^{−1}_1 (0), given by

E : (x^3 + x^2z + y^2z = 0) ⊂ P^3

is a projective cone over the nodal curve (x^3 + x^2z + y^2z = 0) ⊂ P^2; thus b_2(X_1) = b_3(X_1) = 1. Since p ∈ X_1 is a terminal singularity, φ: Y → X_1, the Q-factorialisation of X_1 at p, is a minimal model of X. Its Betti numbers are b_2(Y ) = b_4(Y ) = 1 and, if ~Σ = φ^{−1}(p), it follows by (4.3) that

b_3(Y ) = b_3(X_1) + b_2(Y ) − b_2(X_1) − b_2(~Σ) = 0.

Note that b_3(Y ) does not coincide to b_3(E), but to b_3 of the normalisation of E.

The neighbourhood X_1 of E gives an example of a variety which is globally analytically Q-factorial, but is not locally analytically Q-factorial (see Section 1.2.5).

The next example is based on an idea from [C]. We start with a singularity (X, x) which is factorial iff hcf(n, 4) = 1. Its blowup X_1 has 3 planes which are not Q-Cartier. Under a Q-factorialisation of X_1 at Sing X_1, both the 2nd and the 3rd Betti numbers change, b_2 by σ(X_1), and b_3 by ∑ p∈SingX_1 ρ(p) − σ(X1).

Example 4.18 The polynomial f = xyz + x^n + y^n + z^n + t^4 for n ≥ 4, defines an isolated canonical singularity at 0. Its local divisor class number and number of crepant divisors are

ρ(X) = 3(hcf(n, 4) − 1), c(X) = 3. The blowup of X at 0 is a crepant morphism from X_1 = Bl_0 X with terminal singularities. Its exceptional divisor E is the projective cone over the curve C : (xyz = 0) ⊂ P^2, therefore

b_3(X_1) = b_1(C) = 1, b_4(X_1) = b_2(C) = 3.

Since the 3 components of E are not Q-Cartier, we also have

σ(X_1) = ρ(X) + 2

= 3 hcf(n, 4) − 1.

For n = 4, the singular locus Σ = Sing X_1 (in a neighbourhood of E) consists of 12 ordinary double points, p_i, q_i and r_i, as in the following figure: p

q

r q_i r_i p_i

v

The 3 components of E pass through v = (0 : 0 : 0 : 1), and the singular points lie on the lines out of v.

Let φ: Y → X_1 be a Q-factorialisation of X_1 at Σ, obtained, for instance, by blowing up the divisors which are not Q-Cartier in some chosen order.

Then Y is a minimal model of X and ~Σ = φ^{−1}(Σ) is a union of 12 lines. Therefore

b_2(Y ) = 12, b_4(Y ) = 3 and b_3(Y ) = 0.

For n ≥ 5 the blown up variety X_1 has 3 singular points on E. These are the vertices p = (1 : 0 : 0 : 0), q = (0 : 1 : 0 : 0) and r = (0 : 0 : 1 : 0) of the triangle C. The (local analytic) divisor class numbers of X_1 at these points are

ρ(p) = ρ(q) = ρ(r) = hcf(n, 4).

For instance, p belongs to the first affine piece of X_1, which is given by

yz + x^{n−3}(1 + y^n + z^n) + xt^4 = 0,

and, near p, this equation is equivalent to yz + x(x^{n−4} + t^4) = 0. With the same notation as in the case n = 4, it follows that b_2(~Σ) = 3 hcf(n, 4), hence

b_2(Y ) = 3 hcf(n, 4), b_4(Y ) = 3 and b_3(Y ) = 0.

Notice that b_3(Y ) = b_3( ~E), where ~E is the normalisation, or a resolution of E. Denote by E_1 : (x = 0), E_2 : (y = 0) and E_3 : (z = 0), the irreducible components of E. The essential divisors birational to the planes E_i are

E^′_1 : xyz + x^4 + y^4 + z^4 + t^4 = 0 ⊂ P(2, 1, 1, 1) E^′_2 : xyz + x^4 + y^4 + z^4 + t^4 = 0 ⊂ P(1, 2, 1, 1) E^′_3 : xyz + x^4 + y^4 + z^4 + t^4 = 0 ⊂ P(1, 1, 2, 1),

if n = 4 and

E^′_1 : xyz + t^4 = 0 ⊂ P(2, 1, 1, 1) E^′_2 : xyz + t^4 = 0 ⊂ P(1, 2, 1, 1) E^′_3 : xyz + t^4 = 0 ⊂ P(1, 1, 2, 1),

for n ≥ 5. These are all rational normal surfaces, hence their 3rd cohomology groups are 0.

4.9 The 3rd Betti number of a minimal model

It seems clear from the above examples that the obstructions to obtaining a formula like (4.2), giving the third Betti number of a minimal model b_3(Y ) purely in terms of the third Betti numbers of the crepant divisors, consist both of problems related to factoriality of the intermediate X_i and the nonnormality of the exceptional divisors E_i (and the change in their b_3(E_i) on resolving).

In this section we give an approximation to formula (4.2) for an arbitrary 3-dimensional isolated canonical singularity (X, x). We also give arguments to justify Conjecture 4.23 that the conclusion of Theorem 4.4 holds in general.

In contrast to the previous examples, the approach in this section is “top-down”; we start from a minimal model Y and use, at each step given by the theorem below, certain refinements of formula (4.3).

Theorem 4.19 ([Ka],[K1]) Let X be a 3-fold with canonical singularities. Then there exists a chain of crepant morphisms Y = X_c^{φc}−−−→ X_{c−1} −−−→ · · · −−−→ X_1^{φ1}−−−→ X_0^{φ0}−−−→ X (4.11) with the following properties:

(1) Y is a minimal model of X;

(2) X_i is globally analytically Q-factorial for any i;

(3) X_i is projective over X for any i;

(4) φ_i contracts precisely one crepant divisor E_i for any i > 0;

(5) φ_0 is small.

Let (X, x) be a germ of 3-dimensional isolated canonical singularity, and consider a sequence (4.11) satisfying the conclusion of Theorem 4.19.

Recall from Section 1.2.5 that, for a pair (Z, W ) consisting of an analytic space and its compact subset, σ(Z, W ) denotes the rank of the group of Weil divisors modulo Cartier divisors near W . Notice that, even if the X_i are Q-factorial, their smaller open neighbourhoods do not necessarily have this property (cf. Section 1.2.5 and the examples in Section 4.8). In other words, analytic Q-factoriality is not preserved by passing to smaller open sets.

Proposition 4.20 Let ψ : Z^′ → Z be one of the above morphisms φ_i, with i ≥ 1. Suppose it contracts the divisor E to C. Then b_3(Z^′) = b_3(Z) + b_3(E) + σ(Z^′, E) − σ(Z, C).

Proof Formula (4.3) applied to ψ gives

b_3(Z^′) = b_3(Z) + b_3(E) + b_2(Z^′) − b_2(Z) + b_2(C) − b_2(E). From the exact sequence 0 → Z[E] → Cl Z^′ → Cl Z → 0 it follows that

b_2(Z^′) − b_2(Z) = rank Pic Z^′ − rank Pic Z (by Lemma 4.8) = rank Cl Z^′ − rank Cl Z (by Q-factoriality) = 1.

Look now at the map of germs ψ : (Z^′, E) → (Z, C) and choose representatives U^′ and U of (Z^′, E) and (Z, C) respectively, such that

H^k(U^′, Z) = H^k(E, Z) and H^k(U, Z) = H^k(C, Z) for any k. Suppose that U is chosen also with the property that H^2(U, O_U ) = 0. This is possible since we are working in a neighbourhood of a curve C, and thus C can be covered by 2 Stein open sets. Then H^2(U^′, O_U ′ ) = 0 as well, therefore part of the commutative diagram with rows coming from the exponential sequences of U and U^′ is H^1(U^′, O_U ′ ) −−−→ Pic U^′ −−−→ H^2(U^′, Z) −−−→ 0 ∼= H^1(U, O_U ) −−−→ Pic U −−−→ H^2(U, Z) −−−→ 0 The morphism ψ^∗ : Pic U → Pic U^′ is injective by the same argument as in the proof of Lemma 4.10. Thus, the exact sequence of analytic class groups 0 → Z[E] → Cl U^′ → Cl U → 0 gives b_2(E) − b_2(C) = rank Pic U^′ − rank Pic U = σ(U^′) − σ(U) − 1, hence the conclusion. □

Let Z be a 3-fold with canonical singularities. By [R1, Corollary 1.14], there exists a finite set Σ of points, called dissident, such that, in a neighbourhood of any point in Z \ Σ, Z ∼= (Du Val singularity) × C . (4.12) By [Ka, Theorem 6.1^′], there exists an analytic Q-factorialisation of the pair (Z, Σ), that is, there exists a proper birational morphism ψ : Z^′ → Z satisfying:

(1) the pair (Z^′, ψ^{−1}(Σ)) is analytically Q-factorial; (2) ψ is an isomorphism in codimension one.

Furthermore

R^iψ_∗O_Z′ = 0 for i > 0. (4.13) The last assertion is a consequence of rationality. Take a common resolution Z^{′′} ψ^′ Z^′

ψ^{′′} ψ

X Since Z and Z^′ have rational singularities R^pψ^{′′}_∗ O_Z′′ = R^qψ^′_∗O_Z′′ = 0 for p, q > 0. Now (4.13) follows from the Grothendieck spectral sequence E^{p,q}_2 = R^pψ_∗(R^qψ^′_∗O_Z′′ ) ⇒ R^{p+q}ψ^{′′}_∗ O_Z′′ . Then, by [Ka, Lemma 3.4], the morphism ψ also satisfies:

(1) Z^′ is analytically Q-factorial at every point of ψ^{−1}(Σ); (2) ψ^{−1}(Σ) is a union of curves, each isomorphic to P^1.

As we have noticed before, an analytically Q-factorial variety Z may not be locally analytically Q-factorial. The next result quantifies the difference between σ(Z) and the sum ∑ ρ(p) of the local divisor class numbers at the points p ∈ Z which are not analytically Q-factorial, in the case of a 3-fold Z with canonical singularities.

Proposition 4.21 Let Z be a 3-fold with canonical singularities, Σ the set of dissident points of Z, and ψ : ~Z → Z an analytic Q-factorialisation of Z at Σ. Suppose that H^2(Z, O_Z ) = 0 and the map ψ^∗ : H^4(Z, Z) → H^4( ~Z, Z) is injective. Then

b_3( ~Z) = b_3(Z) + σ(Z) − ∑ p∈Σ ρ(p).

Proof Denote ~Σ = ψ^{−1}(Σ). Since H^1(~Σ, Z) = 0 and ψ^∗ : H^4(Z, Z) → H^4( ~Z, Z) is assumed to be injective, the exact sequence (4.1) · · · → H^k(Z, Z) → H^k( ~Z, Z) ⊕ H^k(Σ, Z) → H^k(~Σ, Z) → H^{k+1}(Z, Z) → · · · gives b_3( ~Z) = b_3(Z) + b_2( ~Z) − b_2(Z) − b_2(~Σ).

Look at the map of germs ψ : ( ~Z, ~Σ) → (Z, Σ) and choose representatives ~U and U of ( ~Z, ~Σ) and (Z, C) such that H^k( ~U, Z) = H^k(~Σ, Z) and H^k(U, Z) = H^k(Σ, Z) for any k, H^k( ~U , O_{~U} ) = H^k(U, O_U ) = 0 for any k > 0.

It follows that b_2(~Σ) = b_2( ~U) = rank Pic ~U = rank Cl ~U = rank Cl U = ∑ p∈Σ ρ(p).

Since H^2(Z, O_Z ) = H^2( ~Z, O_{~Z} ) = 0, and ψ is an isomorphism in codimension 1, we also have b_2( ~Z) − b_2(Z) = rank Pic ~Z − rank Pic Z = σ(Z), hence the conclusion. □ Now we are ready to prove the main result of this section.

Theorem 4.22 Let (X, x) be a germ of a 3-fold isolated canonical singularity, c = c(X) the number of crepant divisors of X, and write a morphism φ: Y → X from a minimal model Y of X as a composite of crepant morphisms φ_i : X_i → X_{i−1} as in Theorem 4.19. Let E_i be the φ_i-exceptional divisors and ( ~X_i, ~E_i) a Q-factorialisation of the germ (X_i, E_i) near the set Σ_i of its dissident points. Then

b_3(Y ) = c∑ i=1 b_3( ~E_i). (4.14)

Proof Suppose that the morphism φ_i contracts E_i to C_{i−1}. By Proposition 4.20

b_3(X_i) = b_3(X_{i−1}) + b_3(E_i) + σ(X_i, E_i) − σ(X_{i−1}, C_{i−1}), for i ≥ 2. Choose representatives ~U and U of ( ~X_i, ~E_i) and (X_i, E_i) such that

H^k( ~U , Z) = H^k( ~E_i, Z) and H^k(U, Z) = H^k(E_i, Z) for any k, H^k( ~U, O_{~U} ) = H^k(U, O_U ) = 0 for any k > 1.

By Proposition 4.21 b_3( ~U) = b_3(U) + σ(U) − ∑ p∈Σ_i ρ(p).

The same argument, applied to a neighbourhood of C_{i−1} gives σ(X_{i−1}, C_{i−1}) = ∑ p∈Σ(C_{i−1}) ρ(p), where Σ(C_{i−1}) denotes the set of dissident points on that neighbourhood. It follows that

b_3(X_i) = b_3(X_{i−1}) + b_3( ~E_i) + ∑ p∈Σ_i ρ(p) − ∑ p∈Σ(C_{i−1}) ρ(p). (4.15)

Adding the relations (4.15) up for i ≥ 1, formula (4.14) follows from the Q-factoriality of X_0 and Y , once we notice that c−1∑ i=1 ∑ p∈Σ_i ρ(p) = c−1∑ i=1 ∑ p∈Σ(C_{i−1}) ρ(p).

But this is clear, again by the Q-factoriality of X_0. □

4.10 Further remarks

We end this chapter with a conjecture and a possible application.

Conjecture 4.23 Let (X, x) be a germ of a 3-dimensional isolated canonical singularity, Y a minimal model of X, and E_i any nonsingular projective representative of the crepant valuation v_i of X. Then

b_3(Y ) = c(X)∑

i=1 b_3(E_i).

Remark 4.24 In the notation of Theorem 4.22, the only missing ingredient to proving the conjecture above is the equality between b_3(~E_i) and the 3rd Betti number of a nonsingular projective representative of E_i. Since, by (4.12), ~X_i is a Q-homology manifold outside its dissident points, the following should be relevant for this property.

Claim 4.25 With the notation from Theorem 4.22, let ~Σ_i be the set of dissident points of ~X_i. Then the map

H^3(~X_i, Q) → H^3(~X_i \ ~Σ_i, Q)

is injective.

Proof Take a neighbourhood U of ~Σ_i in ~X_i such that H^k(U, Z) = 0 for k > 0. The Mayer–Vietoris sequence of the covering ~X_i = (~X_i \ ~Σ_i) ∪ U then gives H^2(U \ ~Σ_i, Z) → H^3( ~X_i, Z) → H^3(~X_i \ ~Σ_i, Z).

Let Σ = Sing ~X_i be the singular locus of ~X_i. The local Q-factoriality of ~X_i implies that H^2(U_p \ Σ, Q) = (Cl_p ~X_i)_Q = 0, for any point p and any small enough neighbourhood U_p of p (see [Fl]). Since ~X_i has canonical singularities, we have an injection H^2(U_p \ p, Z) → H^2(U_p \ Σ, Z), for any neighbourhood U_p of p (see [K2, 2.1.7.4]). Therefore the group H^2(U_p \ p, Q) is zero near p. The equality H^2(U \ ~Σ_i, Z) = ⨁ p∈~Σ_i H^2(U \ p, Z), with U shrunk if necessary, proves now the claim. □

Remark 4.26 Another way of stating Conjecture 4.23 is that

b_3(Y ) = 2 c(X)∑

i=1 q(E_i), where q(E_i) is the irregularity of E_i. Since, by [R1, Corollary 2.14], each E_i is rational or ruled, this is further equivalent to b_3(Y ) = 2 ∑ g(C_i), where the summation is taken over the surfaces E_i which are ruled over C_i.

Suppose now that 0 ∈ X : (f = 0) ⊂ C^4 is an isolated canonical nondegenerate singularity and Y a minimal model of X. Then Conjecture 4.23 implies that b_3(Y ) = 2 ∑ α∈W (f) dim Γ_α=2

#(Γ^∘_α ∩ N).

This follows from Theorem 3.11, together with the following fact. Let E ⊂ E(α) be a divisor which is essential for its valuation. Then

• if dim Γ_α = 3, then E is rational;

• if dim Γ_α = 2, i.e., E is a weighted projective cone over a curve C, and if ~C is a resolution of C, then g( ~C) = #(Γ^∘_α ∩ N) by [O, Theorem 6.1];

• if dim Γ_α = 1, then E is rational (see [O, Lemma 4.8]).

Bibliography

[AC] N. A’Campo, Le nombre de Lefschetz d’une monodromie, Indag. Math.

35 (1973), 113–118

[AGVI] V. I. Arnol’d, S. M. Guseĭn-Zade and A. N. Varchenko, Singularities of differentiable maps. Vol. I, Birkhäuser Boston, Boston, Mass., 1985

[AGVII] V. I. Arnol’d, S. M. Guseĭn-Zade and A. N. Varchenko, Singularities of differentiable maps. Vol. II, Birkhäuser Boston, Boston, MA, 1988

[BK] G. Barthel and L. Kaup, Topologie des surfaces complexes compactes singulières, in On the topology of compact complex surfaces, 61–297, Presses Univ. Montréal, Montreal, Que., 1982

[BS] J. Bingener and U. Storch, Zur Berechnung der Divisorenklassengruppen kompletter lokaler Ringe, Nova Acta Leopoldina (N.F.) 52 (1981), no. 240, 7–63

[B] E. Brieskorn, Die Monodromie der isolierten Singularitäten von Hyperflächen, Manuscripta Math. 2 (1970), 103–161

[C] A. Corti, Personal communication

[DKh] V. I. Danilov and A. G. Khovanskiĭ, Newton polyhedra and an algorithm for calculating Hodge–Deligne numbers, Math. USSR Izv. 29 (1987), 279-298

[De] P. Deligne, Théorie de Hodge II and III, Inst. Hautes Études Sci. Publ.

Math. No. 40 (1971), 5–57 and 44 (1974), 5–77

[Di] A. Dimca, Singularities and topology of hypersurfaces, Springer, New York, 1992

[Do] I. Dolgachev, Weighted projective varieties, in Group actions and vector fields , 34–71, Lecture Notes in Math., 956, Springer, Berlin, 1982

[Du] A. H. Durfee, Fifteen characterizations of rational double points and simple critical points, Enseign. Math. (2) 25 (1979), no. 1-2, 131–163

[Fl] H. Flenner, Divisorenklassengruppen quasihomogener Singularitäten, J. Reine Angew. Math. 328 (1981), 128–160

[Fu] W. Fulton, Introduction to toric varieties, Ann. of Math. Stud., 131, Princeton Univ. Press, Princeton, NJ, 1993

[GH] P. Griffiths and J. Harris, Principles of algebraic geometry, Pure and Applied Mathematics. Wiley-Intersci., New York, 1978

[G] M. Gross, Personal communication

[Gr1] A. Grothendieck, Cohomologie locale des faisceaux cohérents et théorèmes de Lefschetz locaux et globaux (SGA2), Adv. Stud. Pure Math., 2, North-Holland, Amsterdam, 1968

[Ha] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, No. 52 Springer, New York, 1977

[Hi1] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero. I, II, Ann. of Math. (2) 79 (1964), 109–203

[Hi2] H. Hironaka, Formal line bundles along exceptional loci, in Algebraic Geometry (Internat. Colloq., Tata Inst. Fund. Res., Bombay, 1968), 201–218, Oxford Univ. Press, London, 1969

[I] S. Ishii, The canonical modifications by weighted blow-ups, J. Algebraic Geom. 5 (1996), no. 4, 783–799

[Ka] Y. Kawamata, Crepant blowing-up of 3-dimensional canonical singularities and its application to degenerations of surfaces, Ann. of Math. (2) 127 (1988), no. 1, 93–163

[Kh] A. G. Khovanskiĭ, Newton polyhedra, and toroidal varieties, Funkcional. Anal. i Priložen. 11 (1977), no. 4, 56–64, 96

[Ki] F. Kirwan, An introduction to intersection homology theory, Longman Sci. Tech., Harlow, 1988

[K1] J. Kollár, Flops, Nagoya Math. J. 113 (1989), 15–36

[K2] J. Kollár, Flips, flops, minimal models, etc, in Surveys in differential geometry (Cambridge, MA, 1990), 113–199

[KM] J. Kollár and S. Mori, Birational geometry of algebraic varieties, Cambridge Univ. Press, 1998

[Lê] Lê Dũng Tráng, Some remarks on relative monodromy, Real and Complex Singularities (Oslo 1976), Sijthoff and Noordhoff, Amsterdam, 1977, pp. 397–403

[M] J. Milnor, Singular points of complex hypersurfaces, Annals of Mathematics Studies, No. 61, Princeton Univ. Press, Princeton, N.J., 1968

[MO] J. Milnor and P. Orlik, Isolated singularities defined by weighted homogeneous polynomials, Topology 9 (1970), 385–393

[N] A. Némethi, Some topological invariants of isolated hypersurface singularities, Five lectures of the EMS–Summer School, Eger (Hungary) 1996

[O] M. Oka, On the resolution of the hypersurface singularities, in Complex analytic singularities, 405–436, Adv. Stud. Pure Math., 8, North- Holland, Amsterdam, 1987

[R1] M. Reid, Canonical 3-folds, in Journées de géometrie algébrique d’Angers, 273–310, Sijthoff and Noordhoff, Alphen aan den Rijn, 1980

[R2] M. Reid, Minimal models of canonical 3-folds, in Algebraic varieties and analytic varieties (Tokyo, 1981), 131–180, Adv. Stud. Pure Math., 1, North-Holland, Amsterdam, 1983

[R3] M. Reid, Young person’s guide to canonical singularities, in Algebraic geometry, Bowdoin, 1985 , 345–414, Proc. Sympos. Pure Math., Part 1, 1987

[R4] M. Reid, Elliptic Gorenstein singularities of surfaces, Manuscript, 1975

[R5] M. Reid, Nonnormal del Pezzo surfaces, Publ. Res. Inst. Math. Sci. 30 (1994), no. 5, 695–727

[Sa1] M. Saito, On the exponents and the geometric genus of an isolated hypersurface singularity, in Singularities, Part 2 (Arcata, Calif., 1981), 465–472, Proc. Sympos. Pure Math., 40, 1983

[Sa2] M. Saito, Exponents and Newton polyhedra of isolated hypersurface singularities, Math. Ann. 281 (1988), no. 3, 411–417

[ST] M. Sebastiani and R. Thom, Un résultat sur la monodromie, Invent.

Math. 13 (1971), 90–96

[SB1] N. Shepherd-Barron, Singularities of surfaces and threefolds, Ph.D.

Thesis, University of Warwick, 1981

[SB2] N. Shepherd-Barron, The topology of rational 3-fold singularities, Notes of a lecture, 1983

[S1] J. H. M. Steenbrink, Mixed Hodge structure on the vanishing cohomology, in Real and complex singularities (Oslo, 1976), Sijthoff and Noordhoff, Alphen aan den Rijn (1977)

[S2] J. Steenbrink, Intersection form for quasi-homogeneous singularities, Compositio Math. 34 (1977), no. 2, 211–223

[Sp] E. H. Spanier, Algebraic topology, McGraw-Hill, New York, 1966

[Ste] J. Stevens, On canonical singularties as total spaces of deformations, Abh. Math. Univ. Hamburg 58 (1988), 275-283

[Sto] U. Storch, Die Picard-Zahlen der Singularitäten t^{r1}_1 + t^{r2}_2 + t^{r3}_3 + t^{r4}_4 , J.

Reine Angew. Math. 350 (1984), 188–202

[V1] A. N. Varchenko, Zeta-function of monodromy and Newton’s diagram, Invent. Math. 37 (1976), 253–262

[V2] A. N. Varchenko, Asymptotic Hodge structure on vanishing cohomology, Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), 540–591

[VK] A. N. Varchenko and A. G. Khovanskiĭ, Asymptotic behavior of integrals over vanishing cycles and the Newton polyhedron, Dokl. Akad. Nauk SSSR 283 (1985), 521–525