Explicit birational geometry of 3-folds

Editors: Alessio Corti and Miles Reid

Papers by Klaus Altmann, Alessio Corti, János Kollár, Anthony Iano-Fletcher, Alexandr Pukhlikov and Miles Reid

CUP, 2000

Contents

Alessio Corti and Miles Reid: Foreword 1 Klaus Altmann: One parameter families containing three dimensional toric Gorenstein singularities 21 János Kollár: Nonrational covers of C P^m × C P^n 51 Aleksandr V. Pukhlikov: Essentials of the method of

maximal singularities 73 A. R. Iano-Fletcher: Working with weighted complete intersections 101 Alessio Corti, Alexandr Pukhlikov and Miles Reid: Fano 3-fold hypersurfaces 175 Alessio Corti: Singularities of linear systems and 3-fold birational geometry 259 Miles Reid: Twenty five years of 3-folds – an old person’s view 313 Index 345

v vi

Index

2-ray game, 11, 217–219, 249–253, 269–271, 274, 300, 304, 309, 337 amazing example, 229–232, 246, 255, 256 amplitude, 111–115, 134, 136 anticanonical

divisor, 8 map, 197, 253, 299, 301 model, 103, 131, 186, 193, 218, 244, 248, 251, 301, 320 ring, 177, 182–183, 193, 197– 199, 202, 214, 244, 248, 250, 251, 265, 266, 310 system, 80, 182–183, 252

bad line, 305 bad link, 11, 186, 203, 212–215, 218, 232, 244, 248–256, 271 bending-and-breaking, 334–336 Big Table, 178, 189, 194–198, 201– 204, 214–215, 221, 223, 225, 232–243 birational rigidity, 9, 10, 13–15, 82, 177–178, 248, 254, 260–267, 275, 277, 286, 292–293, 295– 305, 310 over a base S, 262–263, 295 birationally superrigid, 82, 94 bizarre quartet, 221, 255, 256

canonical, 180, 185, 187, 208, 265, 269, 289 3-fold, 103, 130, 133, 151, 163, 314, 320, 322 model, 322, 323, 329, 332 multiplicity (discrepancy), 79 ring, 102, 315, 321, 322, 324, 329, 333, 334, 338 sheaf, 109, 110 singularities, 102, 110, 123, 128, 132, 137, 140, 143, 155, 187, 217, 219, 252, 268, 313, 318, 322, 323, 329, 330 singularity, 315 surface, 320 threshold, 187, 269, 273, 274 centre of a valuation, 78, 187, 208, 210, 265, 266, 279 conic bundle, 7–9, 14, 17–18, 51– 53, 78, 82, 94, 95, 177, 178, 262, 263, 266, 267, 286–289, 293–296, 300, 337 contraction, 325, 337, 339

theorem, 338–340 contraction, see divisorial, extremal, flipping, small crepant, 315, 330, 331 critical point, 55–57, 316

degenerate, 55 in positive characteristic, 55 cyclic cover, 51–55, 57–59

deformation theory, 8 del Pezzo

fibration, 14, 51, 78, 82, 177, 254, 262, 263, 265–267, 283, 289, 293, 295–300, 309 surface over a nonclosed field, 54, 63–69 345 discrepancy, 79, 96, 204, 210, 217, 265, 268, 276, 283, 285, 325, 330 discrepancy, see canonical multiplic- ity discrete valuation, see valuation divisorial contraction, 2, 6, 11, 15– 17, 188, 190, 191, 194, 204, 205, 212, 214, 217, 218, 253, 254, 261, 264, 266, 270, 271, 273, 281, 283, 301, 302, 309, 337 eccentric trio, 219, 245, 256 effective

cone, 329 curve, 335, 337 divisor, 324, 334, 339 threshold, 287, 294 excluding, 75, 76, 81–83, 87, 90, 186, 189, 194, 196, 197, 202– 232, 243, 244, 248, 249, 251– 256, 266 extremal

contraction, 6, 11, 16, 188, 190, 191, 204–206, 212, 214, 218, 253, 254, 261, 263, 266, 270, 274, 281, 294, 334, 337 extraction, 10, 11, 16, 187, 188, 190, 207, 217, 249, 251, 252, 273 ray, 1, 4–7, 10, 11, 184, 186, 213, 215, 217, 261, 270, 274, 294, 334, 337, 338 RC fibration, 292

Q-factorial, 11, 17, 77, 177, 190, 192, 261, 270, 271, 310, 327 “famous 95”, 9, 14, 17, 103, 138– 140, 155–158, 175–178, 189, 232–243, 250, 261, 263, 267, 281, 300, 310, 323 Fano

3-fold, 1, 7, 9, 10, 12, 14, 15, 17, 76, 131, 133, 154, 155, 158, 163, 175, 178, 188, 189, 219, 243, 248, 250, 253, 260, 263, 264, 266, 300, 304, 310, 320, 337 hypersurface, 198, 219, 249, 263, 310 fibration, 76, 78, 82 variety, 5, 13, 76, 78, 177, 179, 180, 334 Fano fibration, see Mori fibre space fibration, see conic bundle, del Pezzo, Fano, Mori fibre space flip, 2, 6–8, 15–17, 22, 188, 218, 261, 271, 328, 331, 332, 340 conjecture, 7 theorem, 6, 313 flip, see inverse flip flipping contraction, 16, 218 fundamental

generator, 23, 25, 35, 36, 38, 41 simplex, 108, 137, 141, 146, 149

geometric valuation, see valuation geometrically

irreducible, 61, 66 rational, 55 ruled, 60 ruled, uniruled, etc., 55 graph method, see resolution graph

Hilbert

basis, 23, 37, 38, 47, 48 function, 103, 133, 162, 163, 245 Hodge numbers, 115

index, 78 index, see quasieffective threshold infinitely near maximal singularity, 73, 76, 80, 81, 87, 90 inverse flip, 11, 188, 218, 219, 245, 248–250, 252, 253, 256, 271 involution, 67, 86, 250, 255, 264, 300–302, 305, 307 Cremona, 13 Geiser and Bertini, 14, 178, 179, 181–186, 294 of Types I and II, 178 quadratic and elliptic, 178, 193– 203, 232, 245, 255

K^2 condition, 263, 265, 288, 293, 295, 297, 300, 310 Kawamata blowup, 16, 190–197, 199, 202, 217, 232, 244–246, 248, 281, 304

lattice polytope, 21, 30, 34, 36–39, 41 linear system without fixed part, see mobile linear system link, 11–15, 17, 18, 183, 185–187, 189, 190, 217, 248–250, 252, 253, 260, 261, 266, 267, 269– 271, 273–275, 288, 294, 301, 304, 305, 309, 310 of Type I–IV, 11, 188, 189, 193, 197, 250, 269–271, 274, 288 locus of log canonical singularities, 278 log canonical, 208–211, 275, 276, 278– 280, 303, 308 category, 10, 251, 261, 269, 292, 325, 326, 332 surface method, 10, 244, 278

maverick, 212–216, 218, 253, 256 maximal

centre, 183, 186, 189, 190, 194, 196, 202–204, 206 cycle, 80–83, 85–87, 94 multiplicity, 74 point, 83, 87 singularity, 12, 76, 77, 80, 87, 90, 93, 180, 186–188, 190, 194, 206 triple, 74 method of maximal singularities, see maximal singularity mini-definition of rigidity, 82, 177, 248 minimal model, 323–333 Minkowski

decomposition, 30, 32, 44 mixed volume, 123, 125, 127 sum, 8, 25, 29, 30, 39, 41, 48 generalised, 26 summand, 21, 25–28, 35 mobile linear system, 12, 13, 73, 77, 79, 82–84, 87, 90, 96, 180, 181, 183–185, 187–189, 209– 211, 265–267, 273, 275, 278– 280, 283, 284, 289, 293, 296, 303, 328 Mori

category, 2, 3, 6, 7, 10, 11, 186– 188, 190, 191, 193, 204, 217, 219, 252, 261, 269–271, 294 cone, 3–5, 184, 188, 204, 212, 213, 263, 270, 272, 295, 323, 333–340 fibre space, 2, 5, 7, 8, 11–15, 17, 18, 175, 177, 180, 188, 189, 217, 251, 260–263, 265–267, 269–274, 286, 287, 289, 293, 296, 302, 304, 310, 337 flip, 333 theory, 1–8, 10, 11, 15, 177, 179, 183, 186, 251, 260, 261, 265, 313, 327, 332, 337 Morse lemma in positive characteristic, 56

nef, 1, 4, 5, 7, 8, 184, 193, 204, 205, 215, 250, 252, 253, 272, 273,

278, 290, 294, 295, 301, 302, 321, 323–324, 328, 330, 332, 335, 337–339 threshold, 185, 294, 339 Newton polyhedron (polygon), 125, 127, 128, 198, 220 Noether–Fano–Iskovskikh inequalities, 12, 74, 179, 180, 265, 267, 272, 289–291, 296, 304 Noether’s inequality, 74 nonrational variety, 9, 51, 52, 54, 295 nonruled variety, 51–54

pliability, 14, 15 plurigenus formula, 162, 245, 321 Poincaré series, see Hilbert function projection, 10, 12, 17, 18, 32, 51, 52, 54, 60, 67, 84, 86, 96, 181, 193, 201, 211, 219, 246, 288, 301, 309, 331

quasieffective, 272, 287, 289–291, 294, 324 threshold, 78, 80, 185 quasireflection, 107, 133 quasismooth, 105, 109, 111–123, 129, 130, 133, 136, 137, 141–143, 145–150, 154, 155, 158, 168, 169, 177, 192, 195–197, 199, 203, 211, 220, 232, 245, 253, 254, 264, 302 quotient singularity, 2–4, 24, 26, 27, 29, 36, 102, 105, 108, 110, 137, 141, 145, 146, 149, 167, 281, 288, 315, 318–323, 340

rainbow, 251–253 rational

over F , 54 variety, 54, 293, 294 rationality problem, 9, 15, 51, 52, 54, 64, 65, 78, 262, 293 rationally connected, 9, 15, 51, 59, 292 realisation of a valuation, 79 regular versus smooth, 54, 55, 64– 66, 68 renegade, 208, 210, 219, 256 resolution

graph, 88–90, 92, 97, 246, 260, 266 of a valuation, 88 of singularities, 80, 315, 316, 318, 323, 326, 330 rigid, see birational rigidity

(infinitesimally), 46 boundary, 14–15, 180, 250–251, 309–310 Russian matrix, 182, 185, 194

Sarkisov

category, 193, 250, 262, 275 degree, 12, 13, 189, 267–269 decreases, 274 isomorphism, 262, 272, 273 link, see link program, 9–17, 76, 179, 186, 187, 189, 217, 248, 251, 252, 260, 261, 265–275, 289, 290, 302, 305 theorem on conic bundles, 14, 52, 94, 178 semistable

degeneration, 331–332 del Pezzo fibration, 295, 298– 300 flip, 332 Shokurov connectedness, 9, 208–210, 260, 261, 264, 266, 275, 277– 279, 283 simultaneous resolution, 318, 326, 328, 329, 331 small

contraction, 6, 7, 270, 271 resolution, 315, 317, 318, 323, 327, 328, 331 special surface, 214–217, 223–225, 254, 256 square birational map, 14, 262, 272, 287–289, 293–296, 299, 300 standard conic bundle, 94, 287–288, 293–295 starred monomial, 196, 197, 256 strict Mori fibre space, 2, 7, 8, 10, 11, 78, 178, 250, 267, 310 strong maximal

centre, 193 singularity, 187–189 superrigid, see birationally superrigid

table method, 162, 163, 165 terminal

quotient sing.^1_r (1, a, r − a), 2, 3, 124, 145, 147, 151, 167, 177, 189, 191–193, 202, 281, 315, 318, 319, 322, 323 singularities, 2–3, 6, 7, 11, 15, 17, 77, 123, 130, 131, 147, 148, 150, 154, 155, 168, 177, 178, 186, 190, 191, 193, 250, 260, 261, 270, 271, 281, 295, 309, 310, 315, 330, 338 test

class, 203, 204, 206, 207, 212, 213, 219, 225, 227–229, 244, 251, 256 method, 76, 203–213, 216, 252– 254 pair, 77–82 surface, 211, 303 threshold, see canonical, nef, quasieffective toric

blowup, 192 deformation, 22, 29, 30, 32

Gorenstein singularities, 8, 9 modification, 218 stratum, 108, 117, 120, 128 variety, 8, 21–24, 29, 30, 32–34, 247 uniformisation of a valuation, 268 unprojection, 33, 246–248 untwisting, 12–13, 74, 76, 81, 82, 86, 87, 179, 183, 185, 186, 189, 190, 193–202, 232, 243, 249, 251, 252, 254–256, 260, 266, 267, 272–274, 307

valuation, 78–80, 87, 97, 187, 188, 190, 191, 210, 265, 266, 268, 269, 273, 276, 279, 281–283, 285 very general, 51

weak maximal singularity, 187, 191 weighted

blowup, 16, 191, 197, 199, 281, 283, 300, 309 hypersurfaces and c.i., 102–171, 177, 192, 261, 264, 267, 314, 321 their cohomology, 114–116 projective space, 22, 38, 325 well formed, 105, 107, 110–113, 129, 130, 133, 134, 136, 137, 141– 143, 146–148, 150

Zariski decomposition, 323–325