
            

ConstructingelementsinShafarevich–Tate
groupsofmodularmotives

NeilDummiganWilliamSteinMarkWatkins

Abstract

WestudyShafarevich–Tategroupsofmotivesattachedtomod-
ularformsonΓ0(N)ofweight>2.Wededuceacriterionforthe
existenceofnontrivialelementsoftheseShafarevich–Tategroups,and
give16examplesinwhichastrongformoftheBeilinson–Blochconjec-
turewouldimplytheexistenceofsuchelements.Wealsousemodular
symbolsandobservationsaboutTamagawanumberstocomputenon-
trivialconjecturallowerboundsontheordersoftheShafarevich–Tate
groupsofmodularmotivesoflowlevelandweight≤12.Ourmethods
buildupontheideaofvisibilityduetoCremonaandMazur,butin
thecontextofmotivesratherthanabelianvarieties.

1Introduction

LetEbeanellipticcurvedefinedoverQandL(E,s)theassociatedL-
function.TheconjectureofBirchandSwinnerton-Dyer[BS-D]predictsthat
theorderofvanishingofL(E,s)ats=1istherankofthegroupE(Q)of
rationalpoints,andalsogivesaninterpretationoftheleadingterminthe
Taylorexpansionintermsofvariousquantities,includingtheorderofthe
Shafarevich–TategroupofE.

CremonaandMazur[CM1]look,amongallstrongWeilellipticcurvesover
QofconductorN≤5500,atthosewithnontrivialShafarevich–Tategroup
(accordingtotheBirchandSwinnerton-Dyerconjecture).Supposethatthe
Shafarevich–Tategrouphaspredictedelementsofprimeorderp.Inmost
casestheyfindanotherellipticcurve,oftenofthesameconductor,whose
p-torsionisGalois-isomorphictothatofthefirstone,andwhichhaspositive
rank.Therationalpointsonthesecondellipticcurveproduceclassesinthe
commonH

1
(Q,E[p]).Theyshow[CM2]thattheselieintheShafarevich–

Tategroupofthefirstcurve,sorationalpointsononecurveexplainelements
oftheShafarevich–Tategroupoftheothercurve.
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TheBloch–Katoconjecture[BK]isthegeneralisationtoarbitrarymotives
oftheleadingtermpartoftheBirchandSwinnerton-Dyerconjecture.The
Beilinson–Blochconjecture[B,Be]generalisesthepartabouttheorderof
vanishingatthecentralpoint,identifyingitwiththerankofacertainChow
group.

Thispaperisapartialgeneralisationof[CM1]and[AS]fromabelianvari-
etiesoverQassociatedtomodularformsofweight2tothemotivesattached
tomodularformsofhigherweight.Italsodoesforcongruencesbetweenmod-
ularformsofequalweightwhat[Du2]didforcongruencesbetweenmodular
formsofdifferentweights.

Weconsiderthesituationwheretwonewformsfandg,bothofeven
weightk>2andlevelN,arecongruentmoduloamaximalidealqofodd
residuecharacteristic,andL(g,k/2)=0butL(f,k/2)6=0.Itturnsoutthat
thisforcesL(g,s)tovanishtoorder≥2ats=k/2.InSection7,wegive
sixteensuchexamples(allwithk=4andk=6),andineachexample,we
findthatqdividesthenumeratorofthealgebraicnumberL(f,k/2)/vol∞,
wherevol∞isacertaincanonicalperiod.

Infact,weshowhowthisdivisibilitymaybededucedfromthevanishing
ofL(g,k/2)usingrecentworkofVatsal[V].Thepointis,thecongruence
betweenfandgleadstoacongruencebetweensuitable“algebraicparts”of
thespecialvaluesL(f,k/2)andL(g,k/2).Inslightlymoredetail,amulti-
plicityoneresultofFaltingsandJordanshowsthatthecongruenceofFourier
expansionsleadstoacongruenceofcertainassociatedcohomologyclasses.
Thesearethenidentifiedwiththemodularsymbolswhichgiverisetothe
algebraicpartsofspecialvalues.IfL(g,k/2)vanishesthenthecongruence
impliesthatL(f,k/2)/vol∞mustbedivisiblebyq.

TheBloch–KatoconjecturesometimesthenimpliesthattheShafarevich–
TategroupXattachedtofhasnonzeroq-torsion.Undercertainhypotheses
andassumptions,themostsubstantialofwhichistheBeilinson–Blochconjec-
turerelatingthevanishingofL(g,k/2)totheexistenceofalgebraiccycles,we
areabletoconstructsomeofthepredictedelementsofXusingtheGalois-
theoreticinterpretationofthecongruencetotransferelementsfromaSelmer
groupforgtoaSelmergroupforf.Onemightsaythatalgebraiccyclesfor
onemotiveexplainelementsofXfortheother,orthatweusethecongruence
tolinktheBeilinson–BlochconjectureforonemotivewiththeBloch–Kato
conjecturefortheother.

Wealsocomputedatawhich,assumingtheBloch–Katoconjecture,pro-
videslowerboundsfortheordersofnumerousShafarevich–Tategroups(see
Section7.3).Wethanktherefereeformanyconstructivecomments.
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2MotivesandGaloisrepresentations

Thissectionandthenextprovidedefinitionsofsomeofthequantitiesap-
pearinglaterintheBloch–Katoconjecture.Letf=∑anq

n
beanewformof

weightk≥2forΓ0(N),withcoefficientsinanalgebraicnumberfieldE,which
isnecessarilytotallyreal.LetλbeanyfiniteprimeofE,andlet`denoteits
residuecharacteristic.AtheoremofDeligne[De1]impliestheexistenceofa
two-dimensionalvectorspaceVλoverEλ,andacontinuousrepresentation

ρλ:Gal(Q/Q)→Aut(Vλ),

suchthat

1.ρλisunramifiedatpforallprimespnotdividing`N,and

2.ifFrobpisanarithmeticFrobeniuselementatsuchapthenthechar-
acteristicpolynomialofFrob−1

pactingonVλisx
2
−apx+p

k−1
.

FollowingScholl[Sc],wecanconstructVλastheλ-adicrealisationofa
GrothendieckmotiveMf.TherearealsoBettianddeRhamrealisationsVB
andVdR,both2-dimensionalE-vectorspaces.Fordetailsoftheconstruction
see[Sc].ThedeRhamrealisationhasaHodgefiltrationVdR=F

0
⊃F

1
=

···=F
k−1
⊃F

k
={0}.TheBettirealisationVBcomesfromsingular

cohomology,whileVλcomesfrométale`-adiccohomology.Foreachprimeλ,
thereisanaturalisomorphismVB⊗Eλ'Vλ.WemaychooseaGal(Q/Q)-
stableOλ-moduleTλinsideeachVλ.DefineAλ=Vλ/Tλ.LetA[λ]denote
theλ-torsioninAλ.ThereistheTatetwistVλ(j)(foranyintegerj),which
amountstomultiplyingtheactionofFrobpbyp

j
.

Following[BK],Section3,forp6=`(includingp=∞),welet

H
1
f(Qp,Vλ(j))=ker

(
H

1
(Dp,Vλ(j))→H

1
(Ip,Vλ(j))

)
.

Thesubscriptfstandsfor“finitepart”;Dpisadecompositionsubgroup
ataprimeabovep,Ipistheinertiasubgroup,andthecohomologyisfor
continuouscocyclesandcoboundaries.Forp=`,let

H
1
f(Q`,Vλ(j))=ker

(
H

1
(D`,Vλ(j))→H

1
(D`,Vλ(j)⊗Q`Bcris)

)

(see[BK],Section1fordefinitionsofFontaine’sringsBcrisandBdR).Let
H

1
f(Q,Vλ(j))bethesubspaceofelementsofH

1
(Q,Vλ(j))whoselocalrestric-

tionslieinH
1
f(Qp,Vλ(j))forallprimesp.

Thereisanaturalexactsequence

0→Tλ(j)→Vλ(j)
π
−−→Aλ(j)→0.
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LetH
1
f(Qp,Aλ(j))=π∗H

1
f(Qp,Vλ(j)).Wethendefinetheλ-Selmergroup

H
1
f(Q,Aλ(j))asthesubgroupofelementsofH

1
(Q,Aλ(j))whoselocalre-

strictionslieinH
1
f(Qp,Aλ(j))forallprimesp.Notethattheconditionat

p=∞issuperfluousunless`=2.DefinetheShafarevich–Tategroup

X(j)=
⊕

λ

H
1
f(Q,Aλ(j))/π∗H

1
f(Q,Vλ(j)).

Defineanideal#X(j)ofOE,inwhichtheexponentofanyprimeidealλ
isthelengthoftheλ-componentofX(j).Weshallonlyconcernourselves
withthecasej=k/2,andwriteXforX(k/2).Itdependsonthechoiceof
Gal(Q/Q)-stableOλ-moduleTλinsideeachVλ.ButifA[λ]isirreduciblethen
Tλisuniqueuptoscalingandtheλ-partofXisindependentofchoices.

Inthecasek=2themotivecomesfroma(self-dual)isogenyclassof
abelianvarietiesoverQ,withendomorphismalgebracontainingE.Wecan
chooseanabelianvarietyBintheisogenyclasswhoseendomorphismring
containsthefullringofintegersOE.IfonetakesalltheTλ(1)tobeλ-adic
Tatemodules,thenwhatwehavedefinedabovecoincideswiththeusual
Shafarevich–TategroupofB(hereweassumefinitenessofthelatter,orjust
takethequotientbyitsmaximaldivisiblesubgroup).Toseethisoneuses
[BK],3.11for`=p.For`6=p,H

1
f(Qp,V`)=0.Consideringtheformal

group,wecanrepresenteveryclassinB(Qp)/`B(Qp)byan`-powertorsion
pointinB(Qp),sothatitmapstozeroinH

1
(Qp,A`).

Definethegroupofglobaltorsionpoints

ΓQ=
⊕

λ

H
0
(Q,Aλ(k/2)).

Thisisanalogoustothegroupofrationaltorsionpointsonanellipticcurve.
Defineanideal#ΓQofOE,inwhichtheexponentofanyprimeidealλisthe
lengthoftheλ-componentofΓQ.

3Canonicalperiods

Fromnowon,weassumeforconveniencethatN≥3.Weneedtochoose
convenientOE-latticesTBandTdRintheBettianddeRhamrealisationsVB
andVdRofMf.WedothisinsuchawaythatTBandTdR⊗OEOE[1/Nk!]
agreerespectivelywiththeOE-latticeMf,BandtheOE[1/Nk!]-latticeMf,dR

definedin[DFG1]usingcohomology,withnonconstantcoefficients,ofmod-
ularcurves.(Seeespecially[DFG1],Sections2.2and5.4,andtheparagraph
precedingLemma2.3.)

ForanyfiniteprimeλofOE,definetheOλmoduleTλinsideVλtobethe
imageofTB⊗OλunderthenaturalisomorphismVB⊗Eλ'Vλ.Thenthe
Oλ-moduleTλisGal(Q/Q)-stable.
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LetM(N)bethemodularcurveoverZ[1/N]parametrisinggeneralised
ellipticcurveswithfulllevel-Nstructure.LetEbetheuniversalgeneralised
ellipticcurveoverM(N).LetE

k−2
bethe(k−2)-foldfibreproductofEover

M(N).(ThemotiveMfisconstructedusingaprojectoronthecohomology
ofadesingularisationofE

k−2
).WerealiseM(N)(C)asthedisjointunionof

ϕ(N)copiesofthequotientΓ(N)\H∗(whereH∗isthecompletedupperhalf
plane),andletτbeavariableonH,sothatthefibreEτisisomorphictothe
ellipticcurvewithperiodlatticegeneratedby1andτ.Letzi∈C/〈1,τ〉bea
variableontheithcopyofEτinthefibreproduct.Then2πif(τ)dτ∧dz1∧
···∧dzk−2isawell-defineddifferentialformon(adesingularisationof)E

k−2

andnaturallyrepresentsageneratingelementofF
k−1

TdR.(Atleast,wecan
makeourchoiceslocallyatprimesdividingNk!sothatthisisthecase.)We
shallcallthiselemente(f).

UnderthedeRhamisomorphismbetweenVdR⊗CandVB⊗C,e(f)maps
tosomeelementωf.Thereisanaturalactionofcomplexconjugationon
VB,breakingitupintoone-dimensionalE-vectorspacesV

+
BandV−

B.Letω
+
f

andω−
fbetheprojectionsofωftoV

+
B⊗CandV−

B⊗Crespectively.Let

T±
BbetheintersectionsofV±

BwithTB.ThesearerankoneOE-modules,
butnotnecessarilyfree,sincetheclassnumberofOEmaybegreaterthan
one.Choosenonzeroelementsδ±

fofT±
Bandleta±betheideals[T±

B:OEδ±
f].

DefinecomplexnumbersΩ±
fbyω±

f=Ω±
fδ±

f.

4TheBloch–Katoconjecture

InthissectionweextractfromtheBloch–KatoconjectureforL(f,k/2)a
predictionabouttheorderoftheShafarevich–Tategroup,byanalysingthe
othertermsintheformula.

LetL(f,s)betheL-functionattachedtof.For<(s)>
k+1

2itisdefined
bytheDirichletserieswithEulerproduct∑∞

n=1ann−s=∏
p(Pp(p−s))−1

,but
thereisananalyticcontinuationgivenbyanintegral,asdescribedinthe
nextsection.SupposethatL(f,k/2)6=0.TheBloch–Katoconjecturefor
themotiveMf(k/2)predictsthefollowingequalityoffractionalidealsofE:

L(f,k/2)

vol∞
=

(∏

p

cp(k/2)

)
#X

a±(#ΓQ)2.

Here,andfromthispointonwards,±representstheparityof(k/2)−1.
Thequantityvol∞isequalto(2πi)

k/2
multipliedbythedeterminantofthe

isomorphismV±
B⊗C'(VdR/F

k/2
)⊗C,calculatedwithrespecttothelattices
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OEδ±
fandtheimageofTdR.Forl6=p,ordλ(cp(j))isdefinedtobe

lengthH
1
f(Qp,Tλ(j))tors−ordλ(Pp(p−j))

=length
(
H

0
(Qp,Aλ(j))/H

0(
Qp,Vλ(j)

Ip
/Tλ(j)

Ip))
.

Weomitthedefinitionofordλ(cp(j))forλ|p,whichrequiresoneto
assumeFontaine’sdeRhamconjecture([Fo1],AppendixA6),anddepends
onthechoicesofTdRandTB,locallyatλ.(Weshallmainlybeconcerned
withtheq-partoftheBloch–Katoconjecture,whereqisaprimeofgood
reduction.Forsuchprimes,thedeRhamconjecturefollowsfromFaltings
[Fa],Theorem5.6.)

Strictlyspeaking,theconjecturein[BK]isonlygivenforE=Q.We
havetakenheretheobviousgeneralisationofaslightrearrangementof[BK],
(5.15.1).TheBloch–Katoconjecturehasbeenreformulatedandgeneralised
byFontaineandPerrin-Riou,whoworkwithgeneralE,thoughthatisnot
reallythepointoftheirwork.[Fo2],Section11sketcheshowtodeducethe
originalconjecturefromtheirs,inthecaseE=Q.

Lemma4.1vol∞/a±=c(2πi)
k/2

a±Ω±,withc∈Eandordλ(c)=0for
λ-Nk!.

ProofWenotethatvol∞isequalto(2πi)
k/2

timesthedeterminantofthe
periodmapfromF

k/2
VdR⊗CtoV±

B⊗C,withrespecttolatticesdualto
thoseweusedaboveinthedefinitionofvol∞(cf.[De2],lastparagraphof
1.7).Hereweareusingnaturalpairings.Meanwhile,Ω±isthedeterminant
ofthesamemapwithrespecttothelatticesF

k/2
TdRandOEδ±

f.Recallthat

theindexofOEδ±
finT±

Bistheideala±.Thentheproofiscompletedby
notingthat,locallyawayfromprimesdividingNk!,theindexofTdRinits
dualisequaltotheindexofTBinitsdual,bothbeingequaltotheideal
denotedηin[DFG2].¤

Remark4.2Notethatthe“quantities”a±Ω±andvol∞/a±areindependent
ofthechoiceofδ±

f.

Lemma4.3Letp-Nbeaprimeandjaninteger.Thenthefractionalideal
cp(j)issupportedatmostondivisorsofp.

ProofAson[Fl2],p.30,foroddl6=p,ordλ(cp(j))isthelengthofthefinite
Oλ-moduleH

0
(Qp,H

1
(Ip,Tλ(j))tors),whereIpisaninertiagroupatp.But

Tλ(j)isatrivialIp-module,soH
1
(Ip,Tλ(j))istorsionfree.¤
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Lemma4.4Letq-Nbeaprimesatisfyingq>k.SupposethatA[q]isan
irreduciblerepresentationofGal(Q/Q),whereq|q.Letp|Nbeaprime,and
ifp

2
|Nsupposethatp6≡±1(modq).Supposealsothatfisnotcongruent

moduloq(forFouriercoefficientsofindexcoprimetoNq)toanynewform
ofweightk,trivialcharacter,andleveldividingN/p.Thenordq(cp(j))=0
forallintegersj.

ProofThereisanaturalinjectivemapfromVq(j)
Ip
/Tq(j)

Ip
toH

0
(Ip,Aq(j))

(i.e.,Aq(j)
Ip

).Considerationofq-torsionshowsthat

dimOE/qH
0
(Ip,A[q](j))≥dimEqH

0
(Ip,Vq(j)).

Toprovethelemmaitsufficestoshowthat

dimOE/qH
0
(Ip,A[q](j))=dimEqH

0
(Ip,Vq(j)),

sincethisensuresthatH
0
(Ip,Aq(j))=Vq(j)

Ip
/Tq(j)

Ip
,andthereforethat

H
0
(Qp,Aq(j))=H

0
(Qp,Vq(j)

Ip
/Tq(j)

Ip
).

SupposethatCondition(b)of[L],Proposition2.3isnotsatisfied.Then
thereexistsacharacterχ:Gal(Q/Q)→O×

qofq-powerordersuchthatthe
p-partoftheconductorofVq⊗χisstrictlysmallerthanthatofVq.Let
fχdenotethenewform,ofleveldividingN/p,associatedwithVq⊗χ.The
characteroffχhasconductoratworstp.Sinceχhasconductorpandq-power
order,p≡1(modq),sobyhypothesisp

2
-N.Hencefχhaslevelcoprimeto

pandmusthavetrivialcharacter.Thentheexistenceoffχcontradictsour
hypotheses.

Supposenowthat

dimOE/qH
0
(Ip,A[q](j))>dimEqH

0
(Ip,Vq(j)),

(ifnot,thereisnothingtoprove).IfCondition(a)of[L],Proposition2.3
werenotsatisfiedthen[L],Proposition2.2wouldimplytheexistenceofan
impossibletwist,asinthepreviousparagraph.(Herewearealsousing[L],
Proposition1.1.)

SinceCondition(c)isclearlyalsosatisfied,weareinasituationcoveredby
oneofthethreecasesin[L],Proposition2.3.Sincep6≡−1(modq)ifp

2
|N,

Case3isexcluded,soA[q](j)isunramifiedatpandordp(N)=1.(Herewe
areusingCarayol’sresultthatNistheprime-to-qpartoftheconductorof
Vq[Ca1].)Butthen[JL],Theorem1(whichusestheconditionq>k)implies
theexistenceofanewformofweightk,trivialcharacterandleveldividing
N/p,congruenttogmoduloq,forFouriercoefficientsofindexcoprimeto
Nq.Thiscontradictsourhypotheses.¤

Remark4.5Foranexampleofwhatcanbedonewhenfiscongruenttoa
formoflowerlevel,seethefirstexampleinSection7.4below.

Lemma4.6Ifq|qisaprimeofEsuchthatq-Nk!,thenordq(cq)=0.
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ProofItfollowsfrom[DFG1],Lemma5.7(whoseproofreliesonanap-
plication,attheendofSection2.2,oftheresultsof[Fa])thatTqisthe
Oq[Gal(Qq/Qq)]-moduleassociatedtothefilteredmoduleTdR⊗Oqbythe
functortheycallV.(ThispropertyispartofthedefinitionofanS-integral
premotivicstructuregivenin[DFG1],Section1.2.)Giventhis,thelemma
followsfrom[BK],Theorem4.1(iii).(ThatVisthesameasthefunctorused
in[BK],Theorem4.1followsfrom[Fa],firstparagraphof2(h).)¤

Lemma4.7IfA[λ]isanirreduciblerepresentationofGal(Q/Q),then

ordλ(#ΓQ)=0.

ProofThisfollowstriviallyfromthedefinition.¤
Puttingtogethertheabovelemmaswearriveatthefollowing:

Proposition4.8Letq-Nbeaprimesatisfyingq>kandsupposethat
A[q]isanirreduciblerepresentationofGal(Q/Q),whereq|q.Assumethe
samehypothesesasinLemma4.4forallp|N.ChooseTdRandTBwhich
locallyatqareasintheprevioussection.IfL(f,k/2)a±/vol∞6=0thenthe
Bloch–Katoconjecturepredictsthat

ordq(#X)=ordq(L(f,k/2)a±/vol∞).

5Congruencesofspecialvalues

Letf=∑anq
n

andg=∑bnq
n

benewformsofequalweightk≥2for
Γ0(N).LetEbeanumberfieldlargeenoughtocontainallthecoefficients
anandbn.Supposethatq|qisaprimeofEsuchthatf≡g(modq),
i.e.an≡bn(modq)foralln.AssumethatA[q]isanirreduciblerepre-
sentationofGal(Q/Q)andthatq-Nϕ(N)k!.Chooseδ±

f∈T±
Binsucha

waythatordq(a±)=0,i.e.,δ±
fgeneratesT±

Blocallyatq.Maketwofurther
assumptions:

L(f,k/2)6=0andL(g,k/2)=0.

Proposition5.1Withassumptionsasabove,ordq(L(f,k/2)/vol∞)>0.

ProofThisisbasedonsomeoftheideasusedin[V],Section1.Note
theapparenttypographicalerrorin[V],Theorem1.13whichshouldpresum-
ablyreferto“Condition2”.Sinceordq(a±)=0,wejustneedtoshowthat
ordq

(
L(f,k/2)/((2πi)

k/2
Ω±)

)
>0,where±1=(−1)

(k/2)−1
.Itiswellknown,

andeasytoprove,that
∫∞

0

f(iy)y
s−1

dy=(2π)−sΓ(s)L(f,s).
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Hence,iffor0≤j≤k−2wedefinethejthperiod

rj(f)=

∫i∞

0

f(z)z
j
dz,

wheretheintegralistakenalongthepositiveimaginaryaxis,then

rj(f)=j!(−2πi)−(j+1)
Lf(j+1).

Thuswearereducedtoshowingthatordq(r(k/2)−1(f)/Ω±)>0.
LetD0bethegroupofdivisorsofdegreezerosupportedonP

1
(Q).ForaZ-

algebraRandintegerr≥0,letPr(R)betheadditivegroupofhomogeneous
polynomialsofdegreerinR[X,Y].Boththesegroupshaveanaturalaction
ofΓ1(N).LetSΓ1(N)(k,R):=HomΓ1(N)(D0,Pk−2(R))betheR-moduleof
weightkmodularsymbolsforΓ1(N).

Viatheisomorphism(8)of[V],Section1.5combinedwiththeargument
of[V],1.7,thecohomologyclassω±

fcorrespondstoamodularsymbolΦ±
f∈

SΓ1(N)(k,C),andδ±
fcorrespondstoanelement∆±

f∈SΓ1(N)(k,OE,q).Weare
nowdealingwithcohomologyoverX1(N)ratherthanM(N),whichiswhy
weinsistthatq-ϕ(N).Itfollowsfromthelastlineof[St],Section4.2that,
uptosomesmallfactorialswhichdonotmatterlocallyatq,

Φ±
f([∞]−[0])=

k−2 ∑

j=0,
j≡(k/2)−1(mod2)

rf(j)X
j
Y
k−2−j.

Sinceω±
f=Ω±

fδ±
f,weseethat

∆±
f([∞]−[0])=

k−2 ∑

j=0,
j≡(k/2)−1(mod2)

(rf(j)/Ω±
f)X

j
Y
k−2−j.

ThecoefficientofX
(k/2)−1

Y
(k/2)−1

iswhatwewouldliketoshowisdivisible
byq.Similarly

Φ±
g([∞]−[0])=

k−2 ∑

j=0,
j≡(k/2)−1(mod2)

rg(j)X
j
Y
k−2−j.

ThecoefficientofX
(k/2)−1

Y
(k/2)−1

inthisis0,sinceL(g,k/2)=0.Therefore
itwouldsufficetoshowthat,forsomeµ∈OE,theelement∆±

f−µ∆±
gis

divisiblebyqinSΓ1(N)(k,OE,q).Itsufficestoshowthat,forsomeµ∈OE,
theelementδ±

f−µδ±
gisdivisiblebyq,consideredasanelementofq-adic
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cohomologyofX1(N)withnonconstantcoefficients.Thiswouldbethecase
ifδ±

fandδ±
ggeneratethesameone-dimensionalsubspaceuponreduction

moduloq.Butthisisaconsequenceof[FJ],Theorem2.1(1)(forwhichwe
needtheirreducibilityofA[q]).¤

Remark5.2ThesignsinthefunctionalequationsofL(f,s)andL(g,s)are
equal.TheyaredeterminedbytheeigenvalueoftheAtkin–Lehnerinvolu-
tionWN,whichisdeterminedbyaNandbNmoduloq,becauseaNandbN
areeachN

k/2−1
timesthissignandqhasresiduecharacteristiccoprimeto

2N.Thecommonsigninthefunctionalequationis(−1)
k/2
wN,wherewNis

thecommoneigenvalueofWNactingonfandg.

Thisisanalogousto[CM1],remarkattheendofSection3,whichshows
thatifqhasoddresiduecharacteristicandL(f,k/2)6=0butL(g,k/2)=0
thenL(g,s)mustvanishtoorderatleasttwoats=k/2.NotethatMaeda’s
conjectureimpliesthattherearenoexamplesofgoflevelonewithpositive
signintheirfunctionalequationsuchthatL(g,k/2)=0(see[CF]).

6ConstructingelementsoftheShafarevich–

Tategroup

Letf,gandqbeasinthefirstparagraphoftheprevioussection.Inthe
previoussectionweshowedhowthecongruencebetweenfandgrelates
thevanishingofL(g,k/2)tothedivisibilitybyqofan“algebraicpart”of
L(f,k/2).Conjecturallytheformerisassociatedwiththeexistenceofcertain
algebraiccycles(forMg)whilethelatterisassociatedwiththeexistence
ofcertainelementsoftheShafarevich–Tategroup(forMf,aswesawin
§4).Inthissectionweshowhowthecongruence,interpretedintermsof
Galoisrepresentations,providesadirectlinkbetweenalgebraiccyclesand
theShafarevich–Tategroup.

ForfwehavedefinedVλ,TλandAλ.LetV′
λ,T′

λandA′
λbethecor-

respondingobjectsforg.SinceapisthetraceofFrob−1
ponVλ,itfollows

fromtheChebotarevDensityTheoremthatA[q]andA′[q],ifirreducible,are
isomorphicasGal(Q/Q)-modules.

RecallthatL(g,k/2)=0andL(f,k/2)6=0.Sincethesigninthefunc-
tionalequationforL(g,s)ispositive(thisfollowsfromL(f,k/2)6=0,seeRe-
mark5.2),theorderofvanishingofL(g,s)ats=k/2isatleast2.According
totheBeilinson–Blochconjecture[B,Be],theorderofvanishingofL(g,s)

ats=k/2istherankofthegroupCH
k/2
0(Mg)(Q)ofQ-rationalrational

equivalenceclassesofnull-homologous,algebraiccyclesofcodimensionk/2
onthemotiveMg.(ThisgeneralisesthepartoftheBirch–Swinnerton-Dyer
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conjecturewhichsaysthatforanellipticcurveE/Q,theorderofvanishing
ofL(E,s)ats=1isequaltotherankoftheMordell-WeilgroupE(Q).)

Viatheq-adicAbel–Jacobimap,CH
k/2
0(Mg)(Q)mapstoH

1
(Q,V′q(k/2)),

anditsimageiscontainedinthesubspaceH
1
f(Q,V′q(k/2)),by[Ne],3.1and

3.2.If,asexpected,theq-adicAbel–Jacobimapisinjective,weget(assuming
alsotheBeilinson–Blochconjecture)asubspaceofH

1
f(Q,V′q(k/2))ofdimen-

sionequaltotheorderofvanishingofL(g,s)ats=k/2.Infact,onecould
simplyconjecturethatthedimensionofH

1
f(Q,V′q(k/2))isequaltotheorder

ofvanishingofL(g,s)ats=k/2.Thiswouldfollowfromthe“conjectures”
Cr(M)andC

i
λ(M)of[Fo2],Sections1and6.5.Weshallcallitthe“strong”

Beilinson–Blochconjecture.
Similarly,ifL(f,k/2)6=0thenweexpectthatH

1
f(Q,Vq(k/2))=0,so

thatH
1
f(Q,Aq(k/2))coincideswiththeq-partofX.

Theorem6.1Letq-Nbeaprimesatisfyingq>k.Letrbethedimen-
sionofH

1
f(Q,V′q(k/2)).SupposethatA[q]isanirreduciblerepresentationof

Gal(Q/Q)andthatfornoprimep|Nisfcongruentmoduloq(forFourier
coefficientsofindexcoprimetoNq)toanewformofweightk,trivialchar-
acterandleveldividingN/p.Supposethat,forallprimesp|N,p6≡−wp
(modq),withp6≡±1(modq)ifp

2
|N.(Herewpisthecommoneigenvalue

oftheAtkin–LehnerinvolutionWpactingonfandg.)Thentheq-torsion
subgroupofH

1
f(Q,Aq(k/2))hasFq-rankatleastr.

ProofThetheoremistriviallytrueifr=0,soweassumethatr>
0.Itfollowseasilyfromourhypothesisthattherankofthefreepartof
H

1
f(Q,T′q(k/2))isr.ThenaturalmapfromH

1
f(Q,T′q(k/2))/qH

1
f(Q,T′q(k/2))

toH
1
(Q,A′[q](k/2))isinjective.Takeanonzeroclasscintheimage,which

hasFq-rankr.Choosed∈H
1
f(Q,T′q(k/2))mappingtoc.Considerthe

Gal(Q/Q)-cohomologyoftheshortexactsequence

0→A[q](k/2)→Aq(k/2)
π
−−→Aq(k/2)→0,

whereπismultiplicationbyauniformisingelementofOq.Byirreducibil-
ity,H

0
(Q,A[q](k/2))istrivial.HenceH

0
(Q,Aq(k/2))istrivial,sothat

H
1
(Q,A[q](k/2))injectsintoH

1
(Q,Aq(k/2)),andwegetanonzeroq-torsion

classγ∈H
1
(Q,Aq(k/2)).

Ouraimistoshowthatresp(γ)∈H
1
f(Qp,Aq(k/2)),forall(finite)primes

p.Weconsiderseparatelythecasesp-qN,p|Nandp=q.

Case1,p-qN:

ConsidertheIp-cohomologyoftheshortexactsequence

0→A′[q](k/2)→A′
q(k/2)

π
−−→A′

q(k/2)→0
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(theanalogueforgoftheabove).
SinceinthiscaseA′

q(k/2)isunramifiedatp,H
0
(Ip,A′

q(k/2))=A′
q(k/2),

whichisq-divisible.ThereforeH
1
(Ip,A′[q](k/2))(which,remember,isthe

sameasH
1
(Ip,A[q](k/2)))injectsintoH

1
(Ip,A′

q(k/2)).Itfollowsfromthe
factthatd∈H

1
f(Q,T′q(k/2))thattheimageinH

1
(Ip,A′

q(k/2))ofthere-
strictionofciszero,hencethattherestrictionofctoH

1
(Ip,A′[q](k/2))'

H
1
(Ip,A[q](k/2))iszero.HencetherestrictionofγtoH

1
(Ip,Aq(k/2))isalso

zero.By[Fl1],line3ofp.125,H
1
f(Qp,Aq(k/2))isequalto(notjustcon-

tainedin)thekernelofthemapfromH
1
(Qp,Aq(k/2))toH

1
(Ip,Aq(k/2)),so

wehaveshownthatresp(γ)∈H
1
f(Qp,Aq(k/2)).

Case2,p|N:

WefirstshowthatH
0
(Ip,A′

q(k/2))isq-divisible.Itsufficestoshowthat

dimH
0
(Ip,A′[q](k/2))=dimH

0
(Ip,V′

q(k/2)),

sincethenthenaturalmapfromH
0
(Ip,V′

q(k/2))toH
0
(Ip,A′

q(k/2))issurjec-
tive;thismaybedoneasintheproofofLemma4.4.Itfollowsasabovethat
theimageofc∈H

1
(Q,A[q](k/2))inH

1
(Ip,A[q](k/2))iszero.Thenresp(c)

comesfromH
1
(Dp/Ip,H

0
(Ip,A[q](k/2))),byinflation-restriction.Theorder

ofthisgroupisthesameastheorderofthegroupH
0
(Qp,A[q](k/2))(this

is[W],Lemma1),whichweclaimistrivial.BytheworkofCarayol[Ca1],
thelevelNistheconductorofVq(k/2),sop|NimpliesthatVq(k/2)is
ramifiedatp,hencedimH

0
(Ip,Vq(k/2))=0or1.Asabove,weseethat

dimH
0
(Ip,Vq(k/2))=dimH

0
(Ip,A[q](k/2)),soweneedonlyconsiderthe

casewherethiscommondimensionis1.The(motivic)Eulerfactoratpfor
Mfis(1−αp−s)−1

,whereFrob−1
pactsasmultiplicationbyαontheone-

dimensionalspaceH
0
(Ip,Vq).Itfollowsfrom[Ca1],TheorémeAthatthisis

thesameastheEulerfactoratpofL(f,s).By[AL],Theorems3(ii)and5,
itthenfollowsthatp

2
-Nandα=−wpp

(k/2)−1
,wherewp=±1issuchthat

Wpf=wpf.Wetwistbyk/2,sothatFrob−1
pactsonH

0
(Ip,Vq(k/2))(hence

alsoonH
0
(Ip,A[q](k/2)))as−wpp−1

.Sincep6≡−wp(modq),weseethat
H

0
(Qp,A[q](k/2))istrivial.Henceresp(c)=0soresp(γ)=0andcertainly

liesinH
1
f(Qp,Aq(k/2)).

Case3,p=q:

Sinceq-NisaprimeofgoodreductionforthemotiveMg,V′
qisacrystalline

representationofGal(Qq/Qq),whichmeansthatDcris(V′
q)andV′

qhavethe
samedimension,whereDcris(V′

q):=H
0
(Qq,V′

q⊗QqBcris).(Thisisaconse-
quenceof[Fa],Theorem5.6.)AsalreadynotedintheproofofLemma4.6,
TqistheOq[Gal(Qq/Qq)]-moduleassociatedtothefilteredmoduleTdR⊗Oq.
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Sincealsoq>k,wemaynowprove,inthesamemanneras[Du1],Proposi-
tion9.2,thatresq(γ)∈H

1
f(Qq,Aq(k/2)).Fortheconvenienceofthereader,

wegivesomedetails.
In[BK],Lemma4.4,acohomologicalfunctor{h

i
}i≥0isconstructedonthe

Fontaine–LafaillecategoryoffilteredDieudonnémodulesoverZq.h
i
(D)=0

foralli≥2andallD,andh
i
(D)=Ext

i
(1FD,D)foralliandD,where1FD

isthe“unit”filteredDieudonnémodule.
NowletD=TdR⊗OqandD′=T′

dR⊗Oq.By[BK],Lemma4.5(c),

h
1
(D)'H

1
e(Qq,Tq),

where

H
1
e(Qq,Tq)=ker(H

1
(Qq,Tq)→H

1
(Qq,Vq)/H

1
e(Qq,Vq))

and
H

1
e(Qq,Vq)=ker(H

1
(Qq,Vq)→H

1
(Qq,B

f=1
cris⊗QqVq)).

Likewiseh
1
(D′)'H

1
e(Qq,T′

q).Whenapplyingresultsof[BK]weviewD,Tq

etc.simplyasZq-modules,forgettingtheOq-structure.
Foranintegerj,letD(j)beDwiththeHodgefiltrationshiftedbyj.

Then
h

1
(D(j))'H

1
e(Qq,Tq(j))

(providedthatk−p+1<j<p−1,sothatD(j)satisfiesthehypothesesof
[BK],Lemma4.5).By[BK],Corollary3.8.4,

H
1
f(Qq,Vq(j))/H

1
e(Qq,Vq(j))'(D(j)⊗ZqQq)/(1−f)(D(j)⊗ZqQq),

wherefistheFrobeniusoperatoroncrystallinecohomology.ByScholl[Sc],
1.2.4(ii),andtheWeilconjectures,H

1
e(Qq,Vq(j))=H

1
f(Qq,Vq(j)),sincej6=

(k−1)/2.SimilarlyH
1
e(Qq,V′

q(j))=H
1
f(Qq,V′

q(j)).
Wehave

h
1
(D(k/2))'H

1
f(Qq,Tq(k/2))andh

1
(D′(k/2))'H

1
f(Qq,T′

q(k/2)).

Theexactsequencein[BK],middleofp.366,givesacommutativediagram

h
1
(D′(k/2))

π
−−−→h

1
(D′(k/2))−−−→h

1
(D′(k/2)/qD′(k/2))


y


y


y

H
1
(Qq,T′

q(k/2))
π

−−−→H
1
(Qq,T′

q(k/2))−−−→H
1
(Qq,A′[q](k/2)).

Theverticalarrowsareallinclusions,andweknowtheimageofh
1
(D′(k/2))

inH
1
(Qq,T′

q(k/2))isexactlyH
1
f(Qq,T′

q(k/2)).Thetoprighthorizontalmap
issurjectivesinceh

2
(D′(k/2))=0.
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Theclassresq(c)∈H
1
(Qq,A′[q](k/2))isintheimageofH

1
f(Qq,T′

q(k/2)),
byconstruction,andthereforeisintheimageofh

1
(D′(k/2)/qD′(k/2)).By

thefullnessandexactnessoftheFontaine–Lafaillefunctor[FL](see[BK],
Theorem4.3),D′(k/2)/qD′(k/2)isisomorphictoD(k/2)/qD(k/2).

Itfollowsthattheclassresq(c)∈H
1
(Qq,A[q](k/2))isintheimageof

h
1
(D(k/2)/qD(k/2))bytheverticalmapintheexactsequenceanalogous

totheabove.Sincethemapfromh
1
(D(k/2))toh

1
(D(k/2)/qD(k/2))is

surjective,resq(c)liesintheimageofH
1
f(Qq,Tq(k/2)).Fromthisitfollows

thatresq(γ)∈H
1
f(Qq,Aq(k/2)),asdesired.¤

[AS],Theorem2.7isconcernedwithverifyinglocalconditionsinthecase
k=2,wherefandgareassociatedwithabelianvarietiesAandB.(Their
theoremalsoappliestoabelianvarietiesovernumberfields.)Ourrestriction
outlawingcongruencesmoduloqwithcuspformsoflowerlevelisanalogous
totheirsforbiddingqfromdividingTamagawafactorscA,landcB,l.(Inthe
casewhereAisanellipticcurvewithordl(j(A))<0,considerationofaTate
parametrisationshowsthatifq|cA,l,i.e.,ifq|ordl(j(A)),thenitispossible
thatA[q]isunramifiedatl.)

Inthispaperwehaveencounteredtwotechnicalproblemswhichwedealt
withinquitesimilarways:

1.dealingwiththeq-partofcpforp|N;

2.provinglocalconditionsatprimesp|N,foranelementofq-torsion.

IfouronlyinterestwasintestingtheBloch–Katoconjectureatq,wecould
havemadetheseproblemscancelout,asin[DFG1],Lemma8.11,byweaken-
ingthelocalconditions.However,wehavechosennottodoso,sinceweare
alsointerestedintheShafarevich–Tategroup,andsincethehypotheseswe
hadtoassumearenotparticularlystrong.Notethat,sinceA[q]isirreducible,
theq-partofXdoesnotdependonthechoiceofTq.

7ExamplesandExperiments

Thissectioncontainstablesandnumericalexamplesillustratingthemain
themesofthispaper.InSection7.1,weexplainTable1,whichcontains16ex-
amplesofpairsf,gsuchthatthestrongBeilinson–BlochconjectureandTheo-
rem6.1togetherimplytheexistenceofnontrivialelementsoftheShafarevich–
Tategroupofthemotiveattachedtof.Section7.2outlinesthehigher-weight
modularsymbolcomputationsusedinmakingTable1.Section7.3discusses
Table2,whichsummarizestheresultsofanextensivecomputationofconjec-
turalordersofShafarevich–Tategroupsformodularmotivesoflowleveland
weight.Section7.4givesspecificexamplesinwhichvarioushypothesesfail.
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Notethatin§7“modularsymbol”hasadifferentmeaningfromin§5,being
relatedtohomologyratherthancohomology.Forprecisedefinitionssee[SV].

7.1Table1:visibleX

Table1listssixteenpairsofnewformsfandg(ofequalweightsandlevels)

gdeggfdegfpossibleq

127k4A1127k4C1743

159k4B1159k4E165,23

365k4A1365k4E1829

369k4B1369k4I913

453k4A1453k4E2317

465k4B1465k4I711

477k4B1477k4L1273

567k4B1567k4H823

581k4A1581k4E3419
2

657k4A1657k4C75

657k4A1657k4G125

681k4A1681k4D3059

684k4C1684k4K47
2

95k6A195k6D931,59

122k6A1122k6D673

260k6A1260k6E417

Table1:VisibleX

alongwithatleastoneprimeqsuchthatthereisaprimeq|qwithf≡g
(modq).Ineachcase,ords=k/2L(g,k/2)≥2whileL(f,k/2)6=0.Itusesthe
followingnotation:thefirstcolumncontainsalabelwhosestructureis

[Level]k[Weight][GaloisOrbit]

Thislabeldeterminesanewformg=∑anq
n

uptoGaloisconjugacy.For
example,127k4CdenotesanewforminthethirdGaloisorbitofnewformsin
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S4(Γ0(127)).GaloisorbitsareorderedfirstbythedegreeofQ(...,an,...),
thenbythesequenceofabsolutevalues|Tr(ap(g))|forpnotdividingthe
level,withpositivetracebeingfirstintheeventthatthetwoabsolutevalues
areequal,andthefirstGaloisorbitisdenotedA,thesecondB,andsoon.
ThesecondcolumncontainsthedegreeofthefieldQ(...,an,...).Thethird
andfourthcolumnscontainfanditsdegree,respectively.Thefifthcolumn
containsatleastoneprimeqsuchthatthereisaprimeq|qwithf≡g
(modq),andsuchthatthehypothesesofTheorem6.1aresatisfiedforf,g,
andq.

Forthetwoexamples581k4Eand684k4K,thesquareofaprimeq
appearsintheq-column,whichmeansthatq

2
dividestheorderofthegroup

Sk(Γ0(N),Z)/(W+W⊥)definedattheendof7.3below.
WedescribethefirstlineofTable1inmoredetail.Thenextsectiongives

furtherdetailsonhowthecomputationswereperformed.
Usingmodularsymbols,wefindthatthereisanewform

g=q−q
2
−8q

3
−7q

4
−15q

5
+8q

6
−25q

7
+···∈S4(Γ0(127))

withL(g,2)=0.BecauseW127(g)=g,thefunctionalequationhassign+1,
soL′(g,2)=0aswell.Wealsofindanewformf∈S4(Γ0(127))whoseFourier
coefficientsgenerateanumberfieldKofdegree17,andbycomputingthe
imageofthemodularsymbolXY{0,∞}undertheperiodmapping,wefind
thatL(f,2)6=0.Thenewformsfandgarecongruentmoduloaprimeq

ofKofresiduecharacteristic43.Themodqreductionsoffandgareboth
equalto

f=q+42q
2

+35q
3

+36q
4

+28q
5

+8q
6

+18q
7

+···∈F43[[q]].

ThereisnoformintheEisensteinsubspacesofM4(Γ0(127))whoseFourier
coefficientsofindexn,with(n,127)=1,arecongruentmodulo43tothose
off,soρf,q≈ρg,qisirreducible.Since127isprimeandS4(SL2(Z))=0,f
doesnotarisefromalevel1formofweight4.Thuswehavecheckedthe
hypothesesofTheorem6.1,soifristhedimensionofH

1
f(Q,V′q(k/2))then

theq-torsionsubgroupofH
1
f(Q,Aq(k/2))hasFq-rankatleastr.

Recallthatsinceords=k/2L(g,s)≥2,weexpectthatr≥2.Then,since
L(f,k/2)6=0,weexpectthattheq-torsionsubgroupofH

1
f(Q,Aq(k/2))is

equaltotheq-torsionsubgroupofX.Admittingtheseassumptions,wehave
constructedtheq-torsioninXpredictedbytheBloch–Katoconjecture.

Forparticularexamplesofellipticcurvesonecanoftenfindandwrite
downrationalpointspredictedbytheBirchandSwinnerton-Dyerconjec-
ture.Itwouldbeniceiflikewiseonecouldexplicitlyproducealgebraiccycles
predictedbytheBeilinson–Blochconjectureintheaboveexamples.Since
L′(g,k/2)=0,Heegnercycleshaveheightzero(see[Z],Corollary0.3.2),so

oughttobetrivialinCH
k/2
0(Mg)⊗Q.
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7.2Howthecomputationwasperformed

Wegiveabriefsummaryofhowthecomputationwasperformed.Theal-
gorithmsweusedwereimplementedbythesecondauthor,andmostarea
standardpartofMAGMA(see[BCP]).

Letg,f,andqbesomedatafromalineofTable1andletNdenote
thelevelofg.Weverifiedtheexistenceofacongruencemoduloq,that
L(g,k/2)=L′(g,k/2)=0andL(f,k/2)6=0,andthatρf,q=ρg,qisirre-
ducibleanddoesnotarisefromanySk(Γ0(N/p)),asfollows:

Toprovethereisacongruence,weshowedthatthecorrespondingintegral
spacesofmodularsymbolssatisfyanappropriatecongruence,whichforces
theexistenceofacongruenceonthelevelofFourierexpansions.Weshowed
thatρg,qisirreduciblebycomputingasetthatcontainsallpossibleresidue
characteristicsofcongruencesbetweengandanyEisensteinseriesoflevel
dividingN,wherebycongruence,wemeanacongruenceforallFourierco-
efficientsofindexnwith(n,N)=1.Similarly,wecheckedthatgisnot
congruenttoanyformhoflevelN/pforanypthatexactlydividesNby
listingabasisofsuchhandfindingthepossiblecongruences,whereagainwe
disregardtheFouriercoefficientsofindexnotcoprimetoN.

ToverifythatL(g,k/2)=0,wecomputedtheimageofthemodular

symbole=X
k
2−1

Y
k
2−1
{0,∞}underamapwiththesamekernelasthe

periodmapping,andfoundthattheimagewas0.Theperiodmappingsends
themodularsymboletoanonzeromultipleofL(g,

k
2),sothatemapsto0

impliesthatL(g,k/2)=0.Inasimilarway,weverifiedthatL(f,k/2)6=0.
Next,wecheckedthatWN(g)=(−1)

k/2
gwhich,becauseofthefunctional

equation,impliesthatL′(g,k/2)=0.Table1isofindependentinterest
becauseitincludesexamplesofmodularformsofevenweight>2witha
zeroatk/2thatisnotforcedbythefunctionalequation.Wefoundnosuch
examplesofweights≥8.

7.3ConjecturallynontrivialX

InthissectionweapplysomeoftheresultsofSection4tocomputelower
boundsonconjecturalordersofShafarevich–Tategroupsofmanymodular
motives.TheresultsofthissectionsuggestthatXofamodularmotive
isusually“notvisibleatlevelN”,thatis,notexplainedbycongruencesat
levelN(comparewiththeobservationsof[CM1]and[AS]).Forexample,
whenk>6wefindmanyexamplesofconjecturallynontrivialXbutno
examplesofnontrivialvisibleX.

Foranynewformf,letL(Mf/Q,s)=∏d
i=1L(f

(i)
,s)wheref

(i)
runsover

theGal(Q/Q)-conjugatesoff.LetTbethecomplextorusC
d
/(2πi)

k/2
L,

whereListhelatticedefinedbyintegratingintegralcuspidalmodularsymbols
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forΓ0(N)againsttheconjugatesoff.LetΩMf/Qdenotethevolumeof

the(−1)
(k/2)−1

eigenspaceT±={z∈T:z=(−1)
(k/2)−1

z}forcomplex
conjugationonT.

Lemma7.1Supposethatp-Nk!issuchthatfisnotcongruenttoanyof
itsGaloisconjugatesmoduloaprimedividingp.Thenthep-partsof

L(Mf/Q,k/2)

ΩMf/Q
andNorm

(L(f,k/2)

vol∞
a±
)

areequal,wherevol∞isasinSection4.

ProofLetHbetheZ-moduleofallintegralcuspidalmodularsymbolsfor
Γ0(N).LetIbetheimageofHunderprojectionintothesubmoduleofH⊗Q
correspondingtofanditsGaloisconjugates.NotethatIisnotnecessarily
containedinH,butitiscontainedinH⊗Z[

1
m]wheremisdivisiblebythe

residuecharacteristicsofanyprimesofcongruencebetweenfandcuspforms
ofweightkforΓ0(N)whicharenotGaloisconjugatetof.

ThelatticeLdefinedbeforethelemmaisobtained(uptodivisorsofNk!)
bypairingthecohomologymodularsymbolsΦ±

f(i)(asin§5)withthehomology

modularsymbolsinH;equivalently,sincethepairingfactorsthroughthe
mapH→I,thelatticeLisobtainedbypairingwiththeelementsofI.For
1≤i≤dletIibetheOE-modulegeneratedbytheimageoftheprojection
ofIintoI⊗Ecorrespondingtof

(i)
.ThefiniteindexofI⊗OEin⊕d

i=1Iiis
divisibleonlybyprimesofcongruencebetweenfanditsGaloisconjugates.
Uptotheseprimes,ΩMf/Q/(2πi)

((k/2)−1)d
isthenaproductofthedquantities

obtainedbypairingΦ±
f(i)withIi,for1≤i≤d.(Thesequantitiesinhabit

akindoftensorproductofC∗overE∗withthegroupoffractionalidealsof
E.)Bearinginmindthelastlineof§3,weseethatthesequantitiesarethe
a±Ω±

f(i),uptodivisorsofNk!.NowwemayapplyLemma4.1.Wethenhave

afactorisationofthelefthandsidewhichshowsittobeequaltotheright
handside,totheextentclaimedbythelemma.Notethat

L(f,k/2)
vol∞a±hasan

interpretationintermsofintegralmodularsymbols,asin§5,andjustgets
Galoisconjugatedwhenonereplacesfbysomef

(i)
.¤

Remark7.2Thenewformf=319k4CiscongruenttooneofitsGalois
conjugatesmodulo17and17dividesL(Mf/Q,k/2)/ΩMf/Q,sothelemmaand

ourcomputationssaynothingaboutwhether17dividesNorm
(L(f,k/2)

vol∞a±)
or

otherwise.

LetSbethesetofnewformswithlevelNandweightksatisfyingeither
k=4andN≤321,ork=6andN≤199,ork=8andN≤149,ork=10
andN≤72,ork=12andN≤49.Givenf∈S,letBbedefinedasfollows:
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1.LetL1bethenumeratoroftherationalnumberL(Mf/Q,k/2)/ΩMf/Q.
IfL1=0letB=1andterminate.

2.LetL2bethepartofL1thatiscoprimetoNk!.

3.LetL3bethepartofL2thatiscoprimetop±1foreveryprimepsuch
thatp

2
|N.

4.LetL4bethepartofL3coprimetotheresiduecharacteristicofany
primeofcongruencebetweenfandaformofweightk,trivialcharac-
terandlowerlevel.(Bycongruencehere,wemeanacongruencefor
coefficientsanwithncoprimetotheleveloff.)

5.LetL5bethepartofL4coprimetotheresiduecharacteristicofany
primeofcongruencebetweenfandanEisensteinseries.(Thiselimi-
natesresiduecharacteristicsofreduciblerepresentations.)

6.LetBbethepartofL5coprimetotheresiduecharacteristicofany
primeofcongruencebetweenfandanyoneofitsGaloisconjugates.

Proposition4.8andLemma7.1implythatifordp(B)>0then,accordingto
theBloch–Katoconjecture,ordp(#X)=ordp(B)>0.

WecomputedBforeverynewforminS.Therearemanyexamplesin
whichL3islarge,butBisnot,andthisisbecauseofTamagawafactors.For
example,39k4ChasL3=19,butB=1becauseofa19-congruencewith
aformoflevel13;inthiscasewemusthave19|c3(2),wherec3(2)isasin
Section4.SeeSection7.4formoredetails.AlsonotethatineveryexampleB
isaperfectsquare,which,awayfromcongruenceprimes,isaspredictedby
theexistenceofFlach’sgeneralisedCassels–Tatepairing[Fl1].(Notethatif
A[λ]isirreduciblethenthelatticeTλisatworstascalarmultipleofitsdual,
sothepairingshowsthattheorderoftheλ-partofX,iffinite,isasquare.)
ThatourcomputedvalueofBshouldbeasquareisnotaprioriobvious.

Forsimplicity,wediscardresiduecharacteristicsinsteadofprimesofrings
ofintegers,soourdefinitionofBisoverlyconservative.Forexample,5occurs
inrow2ofTable1butnotinTable2,because159k4EisEisensteinat
someprimeabove5,buttheprimeofcongruencesofcharacteristic5between
159k4Band159k4EisnotEisenstein.

ThenewformsforwhichB>1aregiveninTable2onpp.112–115.The
secondcolumnofthetablerecordsthedegreeofthefieldgeneratedbythe
Fouriercoefficientsoff.ThethirdcontainsB.LetWbetheintersection
ofthespanofallconjugatesoffwithSk(Γ0(N),Z)andW⊥thePetersson
orthogonalcomplementofWinSk(Γ0(N),Z).Thefourthcolumncontains
theoddprimedivisorsof#(Sk(Γ0(N),Z)/(W+W⊥)),whichareexactlythe
possibleprimesofcongruencebetweenfandnonconjugatecuspformsofthe
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sameweightandlevel.Weplacea∗nexttothefourentriesofTable2that
alsooccurinTable1.

7.4Examplesinwhichhypothesesfail

Wehavesomeotherexampleswhereformsofdifferentlevelsarecongruent
(forFouriercoefficientsofindexcoprimetothelevels).However,Remark5.2
doesnotapply,sothatoneoftheformscouldhaveanoddfunctionalequation,
andtheothercouldhaveanevenfunctionalequation.Forinstance,wehavea
19-congruencebetweenthenewformsg=13k4Aandf=39k4CofFourier
coefficientsofindexcoprimeto39.HereL(f,2)6=0,whileL(g,2)=0since
L(g,s)hasoddfunctionalequation.Hereffailstheconditionaboutnot
beingcongruenttoaformoflowerlevel,soinLemma4.4itispossiblethat
ordq(c3(2))>0.Infactthisdoeshappen.BecauseV′

q(attachedtogoflevel
13)isunramifiedatp=3,H

0
(Ip,A[q])(thesameasH

0
(Ip,A′[q]))istwo-

dimensional.Asin(2)oftheproofofTheorem6.1,oneoftheeigenvalues
ofFrob−1

pactingonthistwo-dimensionalspaceisα=−wpp
(k/2)−1

,where

Wpf=wpf.Theothermustbeβ=−wpp
k/2

,sothatαβ=p
k−1

.Twisting
byk/2,weseethatFrob−1

pactsas−wponthequotientofH
0
(Ip,A[q](k/2))

bytheimageofH
0
(Ip,Vq(k/2)).Henceordq(cp(k/2))>0whenwp=−1,

whichisthecaseinourexampleherewithp=3.LikewiseH
0
(Qp,A[q](k/2))

isnontrivialwhenwp=−1,so(2)oftheproofofTheorem6.1doesnot
work.Thisisjustaswell,sincehaditworkedwewouldhaveexpected
ordq(L(f,k/2)/vol∞)≥3,whichcomputationshowsnottobethecase.

Inthefollowingexample,thedivisibilitybetweenthelevelsistheother
wayround.Thereisa7-congruencebetweeng=122k6Aandf=61k6B,
bothL-functionshaveevenfunctionalequation,andL(g,3)=0.Intheproof
ofTheorem6.1,thereisaproblemwiththelocalconditionatp=2.The
mapfromH

1
(I2,A′[q](3))toH

1
(I2,A′

q(3))isnotnecessarilyinjective,but
itskernelisatmostonedimensional,sowestillgettheq-torsionsubgroup
ofH

1
f(Q,Aq(2))havingFq-rankatleast1(assumingr≥2),andthusget

elementsofXfor61k6B(assumingallalongthestrongBeilinson–Bloch
conjecture).Inparticular,theseelementsofXareinvisibleatlevel61.
Whenthelevelsaredifferentwearenolongerabletoapply[FJ],Theorem2.1.
However,westillhavethecongruencesofintegralmodularsymbolsrequired
tomaketheproofofProposition5.1gothrough.Indeed,asnotedabove,
thecongruencesofmodularformswerefoundbyproducingcongruencesof
modularsymbols.Despitethesecongruencesofmodularsymbols,Remark5.2
doesnotapply,sincethereisnoreasontosupposethatwN=wN′,whereN
andN′arethedistinctlevels.

Finally,therearetwoexampleswherewehaveaformgwithevenfunc-
tionalequationsuchthatL(g,k/2)=0,andacongruentformfwhichhas



             

NeilDummigan,WilliamSteinandMarkWatkins111

oddfunctionalequation;thesearea23-congruencebetweeng=453k4Aand
f=151k4A,anda43-congruencebetweeng=681k4Aandf=227k4A.
Ifords=2L(f,s)=1,itoughttobethecasethatdim(H

1
f(Q,Vq(2)))=1.If

weassumethisisso,andsimilarlythatr=ords=2(L(g,s))≥2,thenunfor-
tunatelytheappropriatemodificationofTheorem6.1(withstrongBeilinson–
Blochconjecture)doesnotnecessarilyprovideuswithnontrivialq-torsionin
X.Itonlytellsusthattheq-torsionsubgroupofH

1
f(Q,Aq(2))hasFq-rank

atleast1.ItcouldallbeintheimageofH
1
f(Q,Vq(2)).Xappearsinthe

conjecturalformulaforthefirstderivativeofthecomplexLfunction,evalu-
atedats=k/2,butincombinationwitharegulatorthatwehavenowayof
calculating.

LetLq(f,s)andLq(g,s)betheq-adicLfunctionsassociatedwithfand
gbytheconstructionofMazur,TateandTeitelbaum[MTT],eachdivided
byasuitablecanonicalperiod.Wemayshowthatq|L′q(f,k/2),thoughit
isnotquiteclearwhattomakeofthis.Thisdivisibilitymaybeprovedas
follows.Themeasuresdµf,αand(aq-adicunittimes)dµg,α′in[MTT](again,
suitablynormalised)arecongruentmodq,asaresultofthecongruencebe-
tweenthemodularsymbolsoutofwhichtheyareconstructed.Integrating
anappropriatefunctionagainstthesemeasures,wefindthatL′

q(f,k/2)is
congruentmodqtoL′

q(g,k/2).ItremainstoobservethatL′
q(g,k/2)=0,

sinceL(g,k/2)=0forcesLq(g,k/2)=0,butweareinacasewherethesigns
inthefunctionalequationsofL(g,s)andLq(g,s)arethesame,positivein
thisinstance.(Accordingtothepropositionin[MTT],Section18,thesigns
differpreciselywhenLq(g,s)hasa“trivialzero”ats=k/2.)

WealsofoundsomeexamplesforwhichtheconditionsofTheorem6.1
werenotmet.Forexample,wehavea7-congruencebetween639k4Band
639k4H,butw71=−1,sothat71≡−w71(mod7).Thereisasimilarprob-
lemwitha7-congruencebetween260k6Aand260k6E—herew13=1so
that13≡−w13(mod7).AccordingtoPropositions5.1and4.8,Bloch–Kato
stillpredictsthattheq-partofXisnontrivialintheseexamples.Finally,
thereisa5-congruencebetween116k6Aand116k6D,butheretheprime5
islessthantheweight6soPropositions5.1and4.8(andevenLemma7.1)
donotapply.
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fdegfB(boundforX)alloddcongruenceprimes

127k4C∗1743
2

43,127

159k4E∗
823

2
3,5,11,23,53,13605689

263k4B3941
2

263

269k4C3923
2

269

271k4B3929
2

271

281k4B4029
2

281

295k4C167
2

3,5,11,59,101,659,70791023

299k4C2029
2

13,23,103,20063,21961

321k4C1613
2

3,5,107,157,12782373452377

95k6D∗931
2
·59

2
3,5,17,19,31,59,113,26701

101k6B2417
2

101

103k6B2423
2

103

111k6C911
2

3,37,2796169609

122k6D∗673
2

3,5,61,73,1303196179

153k6G57
2

3,17,61,227

157k6B34251
2

157

167k6B4041
2

167

172k6B97
2

3,11,43,787

173k6B3971
2

173

181k6B40107
2

181

191k6B4685091
2

191

193k6B4131
2

193

199k6B46200329
2

199
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fdegfB(boundforX)alloddcongruenceprimes

47k8B1619
2

47

59k8B2029
2

59

67k8B2029
2

67

71k8B24379
2

71

73k8B22197
2

73

74k8C623
2

37,127,821,8327168869

79k8B25307
2

79

83k8B271019
2

83

87k8C911
2

3,5,7,29,31,59,947,22877,
3549902897

89k8B2944491
2

89

97k8B2911
2
·277

2
97

101k8B3319
2
·11503

2
101

103k8B3275367
2

103

107k8B3417
2
·491

2
107

109k8B3323
2
·229

2
109

111k8C12127
2

3,7,11,13,17,23,37,6451,
18583,51162187

113k8B3567
2
·641

2
113

115k8B1237
2

3,5,19,23,572437,
5168196102449

117k8I819
2

3,13,181

118k8C837
2

5,13,17,59,163,
3923085859759909

119k8C161283
2

3,7,13,17,109,883,5324191,
91528147213

121k8F671
2

3,11,17,41

121k8G1213
2

3,11

121k8H1219
2

5,11

125k8D16179
2

5

127k8B3959
2

127
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fdegfB(boundforX)alloddcongruenceprimes

128k8F411
2

1

131k8B43241
2
·817838201

2
131

134k8C1161
2

11,17,41,67,71,421,
2356138931854759

137k8B4271
2
·749093

2
137

139k8B4347
2
·89

2
·1021

2
139

141k8C1413
2

3,5,7,47,4639,43831013,
4047347102598757

142k8B1011
2

3,53,71,56377,
1965431024315921873

143k8C19307
2

3,11,13,89,199,409,178397,
639259,1744053597287

143k8D21109
2

3,7,11,13,61,79,103,173,
241,
769,36583

145k8C1729587
2

5,11,29,107,251623,393577,
518737,9837145699

146k8C123691
2

11,73,269,503,1673540153,
11374452082219

148k8B1119
2

3,37

149k8B4711
4
·40996789

2
149

43k10B17449
2

43

47k10B202213
2

47

53k10B21673
2

53

55k10D971
2

3,5,11,251,317,61339,
19869191

59k10B2537
2

59

62k10E723
2

3,31,101,523,617,41192083

64k10K219
2

3

67k10B26191
2
·617

2
67

68k10B783
2

3,7,17,8311

71k10B301103
2

71
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fdegfB(boundforX)alloddcongruenceprimes

19k12B967
2

5,17,19,31,571

31k12B1567
2
·71

2
31,13488901

35k12C617
2

5,7,23,29,107,8609,1307051

39k12C673
2

3,13,1491079,3719832979693

41k12B2054347
2

7,41,3271,6277

43k12B20212969
2

43,1669,483167

47k12B2324469
2

17,47,59,2789

49k12H12271
2

7

Table2:ConjecturallynontrivialX(mostlyinvisible)

References

[AL]A.O.L.Atkin,J.Lehner,HeckeoperatorsonΓ0(m),Math.Ann.
185(1970)135–160

[AS]A.Agashe,W.Stein,VisibilityofShafarevich–Tategroupsofabelian
varieties,preprint

[BS-D]B.J.Birch,H.P.F.Swinnerton-Dyer,Notesonellipticcurves.Iand
II,J.reineangew.Math.212(1963)7–25and218(1965)79–108

[B]S.Bloch,AlgebraiccyclesandvaluesofL-functions,J.reineangew.
Math.350(1984)94–108

[BCP]W.Bosma,J.Cannon,andC.Playoust,TheMagmaalgebrasystem.
I.Theuserlanguage,J.SymbolicComput.24(1997)no.3-4,235–
265,Computationalalgebraandnumbertheory(London,1993)

[Be]A.Beilinson,Heightpairingbetweenalgebraiccycles,inCurrent
trendsinarithmeticalalgebraicgeometry(K.Ribet,ed.)Contemp.
Math.67(1987)1–24

[BK]S.Bloch,K.Kato,L-functionsandTamagawanumbersofmotives,
TheGrothendieckFestschriftVolumeI,333–400,ProgressinMathe-
matics,86,Birkhäuser,Boston,1990

[Ca1]H.Carayol,Surlesreprésentations`-adiquesassociéesauxformes
modulairesdeHilbert,Ann.Sci.ÉcoleNorm.Sup.(4)19(1986)409–
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