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Abstract

Oneofthebest-lovedtalesinalgebraicgeometryisthesagaofthe
blowupofP2ind≤8generalpointsanditsanticanonicalembedding.
IfadelPezzosurfaceFwithlogterminalsingularitieshasalarge
anticanonicalsystem|−KF|,itcanlikewisebeblownupmanytimes
toproducecascadesofdelPezzosurfaces;asintheancientfable,a
blowupcanbeviewedasaprojectionfromabiggerweightedprojective
spacetoasmallerone,leadinginnicecasestoweightedhypersurfaces
orotherlowcodimensionGorensteinconstructions.Thesimplestex-
amplesalreadygiveseveralbeautifulcascades,thatweexploitastest
casesforpracticeinthestudyofvariouskindsofprojectionsandun-
projections.Webelievethatthesecalculationswilleventuallyhave
moreseriousapplicationstoFano3-foldsofFanoindex≥2,involving
1001lovelyandexoticadventures.

1ThestoryofF3

Onceuponatime,therewasasurfaceF=F3,knowntoallasthecone
overthetwistedcubic,orasP(1,1,3)=Projk[u1,u2,v],wherewtu1,u2=
1,wtv=3.TheanticanonicalclassofFis−KF=OF3(5),sothatits
anticanonicalringR(F,−KF)isthefifthVeroneseembeddingortruncation
k[u1,u2,v]

(5)
.Weseethatthisringisgeneratedby

x1,...,x9=S
5
(u1,u2),S

2
(u1,u2)vindegree1,

y1,y2=u1v
3
,u2v

3
indegree2,

z=v
5

indegree3,

where,asusual,wewriteS
d
(u1,u2)={u

d
1,u

d−1
1u2,...,u

d
2}forthesetof

monomialsofdegreedinu1,u2.
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Notethatthetwogeneratorsy1,y2indegree2areessentialasorbifold
coordinatesororbinatesatthesingularpoint.Thispointissimpleandwell
known,butwespellitout,asitisessentialfortheenjoymentofournarrative:
atP=Pv=(0,0,1)∈P(1,1,3),onlyv6=0.Wetakeacuberootξ=

3√v,
thusintroducingaZ/3Galoisextensionofthehomogeneouscoordinatering.
Thehomogeneousratiosu1/ξ,u2/ξarecoordinatesonacopyofC

2
,whichis

aZ/3coverofanaffineneighbourhoodofP;hencePisaquotientsingularity
oftype

1
3(1,1).InourtruncatedsubringR(F,−KF),onlyz6=0atP,and

thesameorbinatesareprovidedbythehomogeneousratiosy1/z
2/3
,y2/z

2/3
.

IntheprojectiveembeddinggivenbyR(F,−KF),sincetheorbinatesare
naturallyformsofdegree2,wethinkofPasaquotientsingularityoftype
1
3(2,2).

TherearemanywaysofseeingthattheHilbertfunctionofR(F,−KF)is
givenby

Pn=h
0
(F,−nKF)=1+

25

3

(n+1

2

)
−
{1

3ifn≡1mod3

0otherwise

foralln≥0,andthustheHilbertseriesis

PF(t):=
∑

Pnt
n

=
1+7t+9t

2
+7t

3
+t

4

(1−t)2(1−t3)
.

YoucandothisasanexerciseinorbifoldRR([YPG],ChapterIII);oranother
wayistomultiplytheHilbertseries1/(1−s)

2
(1−s

3
)ofk[u1,u2,v]through

by(1−s
5
)
2
(1−s

15
),truncateittothepolynomialconsistingonlyofterms

ofdegreedivisibleby5,andsubstitutes
5

=t.
NowletS=S

(d)
→FbetheblowupofFindgeneralpointsPi,ford≤8.

WriteEiforthe−1-curvesoverPi.SinceKS=KF+∑Ei,theanticanonical
ringR(S,−KS)consistsofelementsofR(F,−KF)ofdegreenpassingntimes
throughPi.Thuseachpointimposesoneconditionindegree1,3indegree2,
etc.ThereforetheHilbertseriesofSis

PS(t)=PF(t)−d×
t

(1−t)3=
1+(7−d)t+(9−d)t

2
+(7−d)t

3
+t

4

(1−t)2(1−t3)
.

InparticularS
(d)

hasanticanonicaldegree
25−3d

3=(8−d)+
1
3.Thefirstcases

arelistedinTable1.1;thefirstthreemodelssuggestedbytheHilbertfunction
workwithouttrouble.ForS

(6)
,theHilbertfunctionrequires3generatorsin

degree1,2indegree2,and1indegree3,andthecorrespondingHilbert
numeratoris

(1−t)
3
(1−t

2
)
2
(1−t

3
)PS(t)=1−2t

3
−3t

4
+3t

5
+2t

3
−t

8
.
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d=81/3PS(t)=
1+t5

(1−t)(1−t2)(1−t3)S10⊂P(1,2,3,5)

d=74/3PS(t)=
1+2t2+t4

(1−t)2(1−t3)S4,4⊂P(1,1,2,2,3)

d=67/3PS(t)=
1+2t2−2t3−t5
(1−t)3(1−t3)SPf⊂P(1

3
,2

2
,3)

d=510/3PS(t)=
1+t2−4t3+t4+t6

(1−t)4(1−t3)codim4

d=413/3PS(t)=
1−t2−4t3+4t4+t5−t7

(1−t)5(1−t3)codim5

Table1.1:ThecascadeaboveS10⊂P(1,2,3,5)

ThisindicatesthatS
(6)
⊂P(1

3
,2

2
,3)shouldbedefined(incoordinates

x1,x2,x3,y1,y2,z)bythePfaffiansofa5×5skewmatrix

A(S
(6)

)=





x1x2b14b15

x3b24b25

b34b35

z



ofdegrees





1122
122

22
3



.(1.1)

Weseethatthisworks:thusthe3Pfaffiansinvolvingzgivexiz=···,so
thatatthepointPz=(0,...,0,1)thethreexiareeliminatedasimplicit
functions,andPzisa

1
3(2,2)singularitywithorbinatesy1,y2.

Remark1.1ForS
(5)

andS
(4)

,innocentlyputtinginonlythegenerators
requiredbytheHilbertseriessuggeststhesimilarcodimension3Pfaffian
modelsofTable1.2.However,experiencesaysthattheycannotpossibly

d=5
1−4t3−t4+t4+4t5−t8
(1−t)4(1−t2)(1−t3)S

(5)
⊂P(1

4
,2,3)

(1111
222

22
2

)

d=4
1−t2−4t3+4t4+t5−t7

(1−t)5(1−t3)S
(4)
⊂P(1

5
,3)

(1112
112

12
2

)

Table1.2:CandidatePfaffianmodelsthatdon’twork

work:eachoftheseisamirageofatypeencounteredmanytimesinthe
courseofpreviousadventures.Foronething,thereisnowhereforavariable
ofdegree3toappearinthematrix,sothatitsPfaffiansdefineaweighted
projectiveconewithvertex(0,...,0,1)overabaseC⊂P(1

4
,2)(respectively,

C⊂P
4
)thatisaprojectivelyGorensteincurveCwithKC=O(2);thecone

pointisnotlogterminal.Foranother,theanticanonicalringneedstwo
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generatorsofdegree2toprovideorbinatesatthesingularityoftype
1
3(2,2).

Theconclusionisthatwehavenotyetputinenoughgeneratorsforthegraded
ring(or,inothercontexts,thatthevarietyweseekdoesnotexist).Mirages
ofthistypeappearalloverthestudyofgradedrings,asdiscussedin3.3.

Asweseebelow,S
(d)

isanexplicitconstructionfromF3,andhaspro-
jectionsdowntoS10⊂P(1,2,3,5)orS4,4⊂P(1,1,2,2,3),sothatwecan
findoutanythingwewanttoknowabouttheringsR(S,−KS)byworkingin
birationalterms,eitherfromabovebyprojectingfromF3,orfrombelowby
unprojectingfromoneofthelowcodimensioncases.Wefirstrelatewithout
proofwhathappens.Listenandattend!

ConsiderS=S
(5)

first.First,R(S,−KS)hastwogeneratorsy1,y2and
onerelationindegree2;theHilbertseriesonitsowncannotdetectthis,
becausetherelationmasksthesecondgenerator.Onceyouknowabout
theadditionalgenerator,theanticanonicalmodelofS

(5)
isacodimension4

constructionS
(5)
⊂P(1

4
,2

2
,3),withHilbertnumerator

(1−t)
4
(1−t

2
)
2
(1−t

3
)PS(t)=1−t

2
−4t

3
+8t

5
−4t

7
−t

8
+t

10
;

however,thereisstillmoremaskinggoingon:althoughtheHilbertseries
onlydemandsonerelationindegree2and4indegree3,thereareinfactalso
4relationsand4syzygiesindegree4,andtheringhasthe9×16minimal
resolution

OS←OP←OP(−2)⊕4O(−3)⊕4O(−4)

←4OP(−4)⊕8O(−5)⊕4O(−6)←···(sym.)(1.2)

Thesyzygymatrixesinthiscomplexhave4×4blocksofzeros(ofdegree0).
WerepresentthisbywritingouttheHilbertnumeratorastheexpression

1−t
2
−4t

3
−4t

4
+4t

4
+8t

5
+4t

6
−4t

6
−4t

7
−t

8
+t

10
,

wherethespacingissignificant.Likewise,S
(4)

isthecodimension5construc-
tionS

(4)
⊂P(1

5
,2

2
,3),with14×35resolutionrepresentedby

1−3t
2
−6t

3
−5t

4
+2t

3
+12t

4
+15t

5
+6t

6

−6t
5
−15t

6
−12t

7
−2t

8
+5t

7
+6t

8
+3t

9
−t

11
.(1.3)

TheseassertionscanbejustifiedeitherbyviewingS
(d)

asprojectedfrom
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F=F3,orasunprojectedfromS
(d+1)

.Forconvenience,wedoS
(5)

from
below,andS

(4)
fromabove(butwecoulddoeithercasebytheothermethod,

withslightlylongercomputations).
ProjectingfromageneralP∈S

(5)
blowsPuptoa−1-curvel=P

1
con-

tainedinthePfaffianmodelofS
(6)
⊂P(1

3
,2

2
,3).Inversely,S

(5)
isobtained

astheKustin–Millerunprojectionofl⊂S
(6)

(seePapadakisandReid[PR]):
theringofS

(5)
isgeneratedoverthatofS

(6)
byadjoining1unprojectionvari-

ablex=x4ofdegreekS−kl=−1−(−2)=1,withunprojectionequations
x·gi=···,forthegeneratorsgiofIl.Nowlisclearlyacompleteintersection
of4hypersurfacesofdegrees1,2,2,3(itisx3=y1=y2=z=0uptoa
coordinatechange).TheringofS

(5)
thushasequationstheoldequationsof

S
(6)

ofdegrees3,3,4,4,4(thePfaffians(1.1)definingA(S
(6)

)),togetherwith
4unprojectionequationsofdegrees2,3,3,4.Thenumericalshapeoftheres-
olution(1.2)comesfromthisandGorensteinsymmetry.Thesameresultcan
beobtainedbyapplyingtheKustin–Millerconstructiondirectly:theprojec-
tiveresolutionoftheringofS

(6)
istheBuchsbaum–EisenbudcomplexL•of

thematrixA(S
(6)

),andthatoflistheKoszulcomplexM•oftheregular
sequencedefiningl.ThenR(S

(5)
)arisesfromahomomorphismL•→M•

extendingthemapOS(6)³Ol.Fordetails,seePapadakis[P2].
WejustifyS

(4)
intheotherdirection,byprojectingdownfromF.We

canchoosecoordinatestoputageneralsetof4pointsintheform

{P1,...,P4}⊂F=P(1,1,3)givenbyf4(u1,u2)=v=0.

Theanticanonicalringofthe4-pointblowupS
(4)

isthengeneratedby

x1,...,x5={u1f,u2f,S
2
(u1,u2)v}indegree1,

y1,y2=u1v
3
,u2v

3
indegree2,

z=v
5

indegree3.

Theidealofrelationsbetweenthesecanbestudiedbyexplicitelimination
(weusedcomputeralgebra,butitisnotatallessential);onefindsthatitis
generatedby

rank






∗x1x2y0

x1x3x4y1

x2x4x5y2

y0y1y2z





≤1,wherey0=q(x3,x4,x5).(1.4)

Takingy0asavariablegivesthesecondVeroneseembeddingoftheone
pointblowupofthe3-foldwpsP(

1
2,

1
2,

1
2,

3
2).ThusS

(4)
isahypersurface

ofweighteddegree2inthiscuriousweightedquasihomogenousvariety.The
secondVeroneseembeddingoftheonepointblowupofP

3
isawellknown
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codimension5delPezzovarietyappearinginothermyths,anditsequations
havea14×35resolution.Wecheckthatthisagreeswith(1.3).

Exercise1.2ChroniclethefateofF5anditsd-pointblowupS
(d)
→F5for

d≤9.[Hint:theHilbertseriesis

P(t)=
1+9t+9t

2
+11t

3
+9t

4
+9t

5
+t

6

(1−t)2(1−t5)−d×
t

(1−t)3

=
1+(9−d)t+(9−d)t

2
+(11−d)t

3
+(9−d)t

4
+(9−d)t

5
+t

6

(1−t)2(1−t5)
.

Thesingularitypolarisedby−K=Aisoftype
1
5(3,3),sothatS

(d)
isin

P(1
11−d,3,3,5).Thusd=9givesS6,6⊂P(1,1,3,3,5)andd=8givesanice

PfaffianinP(1,1,1,3,3,5),withHilbertnumerator

1−2t
4
−3t

6
+3t

7
+2t

9
−t

13
,

etc.]

Thesesurfaceshaveasingularityoftype
1
5(3,3);weweredisappointed

atfirsttoobservethatnoneoftheseisahyperplanesectionS∈|A|for
aMoriFano3-foldXofFanoindex2.ForthenXwouldhaveaquotient
singularityoftype

1
5(1,3,3),whichisunfortunatelynotterminal.Forfurther

disappointment,see3.2.2.

2Theingenioushistoryof
1
5(2,4)

LetTbeadelPezzosurfacepolarisedby−KT=OT(A)withaquotient
pointP∈Toftype

1
5(2,4)asitsonlysingularity.(Uptoisomorphism,

Pisthequotientsingularity
1
5(1,2),buttogivesectionsof−KTweight1,

andmakeOT(A)=−KTthepreferredgeneratorofthelocalclassgroup,we
twistµ5byanautomorphismsothatdξ∧dηisintheε7→εcharacterspace,
andthuswtξ=2,wtη=4mod5.)Byanexerciseinthestyleof[YPG],
ChapterIII,weseethat

Pn(T)=1+

(n+1

2

)
A

2
−









0n≡0mod5

2/5n≡1mod5

1/5n≡2mod5

2/5n≡3mod5

0n≡4mod5
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Tryingn=1givesA
2
≡2/5modZ.PuttingthesevaluesinaHilbertseries

asusualandsettingA
2

=k+
2
5gives

P(t)=
1

1−t
+

t

(1−t)3A
2
−

1

5·
2t+t

2
+2t

3

1−t5

=
1

1−t
+

t

(1−t)3k

+
1

5·
2t(1+t+t

2
+t

3
+t

4
)−(1−t)

2
(2t+t

2
+2t

3
)

(1−t)2(1−t5)

=
1−t+t

2
+t

4
−t

5
+t

6

(1−t)2(1−t5)
+

t

(1−t)3k.

Thecasek=0gives

1−t+t
2

+t
4
−t

5
+t

6

(1−t)2(1−t5)
=

1+t
3

+t
4

+t
7

(1−t)(1−t2)(1−t5)

=
1−t

6
−t

8
+t

14

(1−t)(1−t2)(1−t3)(1−t4)(1−t5)
,

thatis,T6,8⊂P(1,2,3,4,5).
Thissurfaceturnsouttobethebottomofacascadeofsixprojections,

whoseheadisthesurfaceT=T6⊂P(1,1,3,5)with−KT=A=O(4).
Weguessedthisasfollows:bythestandarddimensioncountfordelPezzo
surfaces,weexpectT6,8tocontainafinitenumberof−1-curvesnotpassing
throughthesingularity.Contractingkdisjoint−1-curvesgivesasurface
withK

2
T=A

2
=k+

2
5andtheaboveHilbertseries.Fork=6,weseethat

A
2

=6+
2
5=

32
5isdivisibleby4

2
,andweguessthatA=4B,leadingtoa

surfacewiththeHilbertseriesofT=T6⊂P(1,1,3,5).Hindsightistheonly
justificationforthisguesswork.

OneseesthattheminimalresolutionT̃→TisthescrollF3blownupin
twopointsonafibre,andthatTisobtainedfromthisbycontractingthe
chainofP

1
swithself-intersection(−3,−2)comingfromthenegativesection

andthebirationaltransformofthefibre(seeFigure2.1).

−3

B

−2
�
�
F1

@
@
F2

Figure2.1:ResolutionofT=T6⊂P(1,1,3,5)

Westartbycalculatingtheanticanonicalringoftheheadofthecascade,
T=T6⊂P(1,1,3,5).Takecoordinatesu1,u2,v,winP(1,1,3,5),andtake
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thedefiningequationofTtobe

u2w=f6(u1,v)=av
2

+bvu
3
1+cu

6
1=l1(v,u

3
1)l2(v,u

3
1);(2.1)

wecouldnormalisetheright-handsideto(v−u
3
1)(v+u

3
1).Weusethisrela-

tiontoeliminateanymonomialdivisiblebyu2w.WriteBforthedivisorclass
correspondingtoOP(1)oritsrestrictiontoT.Since−KT=4B,theanti-
canonicalembeddingofTisthe4thVeroneseembeddingofT⊂P(1,1,3,5);
onechecksthattheanticanonicalringisgeneratedby

x1,...,x7=S
4
(u1,u2),(u1,u2)vindegree1,

y1,y2=u
3
1w,vwindegree2,

z=u
2
1w

2
indegree3,

t=u1w
3

indegree4,

u=w
4

indegree5,

(2.2)

andthatitsrelationsaregivenbythe2×2minorsof


x1x2x3x4x6y1zt
x2x3x4x5x7ABC
y1ABCy2ztu


,(2.3)

with

A=ax
2
6+bx1x6+cx

2
1,

B=ax6x7+bx2x6+cx1x2,

C=ax
2
7+bx3x6+cx1x3.

Theorem2.1Ford≤6,writeσ:T
(d)
99KTfortheblowupofTindgeneral

pointsP1,...,Pd.(Weelucidatewhat“general”meansin(2.6)below.)Write
Eiforthe−1-curvesoverPiandA

(d)
=σ∗A−∑Eifortheanticanonical

classofT
(d)

.ThenT
(d)

isalogdelPezzosurfacewithonlysingularityoftype
1
5(2,4)and(−KS)

2
=6−d+

2
5.

Ford≤5,theanticanonicalringofT
(d)

needs12−dgeneratorsofdegrees
1

7−d,22
,3,4,5,andgivesanembeddingT

(d)
⊂P(1

7−d,22
,3,4,5)thattakesthe

Eitodisjointprojectivelynormallines

Ei∼=P
1
⊂T

(d)
⊂P(1

7−d,22
,3,4,5).

TheanticanonicalringofT
(6)

needs5generatorsofdegrees1,2,3,4,5,
andembedsT

(6)
asthecompleteintersectionT6,8⊂P(1,2,3,4,5),takingthe

Eitodisjoint−1-curvesinT6,8(ofcourse,theEi⊂P(1,2,3,4,5)cannotbe
projectivelynormal).

EachinclusionR(T
(d)
,A

(d)
)⊂R(T

(d−1)
,A

(d−1)
)ford≤5isaKustin–

Millerunprojectioninthesenseof[PR].Thatis,itintroducespreciselyone
newgeneratorofdegree1withpolealongEd,subjectonlytolinearrelations.
Ford=6,seeRemark2.5.
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ProofAsintheanalogousrecitationsfornonsingulardelPezzosurfaces,the
proofconsistsforthemostpartofrestrictingtothegeneralcurveC∈|A

(d)
|.

TherestrictionR(T
(d)
,A

(d)
)→R(C,A

(d)
)isasurjectiveringhomomorphism,

andisthequotientbytheprincipalideal(xC),wherexCistheequationof
C.Thusthehyperplanesectionprincipleapplies,andweonlyhavetoprove
theappropriategenerationresultsforR(C,A

(d)
).Intheantiquetale,Cis

anonsingularellipticcurve,andwewinbecauseweknoweverythingabout
linearsystemsonit.InourcaseC∈|−KT(d)|isanelephant,soisagain
aprojectivelyGorensteincurvewithKC=0,butitisanorbifoldnodal
rationalcurveinasenseweareabouttostudy.Ourproofwillthenboil
downtoamonomialcalculation.

ThegeneralcurveC∈|A|onTisirreducibleandhasanordinarynode
atP,andthetwoorbinatesofP∈Trestricttorespectivelocalanalytic
coordinatesonthetwobranchesofthenode.Inotherwords,P∈Cis

locallyanalyticallyequivalenttothequotient
(

(ξη=0)⊂C
2)
/(

1
5(2,4)),

whereξ,ηareasinRemark2.4.Tomakeformalsenseofthis,weneedto
workwiththeaffineconeoverT⊃Calongtheu-axis,andtheC∗actionon
them.TheconeoverTisnonsingularalongtheu-axisoutsidetheorigin,with
transversecoordinatesy2,t(see(2.8))–the

1
5(2,4)singularityarisesfromthe

Z/5isotropy.Thecoefficientofx6intheequation(xC)ofCisnonzeroin
general,correspondingtou1vin(2.2).Therefore,alongtheu-axis,thecone
overCisgivenlocallybyy2t=higherorderterms.

WechooseageneralcurveC∈|A|andd≤6generalpointsP1,...,Pd
containedinC.ThesepointsarealsoindependentgeneralpointsofT,be-
cause|A|isa6-dimensionallinearsystemonT.Thischoiceensuresthe
existenceofanirreduciblecurveC∈|A−∑Pi|withthelocalbehaviour
atPjustdescribed.ThebirationaltransformofConT

(d)
isanisomorphic

curveC∈|A
(d)
|thatwecontinuetodenotebyC.Itisirreducible,therefore

nef,andbigsince(A
(d)

)
2
>0.

Thenormalisationn:C̃→C⊂T
(d)

isaconventionalorbifoldcurve:it
isarationalcurvewithtwomarkedpointP1,P2,theinverseimageofthe
nodeofC.Incalculations,wetakeC=P

1
,andP1=0andP2=∞.Itis

polarisedbyÃ=n∗(A(d)
)=

3
5P1+

4
5P2+(5−d)Q,whereQissomeother

point.Thisisjustanotationaldevicetohandlethesheafofgradedalgebras

A=
⊕
AiwithAi=OP1

([3i

5

]
P1+

[4i

5

]
P2

)
⊗OP1((5−d)i).

WecalculateR(C̃,Ã)inmonomialterms(theanswerhasanicetoricdescrip-
tion,seeExercise2.2).

Ford=5,thecalculationsisasfollows:R(C̃,Ã)=R(P
1
,

3
5P1+

4
5P2)is
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generatedby

xindegree1withdivx=
3
5P1+

4
5P2,

y1,y2indegree2withdiv(y1,y2)=(2P1,2P2)+
1
5P1+

3
5P2,

zindegree3withdivz=3P1+
4
5P1+

2
5P2,

tindegree4withdivt=5P1+
2
5P1+

1
5P2,

u1,u2indegree5withdiv(u1,u2)=(7P1,7P2).

(2.4)

Here,ineachdegree,|iD|isthefractionalpart{
3i
5}P1+{

4i
5}P2plusalin-

earsystem|OP1(ki)|,basedbyelementscorrespondingtothemonomials
S
ki

(t1,t2),ofwhichthemiddleonesareold,andsomeoftheextremeones
arenewgenerators.Thusindegree2,k2=2,andthemonomialsy1,x

2
,y2

correspondtot
2
1,t1t2,t

2
2.

Exercise2.2ThegeneratorsofR(C̃,Ã)andtherelationsbetweenthemare
simplygraspedbynotingthatu1,t,z,y1,x,y2,u2in(2.4)satisfy

u1z=t
2
,ty1=z

2
,zx=y

2
1,y1y2=x

4
,xu2=y

3
2;

thisistheJung–HirzebruchpresentationoftheinvariantringofZ/(35)acting
onC

2
by

1
35(1,12),where[2,2,2,4,3]=

35
35−12.Thecased=6gives[2,2,4]=

10
7.Generalisingthisresulttothegeneralorbifoldcurve(P

1
,α1P1+α2P2)is

alittlegemofaproblem.

TheextensionofgradedringsR(C,A
(d)

)⊂R(C̃,Ã)isanormalisation,
separatingtwotransversesheetsalongtheu-axis.Theaffineconeoverthe
nonnormalcurveCisobtainedbyglueingtheu1andu2-axestogether(differ-
entchoicesofglueingdifferbyafactorinC∗,andleadtoisomorphicrings).
Thefunctionscompatiblewiththisglueingarethosethattakethesamevalue
onu1andu2-axes.ThusR(C,A

(d)
)⊂R(C̃,Ã)isthesubringgeneratedas

above,butwithonlyonegeneratoru=u1−u2indegree5insteadoftwo.
ThisprovesthestatementongeneratorsofR(S

(d)
,A

(d)
)ford=5.Thecases

d≤4aresimilar.
Incased=6,theorbifolddivisoronC̃=P

1
is

Ã=n∗(A(d)
)=

3

5
P1+

4

5
P2−Q.

AnidenticalcalculationshowsthatR(C̃,Ã)isgeneratedby

yindegree2withdivy=
1
5P1+

3
5P2,

zindegree3withdivz=
4
5P1+

2
5P2,

tindegree4withdivt=P1+
2
5P1+

1
5P2,

u1,u2indegree5withdiv(u1,u2)=(2P1,2P2).

(2.5)
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Asbefore,thenonnormalsubringR(C,A
(d)

)isgeneratedbyy,z,tandu=
u1−u2,andoneseesthattherelationsare

yt=z
2
,zu=t

2
−y

4
.

Thatis,CisthecompleteintersectionC6,8⊂P(2,3,4,5),asrequired.

ThisprovestheassertionofTheorem2.1onthegenerationoftherings
R(T

(d)
,A

(d)
).ThisproofusesthatA

(d)
isnefandbig,butnotthatitisample.

WenowprovethatA
(d)

isample.Itisenoughtoshowthattheanticanon-
icalmorphismofT

(d)
doesnotcontractanycurveΓofT,orequivalently,that

T
(d)

doesnotcontainanycurvewithA
(d)

Γ=0.Nowbecausethegenerators
ofR(T

(d)
,A

(d)
)includeelementsy2,tin(2.4)ory,tin(2.5)thatgivethe

orbinatesatP∈A,theanticanonicalmorphismofT
(d)

isanisomorphism
nearP,andsoΓcannotpassthroughP.Ontheotherhand,acurvewith
A

(d)
Γ=0isnecessarilyacomponentofadivisorinthemobilelinearsystem

|A
(d)
|ifd≤5,or|2A

(d)
|ifd=6.

OneseesthatT=T6⊂P(1,1,3,5)hasafreepencil|B|definedby
(u1:u2),withareduciblefibreu2=0thatsplitsintotwocomponentsFi:
(u2=li=0),where,asin(2.1),theequationofTisu2w=l1(v,u

3
1)l2(v,u

3
1)

(compareFigure2.1).EveryeffectiveWeildivisorislinearlyequivalentto
apositivelinearcombinationofF1,F2.ThesesatisfyF

2
1=F

2
2=−

2
5and

F1F2=
3
5,sothatiF1+jF2isnefifonlyif

2
3j<i<

3
2j.Moreover,iF1+jF2

canonlymoveawayfromPifitisCartierthere,whichhappensifandonly
if5|(i+j).NextiF1+jF2acomponentof|A|=|4F1+4F2|(resp.|2A|)
impliesi,j≤4(resp.i,j≤8).

Thusford≤5wejusthavetohandleΓ∈|2F1+3F2|and|3F1+2F2|.
Since−KTΓ=4and(Γ)

2
=2,RRgivesh

0
(T,Γ)=4,andforgeneralpoints,

no4ofP1,...,PdarecontainedinΓ.Thiscompletestheproofifd≤5.For
d=6wealsoneedtoconsider

4F1+6F2,5F1+5F2and7F1+8F2.

ThepropertransformofacurveΓ⊂TwillgiveA
(d)

Γ=0ifΓ∈|A|passes
throughthePiwithmultiplicityai,where

∑
ai=−KTΓ,

∑
ai=(Γ)

2
.

Inthe3casesabove,theonlysolutionsare

Γ=4F1+6F2:−KTΓ=8,(Γ)
2

=8,none;
Γ=5F1+5F2:−KTΓ=8,(Γ)

2
=10,(1,1,1,1,2,2);

Γ=7F1+8F2:−KTΓ=12,(Γ)
2

=24,(2,2,2,2,2,2).
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TheconclusionisthatA
(d)

isampleifandonly

(0)thePiaredistinctandcontainedinanirreduciblecurveC∈|A|;
(1)no4PiarecontainedinanyΓ∈|2F1+3F2|or|3F1+2F2|;
(2)|5F1+5F2−P1−P2−P3−P4−2P5−2P6|=∅;
(3)|7F1+8F2−2∑Pi|=∅and|8F1+7F2−2∑Pi|=∅.

(2.6)

Hereconditions(2–3)areonlyrequiredifd=6.
TheseareopenconditionsonP1,...,Pd,andtheyshouldfailincodi-

mension1.ItremainstocheckthattheyaresatisfiedforgeneralP1,...,P6.
WriteCfortheuniquecurveof|A|throughP1,...,P6.ThenanydivisorΓ
onTinCase(2)containsC:indeed,

(
5F1+5F2−P1−P2−P3−P4−2P5−2P6

)
|C

hasdegree0,butisnotlinearequivalentto0onCforgeneralP1,...,P6

(recallthatCisanodalcubic,sothatitsnonsingularpointscorrespondto
differentpointsofthealgebraicgroupPicC=C∗).ThusΓ=C+B,where
|B|=|F1+F2|isthepencilofT.Clearly,theelementof|B|throughP5does
notingeneralpassthroughP6.TheargumentinCase(3)issimilar:adivisor
ΓinCase(3)mustbeoftheformC+D,whereD∈|3F1+4F2−∑Pi|.But

h
0
(T,3F1+4F2)<h

0
(T,4F1+4F2)=h

0
(T,−KT)=7,

(see(2.2))sothat|3F1+4F2|doesnotcontainacurvethrough6general
pointsofT.QED

Exercise2.3StateandprovetheanalogofTheorem2.1forthecascadeof
Section1.Inotherwords,provethatthedpointblowupofF3ford≤8has
thepropertiesasserted(withoutproof!)throughoutSection1.

Remark2.4Themonomialsin(2.2)maptosomeofthelocalgeneratorsof
thesheafofalgebras⊕4

i=0OT,P(i)atthe
1
5(2,4)singularity.Indeed,writeξ,η

forε
2

andε
4

eigencoordinatesonC
2
;thenOTisthesheafofinvariantfunc-

tions,locallygeneratedbyξ
5
,ξ

3
η,ξη

2
,η

5
,whereastheeigensheavesOT,P(i)

aremodulesoverOT,P,andarelocallygeneratedby

OT,P(1)3ξ
3
,ξη,η

4

OT,P(2)3ξ,η
3

OT,P(3)3ξ
4
,ξ

2
η,η

2

OT,P(4)3ξ
2
,η

OT,P(5)31.

(2.7)
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ThenthehomogeneoustoinhomogeneouscorrespondenceatP(setting
5√w=

1)hastheeffect

u17→ηandv7→ξ,

sothatthegeneratorsofR(T,−KT)maptolocalgeneratorsofOT,P(i)by

deg1:x1=u
4
17→η

4
,x6=u1v7→ξη,∅7→ξ

3
;

deg2:y1=u
3
1w7→η

3
,y2=vw7→ξ;

deg3:z=u
2
1w

2
7→η

2
,x6y2=u1v

2
w7→ξ

2
η,∅7→ξ

4
;

deg4:t=u1w
3
7→η,y

2
2=v

2
w

2
7→ξ

2
;

deg5:u=w
4
7→1.

(2.8)

Theremaininggeneratorsin(2.7)arehitbymonomialsinthesegenerators:
forexample,ξ

3
∈OT(1)isfirsthitbyy

3
2indegree6.ThusOT(i)isnot

alwaysgeneratedbyitsH
0
,andnotjustbecausetheH

0
(OX(i))aretoosmall.

However,byampleness,R(T,−KT)mapssurjectivelytolocalgeneratorsof ⊕4
i=0OT(i),sothat,forexample,theorbinatesξandηmustbehitbysome

generatorsofR(T,−KT).

Remark2.5(DetailedcalculationsofTypeIIprojection)Wehope
eventuallytousethetwocascadesofsurfacestreatedinSections1and2as
exercisesinunderstandingTypeIIunprojectionasin[Ki],Section9,andin
particular,solvetheunfinishedcalculationinloc.cit.,9.12.Theunprojection
fromS10⊂P(1,2,3,5)toS4,4⊂P(1,1,2,2,3)iscoveredbytheequations
of[Ki],9.8.Theonlylittlesurprisehereisthat,insteadofincreasingthe
codimensionby2,oneoftheentriesinthe5×5Pfaffianmatrixisaunit,
andoneoftheequationsmasksthevariableofdegree5asacombinationof
othervariables.

Ontheotherhand,theunprojectionfromS6,8⊂P(1,2,3,4,5)leadsto
acodimension4ring,andthecalculationissimilartotheoneunfinished
in[Ki],9.12.TheimageΓofP

1
↪→P(1,2,3,4,5)cannotbeprojectively

normal;indeed,ifv1,v2arecoordinatesonP
1

andx,y,z,t,ucoordinateson
P(1,2,3,4,5),thetworingshavemonomials

P(1,2,3,4,5)P
1

indegree1xv1,v2

indegree2x
2
,yv

2
1,v1v2,v

2
2

indegree3x
3
,xy,zv

3
1,v

2
1v2,v1v

2
2,v

3
2

indegree4x
4
,x

2
y,y

2
,xz,tS

4
(v1,v2)

andtherestrictionmapfromP(1,2,3,4,5)toΓclearlymissesatleastone
monomialineachdegree1,2,3.ChooseS6,8containingΓ.Unprojecting
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itaddsonelineargenerator,andonegeneratorineachdegree2,3and4
correspondingtothesemissingmonomials(thiswillbeexplainedbetterin
[qG]).Theoldvariablesofdegree3and4aremaskedbyequations,andthis
givesrisetoacodimension4surfaceS′⊂P(1,1,2,2,3,4,5).Westilldonot
knowhowtocompletethiscalculationdirectly.

Remark2.6IntheprojectionfromF3ofSection1,wealwaysassumedthat
theblownuppointswereingeneralposition.IntheclassicepicofdelPezzo
surfaces,therearelotsofinterestingdegenerations,mostsimplyif3points
inP

2
becomecollinear.ThesimplestwaythatblowupsofF3degenerateis

thattwopointscometolieonafibreloftherulingofF3.Ifweprojectfrom
twopointsonl,thebirationaltransformofthefibrelbecomesa−2-curve,
andcontractingittogetherwiththenegativesectionofF3givesa

1
5(1,2)

singularity.ThusallthesurfacesinSection2aredegenerateprojections
ofthoseinSection1.Forexample,T6⊂P(1,1,3,5)isaprojectionofF3

from2pointsinafibre(seeFigure2.1).Thisgivesatopdownelimination
argumentasonpage231thatmightallowsustocompletethetrickyType2
unprojectioncalculationjustdiscussed.

Thistypeofcontractionbetweensurfaceswithlogterminalsingularities
correspondstothebadlinksof[CPR],5.5.Wedonotmakethistooprecise.
Thefactthatweblowupapoint,thenunexpectedlycontractthelinelwith
negativediscrepancyisanalogoustoSarkisovlinksinvolvinganantiflip.The
regularkindofblowupofanonsingularpointinadelPezzocascadedecreases
K

2
Sby1,andtheHilbertfunctionPS(t)byt/(1−t)

3
=t+3t

2
+6t

3
+10t

4
+···;

whereasthespecialblowup(ofapointcontainedinacurveofdegree2/3that
isacomponentofasplitfibreoftheconicbundlestructure)consideredhere
onlydecreasesK

2
Sby14/15,andPS(t)by

t(1+2t+3t
2

+2t
3

+3t
4

+2t
5

+t
6
)

(1−t)(1−t3)(1−t5)

=t+3t
2

+6t
3

+9t
4

+14t
5

+20t
6

+26t
7

+···

3Finalremarks

3.1Whyweightedprojectivevarieties?

Nonsingularsurfacesoverafieldkthatarerationalorruledoverk(that
is,haveκ=−∞)areprominentobjectsofstudyinbirationalgeometry
andinDiophantinegeometry.ByatheoremofCastelnuovo(adistinguished
precursorofMoritheory!),suchasurfacecanbeblowndown(overk)toa
minimalsurface,whichisadelPezzosurfaceofrank1,oraconicbundle
overacurvewithrelativerank1.Injustifyingthepre-eminentpositionof
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thecubicsurfacesamongdelPezzosurfaces,PeterSwinnerton-Dyerobserves
thatdelPezzosurfacesofdegree≥4areinmostrespectstoosimpletobe
interesting,whereasdelPezzosurfacesofdegree2and1tendtobemuchtoo
difficult.WhereasthecubicsurfaceisassociatedwiththerootsystemsE6,
thoseofdegree2and1,theweightedhypersurfacesS4⊂P(1

3
,2)andS6⊂

P(1
2
,2,3),areassociatedwithE7andE8,andaremuchmorecomplicated

fromessentiallyeverypointofview(Galoistheory,biregularandbirational
geometry,Diophantinearithmetic,etc.).InPeter’swords:

“ifyourresearchadvisergivesyouaprobleminvolvingdelPezzo
surfacesofdegree2and1,itmeanshereallyhatesyou.”

Inviewofthis,workingwithdelPezzosurfaceswithcyclicsingularities
mayseemperverse,sinceitleadstoevenmoreexoticweightedprojective
constructions.ForexampleourmodelcaseisS10⊂P(1,2,3,5),the8point
blowupofF3.ItmakessensetowritedowntheequationofS10overany
field,andtoaskforitssolutions:doesthisleadtoanyinterestingproblems
ofbirationalgeometryorDiophantinearithmetic?TheGaloisgroupofthe
configurationofeight−1-curvesisclearlythesymmetricgroupsS8.Incon-
trasttotheminimalcubicsurface,thisisbirationaloverkinanobviousway
totheconicbundleF3→P

1
,withthemarkedsection,andasetof8points

definedoverk.Thissuggeststhatoursurfacesareactuallysimplerobjects
anddonotinvolveespeciallydifficultorinterestingDiophantineissues.On
amorepositivenote,logdelPezzosurfacescomeinlargeinfinitefamilies,
amongwhichwecansurelyalwaysfindsomereallycomplicatedcaseforthe
graduatestudentwhodeservesthatspecialattention.

3.2LogdelPezzosurfacesandFano3-foldsofindex2

3.2.1Thefabuloushalf-elephant

OurmainmotivationwasofcoursetouselogdelPezzosurfacestostudyFano
3-foldsofFanoindexf=2.TheFanoindexofaFano3-foldXintheMori
categoryisthemaximumnaturalnumberfsuchthat−KX=fAwithAa
WeildivisorofX.OurmodelisthegeneralstrategyofAltınok,Brownand
Reid[ABR],thatusesK3surfacesastechnicalbackgroundandmotivationin
thestudyofFano3-foldsofindex1.IfXisaFanowith−KX=2Atwicean
ampleWeildivisor,asufficientlygoodsurfaceS∈|A|isadelPezzosurface
(ifitexists,seebelow);anelementof|−KX|iscalledanelephant,soS∈|A|
isahalf-elephant.InthetwocascadesofSections1and2,allthedelPezzo
surfacesuptocodimension3extendinanunobstructedwaytoFano3-folds.
Thusforexample,wehaveFano3-foldsofindex2

X10⊂P(1
2
,2,3,5),X4,4⊂P(1

3
,2

2
,3),andXPf⊂P(1

4
,2

2
,3)



          

242CascadesofprojectionsfromlogdelPezzosurfaces

extendingthedelPezzosurfacesofTable1.1.Whathappensincasesof
codimension4isacomputationbasedonthesameprojectioncascadethat
wehavenothadtimetofinish;thebasicquestionistofindallPfaffian
3-foldsXPf⊂P(1

4
,2

2
,3)containingalinearlyembeddedP

2
↪→P(1

4
,2

2
,3).

ItseemslikelythatthesingleunprojectiontypefordelPezzosurfacesfrom
codimension3to4splitsintoTomandJerrycasesforFano3-foldsthatare
essentiallydifferent(compare[Ki],Example6.4and6.8and[P1]–[P2]).

Ontheotherhand,thecodimension5surfaceS
(4)
⊂P(1

5
,2

2
,3)of(1.4)

probablydoesnothaveanyextensionindegree1toaFano3-foldofindex2:
weconjecturethisbecauseitseemshardtoincorporateanewvariablex6of
degree1intotheequations(1.4)inanontrivialwaytogivea3-foldhaving
onlyterminalsingularities.

3.2.2Agoodhalf-elephantisanextremelyrarebeast

Incontradictiontoourinitialhopes,mostFano3-foldsXofindex2donot
haveahalf-elephant,andmostlogdelPezzosurfaceSdonotextendtoaFano
3-foldofindex2.AnobviousnecessaryglobalconditionisP1(X)≥1,but
therearealsoseverelocalrestrictionsonthebasketofquotientsingularities:
eachquotientsingularity

1
r(1,a,r−a)inthebasketofXmusthave2a∼=

±1modr(sothatwhenwerewritethesingularityas
1
r(2,2a,r−2a),the

equationofSindegree1canbeoneoftheorbinates).Inslightlydifferent
terms,aswesawin1.2,adelPezzosurfaceSwithasingularityoftype
1
r(a,b),polarisedby−KS=A,sothata+b∼=1modr,canonlyextendto
aFano3-foldofindex2ifa+1orb+1∼=0modr(compareExample1.2),
sothat

1
r(1,a,b)isterminal.

Theseconditionsrestrictstheseveralthousandbasketsforindex2Fanos
tojustahandfulhavingapossiblelogdelPezzosurfaceashalf-elephant.
Table3.1isapreliminarylistofafewf=2Fano3-foldswithoutanyprojec-
tionsfromsmoothpoints(notcomplete,butpossiblyfairlytypical).Apart
fromNos.1and2thatwealreadyknowfromSections1–2,theonlycasesin
thislisthavingagoodhalf-elephantareNo.12,X10,12⊂P(1,2,3,5,6,7)and
No.14,X8,10⊂P(1,2,3,4,5,5).

3.2.3Fano3-foldsofindex2andprojections

QuiteindependentlyofdelPezzosurfaces,Fano3-foldsofindex2usually
haveprojectionsbasedonblowingupanonsingularpoint,sooftenbelongto
projectioncascades.SupposethatXisaFano3-foldintheMoricategory
(thatis,withatworstterminalsingularities)and−KX=2AwithAaWeil
divisor.Considertheblowupσ:X′→XatanonsingularpointP∈X
withexceptionalsurfaceE∼=P

2
.Thenbytheadjunctionformulafora

blowup,−KX′=2A′,whereA′=σ∗A−E.IfA
3
>1andP∈Xis



           

MilesReidandKaoriSuzuki243

1.X10⊂P(1,1,2,3,5)
1
3(2,2,1)

2.X6,8⊂P(1,1,2,3,4,5)
1
5(1,2,4)

3.X10,14⊂P(1,2,2,5,7,9)
1
9(2,2,7)

4.X12,14⊂P(1,2,3,4,7,11)
1
11(2,4,7)

5.X8,10⊂P(1,2,2,3,5,7)
1
3(2,2,1),

1
7(2,2,5)

6.X22⊂P(1,2,3,7,11)
1
3(2,2,1),

1
7(2,3,4)

7.X10,12⊂P(1,2,3,4,5,9)
1
3(2,2,1),

1
9(2,4,5)

8.X6,10⊂P(1,2,2,3,5,5)2×
1
5(2,2,3)

9.X8,12⊂P(1,2,3,4,5,7)
1
5(1,3,4),

1
7(2,3,4)

10.X26⊂P(1,2,5,7,13)
1
5(2,2,3),

1
7(1,2,6)

11.X6,8⊂P(1,2,2,3,3,5)
1
3(2,2,1),

1
5(2,2,3)

12.X10,12⊂P(1,2,3,5,6,7)2×
1
3(2,2,1),

1
7(1,2,6)

13.X14,18⊂P(2,2,3,7,9,11)2×
1
3(2,2,1),

1
11(2,2,9)

14.X8,10⊂P(1,2,3,4,5,5)
1
3(2,2,1),2×

1
5(1,2,4)

15.X12,14⊂P(2,2,3,5,7,9)
1
3(2,2,1),

1
5(2,2,3),

1
9(2,2,7)

16.X10,14⊂P(2,2,3,5,7,7)
1
3(2,2,1),2×

1
7(2,2,5)

17.X10,12⊂P(2,2,3,5,5,7)2×
1
5(2,2,3),

1
7(2,2,5)

18.X10,12⊂P(2,3,3,4,5,7)4×
1
3(2,2,1),

1
7(2,3,4)

19.X6,6⊂P(1,1,2,2,3,5)
1
5(2,2,3)

Table3.1:Someindex2Fano3-folds

generalthenA′isnefandbig,anddefinesabirationalcontractionX′→X,
whereXisagaina(singular)Fano3-foldofindex2containingacopyof
E∼=P

2
withA|E∼=OP2(1);ingeneral,XwillhavefinitelymanynodesonE,

correspondingtothelinesonXthroughP.TheinclusionR(X,A)⊂R(X,A)
isthequasi-GorensteinunprojectionofE(inthesenseof[PR]and[qG]).
ThismeansthatFano3-foldsofindex2couldinprinciplebeconstructed
bystartingfromavarietysuchasoneofTable3.1,forceittocontainan
embeddedplaneE∼=P

2
ofdegree1,whichcanthenbecontractedtoa

nonsingularpointbyanunprojection.Thiscalculationhasanumberof
entertainingfeatures,nottheleastthequestionofhowtodescribeembeddings
(say)P

2
↪→P(1,2,2,5,6,9)andcodimension2completeintersectionsX10,14

containingtheimage.

Thenonsingularcaseiswellknown:forexample,aFano3-foldX⊂P
7

of
index2anddegree6hasaprojectionX99KX,thatcoincideswiththelinear
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projectionfromapoint,whoseimageisalinearsectionoftheGrassmannian
Grass(2,5)containingalinearlyembeddedplaneP

2
⊂X↪→Grass(2,5).

TherearetwodifferentwaysofembeddingaplaneP
2
↪→Grass(2,5)related

toSchubertconditions,andthesegiverisetothetwofamiliesofunprojection
calledTomandJerry,correspondingtothelinearsectionoftheSegreem-
beddingofthehyperplanesectionofP

2
×P

2
,andP

1
×P

1
×P

2
.See[P1]–[P2]

fordetails.

3.2.4Alternativebirationaltreatments

WhereasTable3.1(orasuitablecompletion),togetherwithunprojectionof
planestononsingularpoints,couldthusprovideabasisforadetailedclassi-
ficationofFano3-foldsofindex2(oratleastfortheirnumericalinvariants),
itispossiblethatmanyofthesevarietiescouldbestudiedmoreeasilybybi-
rationalmethods:inthispaperwehavemainlyconcentratedonprojections
fromnonsingularpoints,buteachprojectioncanpresumablybecompleted
toaSarkisovlink(Corti[Co]),givingrisetoabirationaldescription.

Therearealternativebirationalmethods,forexample,basedonprojec-
tionsfromquotientsingularities;thesemaytakeusoutsidetheMoricate-
gory,aswiththe“Takeuchiprogram”usedbyTakagiinhisstudyofFano
3-foldswithsingularindex2(see[T]).MostofthedelPezzosurfacesand
Fano3-foldswetreathereinfacthaveprojectionsofTypeI.Forexample,
X6,8⊂P(1,1,2,3,4,5)x1,x2,y,z,t,uhasequations

ux1=A6(x2,y,z,t)anduz=B8(x2,y,z,t),

sothateliminatingugivesabirationalmapfromX6,8tothehypersurface

X9:(Bx−Az)⊂P(1,1,2,3,4).

AlgebraicallythisisaTypeIprojection,infactofthesimplestBx−Aytype
(see[Ki],Section2).However,fromthepointofviewoftheSarkisovprogram,
itisquitedifferent:introducingtheweightedratiox2:y:tmakesthe(1,2,4)
blowupatP,nottheKawamatablowup–itistheblowupX1→Xwith
exceptionalsurfaceEofdiscrepancy2/5,sothat−KX1=2(A−1/5E).
Thispreservestheindex2condition,butintroducesalineofA1singularities
alongthey,taxisonX9,takingusoutoftheMoricategory.Comparealso
Example3.1.

3.2.5HowmanyFano3-foldsofindex≥3arethere?

Fano3-foldsofindexf≥3donotformprojectioncascades–ablowup
X′→Xchangestheindex.Anotherwayofseeingthisistonotethatfor
f≥3,orbifoldRRappliedtoχ(−A)=0givesaformulaforA

3
intermsof
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thebasketofsingularitiesB={
1
r(1,a,r−a)},inmuchthesamewhatthat

Ac2
12isdeterminedbytheclassicorbifoldRRformulaforχ(OX):

(−KX)c2

24
=1−

∑

B

r
2
−1

12r
,

(see[YPG],Corollary10.3).
ThenumericalinvariantsofaFano3-foldarethedatagoingintothe

orbifoldRRformula,givingtheHilbertseries;compare[ABR],Section4.It
consistsofA

3
,
Ac2
12andthebasketofsingularitiesB;forf≥3,thefirsttwo

rationalnumbersaredeterminedbyB.
Suzuki’sUniv.ofTokyothesis[Su],[Su1](basedinpartonMagmapro-

grammingbyGavinBrown[GRD])containslistsofthepossiblenumerical
invariantsofFano3-foldsofindexf≥2.Sheprovesinparticularthatf≤19,
withf=19ifandonlyifXhasthesameHilbertseriesasweightedprojective
spaceP(3,4,5,7)(weconjectureofcoursethatthenX∼=P(3,4,5,7).)For
f=3,...,19,thenumberofpossiblenumericaltypesisboundedasfollows:

f345678910111213141516171819

nf129715320301000101

Nf202414511521

Herenfisalowerbound,andNfaroughupperbound:nfreferstothe
numberofestablishedcasesincodimension≤2,thatis,weightedprojective
spaces,hypersurfacesorcodimension2completeintersections.Nfisthe
numberofcandidatebaskets,thatincludescasesincodimension4and5that
weexpecttobeabletojustifywithmorework,togetherwithmanyless
reputablecandidates.

1
Forf≥9thenumbernfiscorrect,exceptforan

annoying(andthoroughlydisreputable)candidatewithf=10.
Ratherremarkably,therearenocodimension3Pfaffiansexceptforthe

caseS
(6)

ofSection1(see(1.1))withf=2;sofarweareunabletodeter-
minewhichcandidatecasesincodimension≥4reallyoccur(whichaccounts
fortheuncertaintiesinthelist).ByanalogywithMukai’sresultsfornon-
singularFanos,onemayspeculatethatFano3-foldsinhighercodimension
shouldoftenbequasilinearsectionsofcertain“keyvarieties”,suchasthe
weightedGrassmannianstreatedinCortiandReid[CR],andtheremaybe
someconvincingreasonwhytherearefewcodimension≥3cases.

3.2.6Howmanyinterestingcascadesarethere?

Forpresentpurposes,foracascadetobeofinterest,atleastoneofthe
gradedringsatthebottommustbeexplicitlycomputable;forustogetsome

1
TherearecurrentlysomeproblemswiththeupperboundNf;therigorousboundis

muchlargerthangivenhere.Fordetails,seeSuzuki’sthesis[Su1].
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benefit,itshouldrealisticallyhavecodimension≤3.Also,wemustbeable
toidentifythesurfaceatthetopofthecascade,forexample,becauseit
hashigherFanoindex,soisasimplerobjectinaVeroneseembedding.The
cascadesofSections1–2illustratehowtheseconditionsworkinidealsettings.
Theseconditionsarerestrictive,andprobablyonlyallowasmallnumberof
numericalcases.Thus,whereaseachofFkfork=7,9,...istheheadofa
tallcascade,involvingk+4blowups,amoment’sthoughtalongthelinesof
Exercise1.2showsthatessentiallynoneofthesurfacesinithasanticanonical
ringofsmallcodimension.TheydonotextendtoFano3-foldsofindex2for
thereasongiveninExercise1.2and3.2.2.

Asanotherexample,considertheFano3-foldX10,12⊂P(1,2,3,5,6,7)
ofTable3.1,No.12anditshalf-elephantS10,12⊂P(2,3,5,6,7).Thisis
asurfacewithquotientsingularities2×

1
3(2,2)and

1
7(2,6)andK

2
=

2
21.

ItsminimalresolutionS̃→SisasurfacewithK
2
S̃=−1,soisascrollFn

blownup9times,containingtwodisjoint−3-curvesandadisjoint−3,−2,−2
chainofcurvesarisingfromthe

1
7(2,6)singularity.S̃canbeconstructedby

blowingupF0=P
1
×P

1
9times,with3ofthecentresoneachof2sections,

and3othercentresinfinitelynearpointsalonganonsingulararc.Itseems
likelythatiftheseblowupsarechosengenerically,thissurfacecontainsno
−1-curvesnotpassingthroughthesingularities.Thusthereseemtobemore
complicatedcasesinwhichthereisnocascadeatall.Now,inwhatwayis
S10,12⊂P(2,3,5,6,7)sodifferentfromT6,8⊂P(1,2,3,4,5)ofSection2?

3.3Mirages

Mirageshavebeenacommonphenomenoninthestudyofweightedprojective
varietiessinceFletcher’sthesis.Thequestionistoconstructagradedring
andaplausiblecandidateforavarietyinweightedprojectivespacehaving
agivenHilbertseries.Ithappensfrequentlythatwecanfindagradedring,
butitdoesnotcorrespondtoagoodvariety,forexample,becauseoneofthe
variablescannotappearinanyrelationsforreasonsofdegree,sothatthe
candidatevarietyisaweightedcone.Seep.229andExample3.1belowfor
typicalcases.

AmirageisanunexpectedcomponentofaHilbertscheme,thatdoesnot
consistofthevarietiesthatwewant,butofsomedegeneratecases,e.g.,cones,
varietieswithindexbiggerthanspecified,orvarietiescondemnedtohavesome
extrasingularities.TheHilbertschemeofafamilyofFano3-foldsmayhave
othercomponents,e.g.,consistingofvarietieswiththesamenumericaldata,
butdifferentdivisorclassgroup.Forexample,thesecondVeroneseembedding
ofourindex2FanosX10⊂P(1,1,2,3,5)givesanextracomponentofthe
familyofFano3-foldsofindex1with(−K)

3
=2+

2
3.

Moregenerally,itisaninterestingopenproblemtounderstandwhatthese
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miragesreallyare,andtofindformalcriteriatodealwiththemsystematically
incomputergeneratedlists.Oneclueistoconsiderhowglobalsectionsof
OX(i)correspondtolocalsectionsofthesheafofalgebras⊕O

X,P(i)as
indicatedinRemark2.4.

Example3.1Weworkoutonefinallegendthatillustratesseveralpoints.
LookingforaFano3-foldXofFanoindexf=2witha

1
11(2,3,8)terminal

quotientsingularityP∈XbyourHilbertseriesmethodsgives(weomita
coupleoflinesofMagma)

PX(t)=
(1−t

6
)(1−t

9
)(1−t

10
)

∏(1−tai):i∈[1,2,2,3,3,5,11]
.

Thatis,theHilbertseriesofthec.i.X6,9,10⊂P(1,2,2,3,3,5,11).Aswiththe
examplesonp.229,thiscandidateisamiragefortworeasons:theequations
cannotinvolvethevariableofdegree11,andthereisnovariableofdegree
8toactasorbinateatthesingularity(thiskindofthingseemstohappens
fairlyoftenwithcandidatemodels).Addingageneratorofdegree8tothe
ringgivesacodimension4modelX⊂P(1,2,2,3,3,5,8,11).Weexpectthat
thismodelworks:wecaneliminatethevariableofdegree11byaTypeI
projectionX99KX′correspondingtothe(2,3,8)blowup,asdescribedin
3.2.4.Thisweightedblowupsubtracts

t
11

(1−t2)(1−t3)(1−t8)(1−t11)

fromP(T),andalittlecalculation

PX(t)−
t
11

(1−t2)(1−t3)(1−t8)(1−t11)

=
1−t

6
−t

8
−t

9
−t

10
+t

12
+t

13
+t

14
+t

16
−t

22

(1−t)(1−t2)2(1−t3)2(1−t5)(1−t8)

givesthemodelfortheprojectedvarietyX′asthePfaffianwithweights




1235
346

57
8



inP(1,2,2,3,3,5,8).

HereX′issupposedtocontainΠ=P(2,3,8):(x=y1=z1=t=0).The
twowaysofachievingthisare:take

Tom:thefirst4×4block
orJerry:thefirst2rows

}
intheidealIΠ=(x,y1,z1,t),
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thatis,somethinglike





xy1z1a5

z1y
2
1b6

tc7

d8



or





xy1z1x
5

z1y
2
1y

3
1+z

2
1

b′
6c′

7

d′
8



,

sothatXcanbeconstructedeitherasaTomoraJerryunprojection(see
[PR],[P1]–[P2]).Asin3.2.4,theprojectedvarietyhasalineofA1singulari-
tiesalongthey2,z2axis.
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