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Abstract

We prove a general result showing that a finite-dimensional collection of smooth functions whose differences cannot
vanish to infinite order can be distinguished by their values at a finite collection of points; this theorem is then applied to the
global attractors of various dissipative parabolic partial differential equations. In particular for the one-dimensional complex
Ginzburg–Landau equation and for the Kuramoto–Sivashinsky equation, we show that a finite number of measurements at a
very small number of points (two and four, respectively) serve to distinguish between different elements of the attractor: this
gives an infinite-dimensional version of the Takens time-delay embedding theorem.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years a large number of papers have been devoted to proving the existence of finite-dimensional attracting
sets for various dissipative partial differential equations. Although the two-dimensional Navier–Stokes equations
of fluid dynamics are perhaps the outstanding example(see, e.g. [13,35,48]), there are numerous other well-known
equations that possess such attractors(see e.g. [1,25,49]).

However, it is not immediately clear what the existence of such a set within some abstract phase space has to
say about the original physical situations that these models are supposed to represent. Indeed, without some way to
deduce physical consequences from their existence, such attractors could remain merely mathematical curiosities.

One use that has been found for attractors is as an indirect way of comparing the long-term dynamics of different
systems: Stuart and Humphries[46] compare the dynamics of equations and their numerical approximations; Mielke
[37] relates the behaviour of equations on ever larger subsets ofR

n to their behaviour of the whole space; Caraballo
et al.[2] consider deterministic systems perturbed by a small noise.
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More generally, the attractor provides a distinguished set of solutions which may have more desirable mathematical
properties than the set of all possible solutions. For instance, solutions on the attractor can be defined both forwards
and backwards in time, even though in general the solution of a parabolic equation can only be expected to exist for
t ≥ 0. Also, the effect of parabolic smoothing often means that these solutions will be extremely smooth, enjoying
bounds on their derivatives which are uniform over all the elements of the attractor: in this case all elements of the
attractor are solutions in a classical sense(e.g. [11,17,23,40]).

In two previous papers[20,21], we used the existence of a finite-dimensional global attractor consisting entirely
of analytic functions to show that a finite number of point observations can be used to distinguish between different
elements of the attractor. This was a conjecture due to Foias and Temam[16], and previously shown only for
systems with inertial manifolds by Foias and Titi[18]. In the context of fluid dynamics, where the Navier–Stokes
equations are the mathematical model, this result uses the abstract dynamical systems framework in order to deduce
consequences valid in the original physical domain: a fluid flow can be “fully resolved” using only a finite number
of point observations of velocity(see [42] for a more detailed discussion).

In this paper we only require that the difference of any two solutions on the attractor has “finite order of vanishing”
(seeSection 2.2for details), replacing the assumption of analyticity. Remarkably, while obtaining greater generality
in our results, the proofs are significantly simpler. We are also able to combine our main theorem with results
due to Kukavica[31] and Foias and Kukavica[12] in order to prove a result reminiscent of the Takens time-delay
embedding theorem[47] for the complex Ginzburg–Landau equation and the Kuramoto–Sivashinsky equation.

2. Statement of the main theorem

The two main assumptions in our theorem are that the attractor has finite fractal dimension inL2(Ω,Rd), and
that it consists of functions whose differences cannot vanish to infinite order. The first two parts of this section
introduce these two ideas, while the third states the theorem.

2.1. The fractal dimension

The fractal dimension of a setX, measured in a Banach spaceB, is defined as follows. LetNB(X, ε) be the
minimum number of balls of radiusε (in the norm ofB) necessary to cover the setX. Then the fractal dimension
df (X;B) is given by

df (X;B) = lim sup
ε→0

logNB(X, ε)

−logε
.

If NB(X, ε) ∼ ε−d then this expression simply captures the exponentd: this is why it gives a sensible generalization
of our intuitive idea of dimension. (In finite-dimensional spaces this definition is equivalent to the “box-counting
dimension”(cf. Falconer, 1990, Chapter 3). However, in infinite-dimensional spaces the unit cube contains elements
with arbitrary large norm, and a covering by balls is more sensible.)

We note here, for later use, two simple properties of the fractal dimension. First, it is clear from the definition
that ifB1 andB2 are two Banach spaces andX ⊂ B2 ⊂ B1 then

‖u‖B1 ≤ k‖u‖B2 for all u ∈ B2 ⇒ df (X;B1) ≤ df (X;B2). (1)

Also, if B1 andB2 are two arbitrary Banach spaces andf : B2 → B1 is θ-Hölder1 then

1 Throughout this paper we use this expression to mean that‖f(u) − f(v)‖B1 ≤ C‖u − v‖θB2
for some constantC. In particular we do not

require our “θ-Hölder functions” to be bounded.
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df (f(X);B1) ≤ df (X;B2)

θ
. (2)

(For a proof and more on the fractal dimension see[6, Chapter 10]or [41, Chapter 13].)

2.2. Order of vanishing of functions

LetΩ be an open connected set inR
m. If u ∈ C∞(Ω,Rd) then the order of vanishing ofu atx ∈ Ω is the smallest

integerk such that∂αu(x) �= 0 for some multi-indexα with |α| = k. We say thatu has finite order of vanishing in
Ω if the order of vanishing ofu is finite at everyx ∈ Ω.

Note that while this definition does not require that the order of vanishing ofu be uniformly bounded inΩ, never-
theless the order of vanishing ofu is uniformly bounded on any compact subsetK of Ω. Arguing by contradiction,
suppose not; then there is a sequencexj ∈ K with the order of vanishing ofu atxj at leastj. SinceK is compact,xj
has a subsequence that converges to somex∗ ∈ K; it follows thatu vanishes to infinite order atx∗, a contradiction.

2.3. The main theorem

Although we will apply our main result to the attractors of various dissipative partial differential equations, we
point out here that the theorem in fact treats only a collection of functions with particular properties.

Essentially, our theorem says that different functions lying on an attractor with finite fractal dimensiond can
be distinguished by comparing a finite number of their point values, with the number of observations required,k,
comparable to the attractor dimension (k ≥ 16d + 1): if u andv are elements of the attractor and

u(xj) = v(xj), j = 1, . . . , k,

then we must haveu(x) = v(x) throughoutΩ. (For a similar result in the context of purely analytic systems due to
Sontag, see[44,45].)

Theorem 1. LetA be a compact subset ofL2(Ω,Rd)with finite dimensiondf (A) that, for eachr ∈ N and for every
compact subsetK ofΩ, is a bounded subset ofCr(K,Rd). Assume also thatu− v has finite order of vanishing for
all u, v ∈ A with u �= v. Then fork ≥ 16df (A)+ 1 almost every setx = (x1, . . . , xk) of k points inΩ makes the
mapEx, defined by

Ex[u] = (u(x1), . . . , u(xk))

one-to-one betweenX and its image.
Furthermore the point values ofu at (x1, . . . , xk) parametrizeA: the mapE−1

x : Ex[A] → A is continuous
fromR

kd intoL2(Ω,Rd) and intoCr(K,Rd) for everyK ⊂⊂ Ω andr ∈ N.

“Almost every” is with respect to Lebesgue measure onΩk. Note thatA consists of functions inC∞(Ω,Rd); we
make here the trivial observation that the condition on the order of vanishing is satisfied if all functions inA are real
analytic: in particular this makes the results of our previous papers,[19,20], corollaries of what is presented here.

2.4. Antecedents

Our main theorem combines two classical approaches to the study of the finite-dimensional nature of the asymp-
totic dynamics of dissipative equations.
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One approach has been via general results that guarantee the existence of abstract parametrizations of finite-
dimensional sets using a finite number of coordinates, or equivalently of embeddings of finite-dimensional sets into
someR

k: this approach goes back to Mañé[36], whose result was subsequently improved by Foias and Olson[14],
and is currently at its most powerful in the form due to Hunt and Kaloshin[26]. A particular version of Hunt and
Kaloshin’s result, which is a central element in the proof of our theorem, is given asTheorem 4in this paper.

Rather than consider the set of functions that form the attractor independent of the dynamics, the only approach
works with the solutions themselves, and is not restricted to the attractor. Foias and Prodi[15] introduced the
notion of “determining modes” for two solutions of the 2D Navier–Stokes equations: ifPNu denotes the orthogonal
projection ofuonto the space spanned by the firstN (generalized) Fourier modes, they showed that ifN is sufficiently
large then

|PNu(t)− PNv(t)| → 0 ast → ∞ ⇒ |u(t)− v(t)| → 0 ast → ∞.

In a similar vein, Foias and Temam[16] introduced the notion of “determining nodes”. A collection of points
{x1, . . . , xk} in the domainΩ is “determining” if

max
j=1,... ,k

|u(xj, t)− v(xj, t)| → 0 ast → ∞

implies that

sup
x∈Ω

|u(x, t)− v(x, t)| → 0 ast → ∞.

Foias and Temam showed that there exists aδ such that if for everyx ∈ Ω,

|x− xj| < δ for somej ∈ {1, . . . , k},
then the collection of nodes is determining. In the same paper they made the conjecture which inspired our main
result. This conjecture has previously been proved for systems that posses an inertial manifold by Foias and Titi
[18].

We note here that the theory of determining modes, nodes and also “volume elements” has been developed further
in a series of papers by Jones and Titi[28–30], and set within a general framework by Cockburn et al.[3].

3. Preparatory results

We now prove various results that will be needed for the proof of the main theorem. Essentially we show that
there are “nice” parametrizations of various subsets of(A−A)\{0}, and that we have good control of the zero sets
of the functions in these subsets.

3.1. The thickness exponent

In order to obtain our parametrization we will make use of a result due to Hunt and Kalochin[26] (Theorem 4
below) which relies on the notion of the “thickness exponent” of a set. IfX is a subset of a Banach spaceB, then
the thickness exponent ofX in B, the quantityτ(X;B), is a measure of how wellX can be approximated by linear
subspaces ofB. Hunt and Kaloshin define the thickness exponent as follows: given anyε > 0, denote bydB(X, ε)
the dimension of the smallest linear subspaceV of B such that all points inX lie within anε neighbourhood ofV
with the convention thatdB(X, ε) = ∞ if such aV does not exist; then
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τ(X;B) = lim sup
ε→0

logdB(X, ε)

−logε
. (3)

We note here that ifX ⊂ B2 ⊂ B1 for two Banach spacesB1 andB2 then

‖u‖B1 ≤ k‖u‖B2 ⇒ τ(X;B1) ≤ τ(X;B2) (4)

(cf. (1)).
We will use the following simple result that provides an alternative and more practicable definition of the thickness

exponent; we give the proof here since it seems to be of independent interest: essentially we show that ifεB(X, n) ∼
n−1/τ thenτ is the thickness exponent ofX.

Lemma 2. LetX be a subset of a Banach spaceB, and denote byεB(X, n) the minimum distance betweenX and
anyn-dimensional linear subspace ofB. Then

τ(X;B) = lim sup
n→∞

logn

−logεB(X, n)
. (5)

Proof. Denote byτ the thickness exponent calculated using(3) and byτ̃ the right-hand side of(5). LetT > τ. Then
there existsε0 ∈ (0,1) such that

logdB(X, ε)

−logε
< T, ε ∈ (0, ε0],

which is same as

dB(X, ε) <
1

εT
, ε ∈ (0, ε0]. (6)

Let n0 ∈ N be such thatn0 ≥ 1/εT0 , and letn ≥ n0 be an arbitrary integer. Then we may chooseε ∈ (0, ε0] such
that

1

εT
− 1< n ≤ 1

εT
.

By (6), there is a subspaceVn of B with dimVn = n such thatX is included in theε neighbourhood ofVn. This
implies that

εB(X, n) ≤ ε ≤ n−1/T .

Therefore

logn

−logεB(X, n)
≤ T,

and since this holds for all integersn ≥ n0, we getτ̃ ≤ T which shows that̃τ ≤ τ.
Now, taking anyT ∈ (0, τ), there is a sequenceεj ∈ (0,1) converging to 0 such that

dB(X, εj) >
1

εTj
≥

⌊
1

εTj

⌋
= nj,

where�x� denotes the integer part ofx. SinceεB(X, nj) ≥ εj, we get

lognj
−logεB(X, nj)

≥
log

⌊
1/εTj

⌋
log(1/εj)

≥
log(1/εTj − 1)

log(1/εj)
,
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which shows that

τ̃ ≥ T,

and sinceT < τ was arbitrary, we conclude thatτ̃ ≥ τ. �

In general the thickness exponent ofX measured inL2 can be estimated using the smoothness of functions inX

[19]; similar results are also true in other spaces, andLemma 3contains one result of this type, cf.[20,21].

3.2. Properties of “Aφ” (truncated versions of functions inA)

In fact rather than dealing withA itself we will consider the collection of functions inA after a suitable truncation.
The domainΩ can be written in the form

Ω =
∞⋃
n=1

Kn (7)

with eachKn a compact set whose interiorK̇n is a non-empty smooth connected set with smooth boundary. In what
follows we will takeK to be one of the setsKj. Fix any smooth test functionφ ∈ C∞(Rm, [0,1]) such that

φ ≡ 1 onK,

and

suppφ ⊂⊂ Ω,

i.e., the support ofφ is a compact subset ofΩ. Denote byΩφ the interior of suppφ, and set

Aφ = {fφ|B : f ∈ A},
whereB is a sufficiently large open ball such that suppφ ⊂⊂ B. Clearly,Aφ consists of functions fromB into R

d .
We show that the fractal dimension ofAφ in all the spacesCr(B,Rd) is bounded by the fractal dimension ofA

in L2(Ω,Rd) and that its thickness exponent is zero in all these spaces.

Lemma 3. LetA be a finite-dimensional compact subset ofL2(Ω,Rd) that, for eachr ∈ N and for every compact
subsetK ofΩ, is a bounded subset ofCr(K,Rd). Then for anyr ∈ N, the fractal dimension ofAφ in Cr(B,Rd) is
less than or equal to that ofA in L2(Ω,Rd), and the thickness exponent ofAφ in Cr(B,Rd) is zero.

Proof. LetA denote thed-component negative Laplacian onB with Dirichlet boundary conditions. It follows from
standard Sobolev embedding results and the theory of elliptic regularity(see [7] for example)that

‖u‖Cr(B,Rd) ≤ C‖u‖Hr+(d/2)+1(B,Rd) ≤ C‖u‖D(A(r+(d/2)+1)/2) (8)

(with C = C(m, d)), so that using(1) and (4)it is sufficient to prove the lemma withCr(B,Rd) replaced byD(Ar).
We note here that since functions inA enjoy uniform bounds on their derivatives (when restricted to compact subsets
of Ω), so do functions inAφ and henceAφ is uniformly bounded inD(Ar) for eachr ∈ N,

|Aru| ≤ Rr for all u ∈ Aφ. (9)

We start with the fractal dimension. Ifs > r, then for anyu ∈ D(As) we have the interpolation inequality

|Aru| ≤ |u|1−(r/s)|Asu|r/s.
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It follows from (9) that the identity map fromAφ onto itself is Hölder continuous as a map fromL2(Ω,Rd) into
D(Ar) with Hölder exponent as close to 1 as we wish. That the fractal dimension ofAφ in the spaceD(Ar) is
bounded bydf (A;L2) is a consequence of(2).

In order to show that the thickness exponent is zero, letPn denote the projection onto the space spanned by the
first n eigenfunctions ofA,

Pnu =
n∑
j=1

(u,wj)wj,

and setQn = I −Pn. Recall that thenth eigenvalue ofA satisfiesλn ∼ n2/d (see, e.g. [5]). For anyk ∈ N we have

|AjQnu| = |A−kQn(A
k+ju)| ≤ ‖A−kQn‖op|Ak+ju| ≤ λ−kn+1Rk+j ≤ C(n+ 1)−2k/dRk+j ≤ Cn−2k/dRk+j,

whereRj is the bound from(9).
Therefore,

distD(Aj)(Aφ, PnD(A
j)) ≤ CRk+j

n2k/d
,

which shows thatεD(Aj)(Aφ, n) ≤ CRk+jn−2k/d , and hence usingLemma 2that

τ(Aφ;D(Aj)) ≤ d

2k
.

Since this holds for anyk, we getτ(Aφ;D(Aj)) = 0, and the result follows. �

We will use the fact that the thickness exponent ofAφ is zero in order to apply the following theorem which is a
particular case of a result due to Hunt and Kaloshin[26]. (Foias and Olson[14] proved a similar result, but with no
bound on the Hölder exponent of the parametrization.)

Theorem 4. LetX be a bounded subset of a Banach spaceB with finite fractal dimensiondf (X) and thickness
exponent zero. Then, if N is an integer withN > 2df (X), and

0 < θ < 1− 2df (X)

N
,

there exists a parametrization ofX in terms ofN coordinates which isθ-Hölder fromR
N intoB.

We note that the parameters in fact range over a subsetΠ of R
N that is homeomorphic toX.

3.3. Zero sets of functions that vanish to finite order

The fact that functions in(Aφ − Aφ)\{0} vanish to finite order enables us to obtain good control on their zero
sets (Theorem 6). In the course of the argument we will need the following Hölder implicit function theorem.

Proposition 5. LetE ⊂ R
D, and letu(x; ε) be a function fromR×E into R which is Hölder continuous inε with

exponentθ,

|u(x; ε1)− u(x; ε2)| ≤ C|ε1 − ε2|θ,
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and differentiable inx with ux jointly continuous in(x, ε) at (x0, ε0). Then if

u(x0; ε0) = 0 and ux(x0; ε0) �= 0,

there exists a neighbourhood of(x0, ε0) in R × E, and aθ-Hölder functionx(ε) such that

u(x(ε), ε) = 0,

and(x(ε), ε) is the unique zero ofu(x, ε) in this neighbourhood for eachε sufficiently close toε0.

Proof. Essentially the proof follows Hale[24, Chapter 0, Theorem 3.3]. Without loss of generality we setx0 = 0
andε0 = 0 and write

u(x; ε) = ux(0;0)x+ F(x; ε),
whereF(x; ε) = u(x; ε)− ux(0;0)x. It follows that a solution ofu(x; ε) = 0 is precisely a fixed point of the map

Tε[x] ≡ − F(x; ε)
ux(0;0)

.

It is straightforward to show, using the continuity ofux in x andε, that for each fixedε with |ε| sufficiently small,
Tε is a contraction (with constantλ < 1 independent ofε) on a sufficiently small neighbourhood of the origin inR:
henceTε has a unique fixed pointx(ε) for all ε with |ε| sufficiently small.

Thatx(ε) is Hölder continuous inε follows easily. Indeed, observe that

|Tε1[x] − Tε2[x]| ≤ |u(x; ε1)− u(x; ε2)|
|ux(0;0)| ≤ C

|ux(0;0)| |ε1 − ε2|θ,

using the Hölder continuity ofu(x; ε) in ε. Then we have

|x(ε1)− x(ε2)| ≤ |Tε1[x(ε1)] − Tε1[x(ε2)]| + |Tε1[x(ε2)] − Tε2[x(ε2)]|
≤ λ|x(ε1)− x(ε2)| + C

|ux(0;0)| |ε1 − ε2|θ,

from which

|x(ε1)− x(ε2)| ≤ C

(1− λ)|ux(0;0)| |ε1 − ε2|θ

follows. �

We now apply this to generalize a lemma from a paper of Yamazato[50] concerning the zero sets of real analytic
functions (cf.[10,44]); the proof below is significantly simpler than that in Friz and Robinson[20].

Theorem 6. Let K be a compact connected subset ofR
m. Suppose that for everyp ∈ Π ⊂ R

N the function
w = w(x;p),

w : K ×Π → R
d,

has order of vanishing at mostM < ∞, and is such that∂αw(x;p) depends onp in a θ-Hölder way for all|α| ≤ M.
Then the zero set ofw(x;p), i.e.,

{(x, p) : w(x, p) = 0},
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viewed as a subset ofK ×Π ⊂ R
m × R

N , is contained in a countable union of manifolds of the form

(xi(x
′, p), x′;p), (10)

wherex′ = (x1, . . . , xi−1, xi+1, . . . , xm) andxi is a θ-Hölder function of its arguments.

(The same result is true ifw has finite order of vanishing within an open setΩ, and all partial derivatives depend
Hölder continuously onp.)

Proof. We treat the cased = 1, since the zero set of a function intoR
d is a subset of the set of zeros of any one

component; we denote byZ the zero set ofw, and byZj the collection of all points inZ with order of vanishing
exactlyj.

Now take a point(y;p0) ∈ Zj. Then∂αu(y;p0) = 0 for everyα with |α| = j − 1 (a finite collection), while for
each suchα we have∂i∂αu(y;p0) �= 0 for somei. We can therefore apply Proposition 5 to the function

u(xi; (x′;p)︸ ︷︷ ︸
ε

) = w(x;p), wherex′ = (x1, . . . , xi−1, xi+1, . . . , xm)

to deduce that all zeros of∂αw within a neighbourhood of(y;p0) are contained in a manifold of the form

(xi(x
′;p), x′;p)

with xi a θ-Hölder function of its arguments.
It follows that every point inZj has an open neighbourhoodU such thatZj ∩U is contained in a finite collection

of θ-Hölder manifolds. Thus, using Lindelöf’s Theorem(see [34, Chapter II, Section 17]), a countable collection of
these neighbourhoods still coversZj, and henceZj is contained in a countable union ofθ-Hölder manifolds. Since
Z = ∪Mj=1Zj by assumption the same is true ofZ itself. �

3.4. The Hausdorff dimension

The structure of the zero set of functions inAφ−Aφ allows us to obtain good bounds on its Hausdorff dimension.
We recall that the Hausdorff dimension of a subsetX of R

n is defined as

dH(X) = inf {d ≥ 0 :Hd(X) = 0},
whereHd is thed-dimensional Hausdorff measure,

Hd(X) = lim inf
ε→0

{∑
i

rdi : X ⊆ ∪iB(xi, ri)with ri ≤ ε

}

(hereB(x, r) is a ball centred atx with radiusr); see[8,9] for further details. We will require the following four
properties:

(1) If X ⊂ R
n andf : X → R

m is aθ-Hölder function then the Hausdorff dimension of the graph off ,

G = {(x, f(x)) : x ∈ X} ⊂ R
n+m = R

n × R
m

satisfies

dH(G) ≤ n+ (1− θ)m. (11)
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(2) Hausdorff dimension is stable under countable unions

dH


 ∞⋃
j=1

Xj


 = sup

j

dH(Xj). (12)

(3) Hausdorff dimension does not increase under the application of bounded linear mapsL,

dH(LX) ≤ dH(X). (13)

(4) A set inR
n with Hausdorff dimension strictly less thann has zero Lebesgue measure.

For (1) see[21], for (2) and (3) see[8,9]; (4) follows from the definition of Hausdorff dimension, since
n-dimensional Hausdorff measure is proportional ton-dimensional Lebesgue measure(see Theorem 1.12 in [8]).

4. Proof of the main theorem

We can now prove the theorem: recall that we have to show that almost every choice ofk pointsx = (x1, . . . , xk)

fromΩ makes the map

Ex[u] = (u(x1), . . . , u(xk))

one-to-one betweenA and its image.

Proof. If Ex fails to be one-to-one for a set ofx of positive measure inΩk, then it must fail to be one-to-one for a
set of positive measure iṅKi for somei. So it suffices to show that for eachi almost every collection ofk points in
Ki makesEx one-to-one betweenA and its image.

For this, it suffices to show that for almost every choice ofk points inK̇i the mapEx is one-to-one betweenAφ
and its image (whereφ is chosen equal to 1 onKi); if φu andφv are equal oṅKi then the difference ofu andvmust
be identically zero oṅKi, and since the difference of functions inA have finite order of vanishing,u− v can only
be zero onK̇i if u = v throughoutΩ.

So we take a fixed compact setK = Ki and withφ chosen as inSection 3.2we considerW = (Aφ −Aφ)\{0}.
If Ex is to be one-to-one onAφ then it should be non-zero onW .

Now divideW into the countable union

W =
∞⋃
j=0

Wj,

whereWj consists of functions whose order of vanishing is at mostj. If for eachj almost every collection of points
x in K̇i makesEx non-zero onWj, then clearly almost every collection of such points makesEx non-zero on all of
W .

For a fixedj, the results ofSection 3imply thatdf (Wj;Cr(B,Rd)) ≤ 2df (A;L2) andτ(Wj;Cr(B,Rd)) = 0
for all j andr. Thus, usingTheorem 4, for any

N > 4df (A) and θ < 1−
(

4df (A)

N

)
,

there exists a parametrizationw(x;p) of Wj in terms ofN coordinatesp ∈ Π ⊂ RN which is θ-Hölder into
Cj(B,Rd). The mapping

p �→ w(x;p)|K
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is thereforeθ-Hölder intoCj(K,Rd). It follows that all the derivatives ofu up to orderj depend in aθ-Hölder way
on the parameterp.

Now, suppose thatx = (x1, . . . , xk) is a set ofk points inK̇ for whichEx is zero somewhere onWj. Then there
must exist ap ∈ Π such that

w(xi;p) = 0 for all i = 1, . . . , k.

Theorem 6guarantees that the zeros ofw, considered as a subset ofK̇×Π, are contained in a countable collection
of sets, each of which is the graph of aθ-Hölder function,

(x′, xj(x′; ε); ε),

wherex′ = (x1, . . . , xj−1, xj+1, . . . , xm). Each of these manifolds has(m− 1)+N free parameters.
It follows that collections ofk such zeros (considered as a subset ofK̇k ×Π) are contained in the product ofk

such manifolds. Since the coordinatep is common to each of these, they are the graphs ofθ-Hölder functions from
a subset ofRN+(m−1)k into R

k. Eq. (11)shows that each of these sets has Hausdorff dimension at most

N + (m− 1)k + k(1− θ),

and using(12) the same goes for the whole countable collection.
The projection of this collection ontȯKk enjoys the same bound on its dimension(13), and so to make sure that

these “bad choices” do not coverK̇k ⊂ R
mk we need

N + (m− 1)k + k(1− θ) < mk.

This is certainly true if

k >
N

θ
,

and sinceθ can be chosen arbitrarily close to 1− (4df (A)/N), it follows that

k >
N2

N − 4df (A)

will suffice. Choosing the integer value ofN with 8df (A)−1/2 ≤ N < 8df (A)+1/2 shows thatk ≥ 16df (A)+1
suffices.

Since the collection of “bad choices” is a subset ofR
km with Hausdorff dimension less thankm it follows (from

fact (4) inSection 3.4) that almost every choice (w.r.t. Lebesgue measure) makesEx non-zero onWj, and the main
part of the theorem holds.

The continuity ofE−1
x intoL2(Ω,Rd) follows sinceA is compact andEx is one-to-one betweenA and its image.

Continuity intoCr(K,Rd) is then a consequence of the boundedness of

A|K = {u|K : u ∈ A}

in Cj(K,Rd) for anyj, the Sobolev interpolation inequality

‖u‖Hs ≤ C‖u‖1−(s/k)
L2 ‖u‖s/k

Hk ,

and the Sobolev embeddingHs ⊂ Cr for s > r + (d/2). �
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5. Application of Theorem 1 to spatial nodes

We now applyTheorem 1to the global attractors of various dissipative partial differential equations. These are
compact, globally attracting, invariant sets for the semigroup generated by solutions of the equations(see, e.g.
[1,25,35,41,42,49]). As such they can be viewed as representing all possible “long-term configurations” of the
system, together with their dynamics.

5.1. Analytic attractors

Our previous results[20,21] treated attractors consisting entirely of analytic functions: since the difference of
any two analytic functions is also analytic, the condition on the finite order of vanishing is automatically satisfied
in this case. Furthermore, the estimates yielding the analyticity give the required uniform estimates on the deriva-
tives. For more details, see[20] for the case of periodic boundary conditions (2D Navier–Stokes equations with
analytic forcing; the complex Ginzburg–Landau equation in 1D and 2D; the 1D Kuramoto–Sivashinsky equation;
reaction–diffusion equations with analytic nonlinearity) and[21] for the 2D Navier–Stokes equations with Dirichlet
boundary conditions and analytic forcing.

5.2. A smooth reaction–diffusion equation

In this section, we provide an example of a non-analytic equation whereTheorem 1leads to existence and density
of instantaneous determining nodes. Consider the reaction–diffusion equation (RDE)

ut −9u+ f(u, x) = 0 (14)

on a bounded domainΩ ⊂ R
m, where

f(u, x) =
n∑
j=0

aj(x)u
j

with n ≥ 3 odd and

an(x) ≥ δ > 0, x ∈ Ω

to ensure dissipativity. We also assume thataj ∈ C∞(Rm) for all j = 0, . . . , n. We choose one of the following
boundary conditions:

(i) Ω = [0,1]m is a periodic domain; or
(ii) Ω is a convexC1 domain with Dirichlet boundary conditions (u|∂Ω = 0); or

(iii) Ω is aC2,α domain for someα ∈ (0,1], with Dirichlet boundary conditionsu|∂Ω = 0.

Given one of these conditions we have the following unique continuation property: letv be a smooth solution of
the equation

∂tv−9v+
m∑
j=1

Wj(x, t)∂jv+ V(x, t)v = 0

in Ω × (0, T0) for someT0 > 0 whereV andWj are bounded and measurable; thenv(·, t) has finite order of
vanishing inΩ for everyt ∈ (0, T0). In the case of boundary condition (i), the proof is given in[33] and also in[38].
When we consider (ii), we apply Theorem 1.1′ in [38]. For case (iii), we use a combination of two methods from
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Poon’s papers. Namely, we follow the argument in his 1996 paper but with the standard heat kernel substituted by
the Neumann heat kernel as in the 2000 paper: in view of the Remark on p. 530 in[38] and results in[39], the proof
extends to this situation as well.

The relevance of this statement to the RDE is given by the following simple fact: ifu1 andu2 are two solutions
of the RDE (not necessarily with same initial condition) then the difference satisfies

∂tv−9v+ V(x, t)v = 0,

where

V(x, t) =
∫ 1

0

∂f

∂u
(τu1(x, t)+ (1− τ)u2(x, t), x)dτ.

We now recall some basic facts about existence and uniqueness of solutions and existence of the global attractor.
For every initial datumu0 ∈ H = L2(Ω) (in the case of periodic boundary conditions,H = L2

per(Ω)), there exists

a unique solutionu ∈ C([0,∞),H) ∩ L2([0,∞),H1(Ω)) (with H1(Ω) substituted byH1
loc(Ω) in the case of

periodic boundary conditions) of(14)with

u(x,0) = u0(x), x ∈ Ω.

The solutionu satisfiesu ∈ C∞(Ω×(0,∞)) in the case of Dirichlet boundary conditions andu ∈ C∞(Rm×(0,∞))

in the case of periodic boundary conditions.
The equation has a global attractorA, which can be characterized as the largest bounded invariant set. Moreover,

due to the strong dissipative nature of the nonlinearity, it is the largest invariant subset ofH and attracts all solutions
starting inH at a uniform rate. The attractor also has finite fractal dimension inL2(Ω,Rd), df (A), which can be
bounded above by a method due to Constantin and Foias[4].

A direct application ofTheorem 1gives the following statement.

Theorem 7. Letk ≥ 16df (A)+ 1. Then for almost every set ofk pointsx = (x1, . . . , xk) in Ω, the mapping

Ex : A→ R
k

defined by

Ex[u] = (u(x1), . . . , u(xk))

is one-to-one betweenA and its image.

We had hoped to applyTheorem 1to the 2D Navier–Stokes equations with a smooth forcing term. However, we
currently do not know whether the difference of two solutions of these equations cannot vanish to infinite order.

6. Space–time nodes, modes and Takens-type theorems

First we prove a generalized version ofTheorem 1which will allow us to translate our previous result (valid for
almost every collection ofk spatial points) into results valid for almost every choice ofk points in space–time, and
even for almost every choice ofk times at a small number of spatial points; we are also able to consider the notion
of determining modes. These statements are made precise below.

LetΩ1 ⊂ R
m1 andΩ2 ⊂ R

m2 be two open connected sets.
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Theorem 8. LetX be a compact subset ofL2(Ω1,R
d1) with finite fractal dimension, df (X). LetY be a subset of

L2(Ω2,R
d2) that is bounded inCr(K,Rd2) for eachr ∈ N and each compact subsetK ofΩ2. Assume thatu− v

has finite order of vanishing for everyu, v ∈ Y such thatu �≡ v. Also, assume that there exists a one-to-one map
Σ : X → Y that is Lipschitz fromL2(Ω1,R

d1) into L2(Ω2,R
d2). Then for everyk ≥ 16df (X) + 1 almost every

sety = (y1, . . . , yk) of k points inΩ2 makes the map

u �→ ((Σu)(y1), . . . , (Σu)(yk))

one-to-one betweenX and its image.

The proof of this theorem is essentially a repetition of the proof ofTheorem 1, but working throughout withY
rather than withX. Clearly if the mapE : Y → R

kd2 defined byv �→ (v(y1), . . . , v(yk)) is one-to-one betweenY
and its image, thenE ◦Σ is one-to-one betweenX and its image.

6.1. Almost every collection in space–time

Suppose that the setX consists of solutions of a partial differential equation that we write in an (extremely)
abstract form as

du

dt
= F(u), (15)

we assume thatF is a localC∞ function ofu and its derivatives, i.e., that for eachk ∈ N and every compact set
K ⊂ Ω there exists ak′ ∈ N and a compact setK′ ⊂ Ω such that

max
|α|≤k

sup
x∈K

|DαF(u)| ≤ max
|β|≤k′

sup
x∈K′

|Dβu|. (16)

Denote byS(t)u0 the solution at timet of (15) with initial condition u0. The next result appears to have many
conditions, but they are readily satisfied by many well-known examples of partial differential equations.

Corollary 9. Suppose thatA is an invariant set under the dynamics of a PDE(15) satisfying(16). Assume also
that for eacht > 0 the solution operatorS(t) restricted toA is (i) Lipschitz fromL2(Ω;R

d) into itself,

|S(t)u0 − S(t)v0| ≤ L(t)|u0 − v0| withL(t) ∈ L2(0, T), (17)

and(ii ) injective, i.e., if S(t)u0 = S(t)v0 thenu0 = v0. Then provided that the assumptions ofTheorem 1hold and
thatk > 16df (A)+1, for anyT > 0 almost every collection ofk points{(xj, tj)}kj=1 fromΩ× [0, T ] make the map

u �→ (u(x1, t1), . . . , u(xk, tk))

one-to-one betweenA and its image.

(The notationu(x, t) above is shorthand for [S(t)u](x).)

Proof. LetX = A, and defineΣ : L2(Ω,Rd) → L2(Ω× [0, T ],Rd) by

[Σu](t) = S(t)u for everyt ∈ [0, T ].

SetY = Σ(X). If Σu = Σv thenS(t)u = S(t)v for almost everyt ∈ [0, T ]; in particularS(τ)u = S(τ)v for some
τ > 0 and the injectivity property ofS(t) implies thatu = v.
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ClearlyΣ is a Lipschitz continuous map fromL2(Ω;R
d) intoL2(Ω× [0, T ];R

d), since

|[Σu] − [Σv]|2
L2(Ω×[0,T ]) ≤

∫ T

0
|S(t)u− S(t)v|2

L2(Ω)
dt ≤

(∫ T

0
L(t)2 dt

)
|u0 − v0|2L2(Ω)

,

while condition(16)ensures thatY is a bounded subset ofCr(K × [0, T ];R
d) for everyr ∈ N and every compact

subsetK of Ω. Finally, suppose that the difference of two functions inY vanishes to infinite order at a space–time
point (ξ, τ). Then in particular the function of space [Σu](τ) − [Σv](τ) vanishes to infinite order atξ. SinceA is
invariant underS(t), [Σu](τ) and [Σv](τ) are both elements ofA, and hence cannot vanish to infinite order atξ

unless they are equal. It now follows, using the injectivity property for 0≤ t < τ, and the uniqueness of solutions (a
consequence of(17)) for τ < t ≤ T , that [Σu](t) = [Σv](t) for all 0 ≤ t ≤ T , and hence thatΣu = Σv. Theorem 8
now yields the result as stated. �

The theorem in this form applies to all the examples ofSection 5. A related result, using a somewhat different
argument, can be found in[42].

6.2. Determining modes

Here we mention an application of our result which is related to (but does not resolve) a conjecture of Foias and
Temam concerning the finite-dimensional Galerkin projections of the attractor for the 2D Navier–Stokes equations.
We would like to thank Eric Olson for suggesting this.

As discussed inSection 2.4, Foias and Prodi[15] proved that a finite number of modes are determining for the
Navier–Stokes equations, in the sense that ifN is large enough then

|PNu(t)− PNv(t)| → 0 ⇒ |u(t)− v(t)| → 0, (18)

wherePN is the orthogonal projection onto the firstN eigenfunctions of the Stokes operator. Foias and Temam then
conjectured that in fact, for someN sufficiently large, solutions on the attractor are completely determined by their
firstN Fourier modes, i.e., if

PNu = PNv with u, v ∈ A,

then in factu = v.
Here we prove a result on the attractor that is reminiscent of this conjecture, but requires a finite number of

measurements of the firstN modes.

Theorem 10. Suppose that the firstN modes are determining in the sense of(18), that the attractor fulfils the
conditions ofTheorem 1, and that solutions are analytic functions of time and Lipschitz continuous with respect to
their initial condition,

|S(t)u0 − S(t)v0| ≤ K(T)|u0 − v0| for all t ∈ [0, T ]. (19)

Then for anyT > 0, for almost every set ofk times in[0, T ] (with k ≥ 16df (A)+ 1) if u, v ∈ A and

PNu(tj) = PNv(tj) for all j = 1, . . . , k,

thenu = v.
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Proof. DefineΣ : L2(Ω1,R
d1) → L2([0, T ],RNd1) by Σ[u0](t) = PNu(t), 0 ≤ t ≤ T (we denote byu(t) the

solution with initial conditionu0, u(t) = S(t)u0). TakeX = A andY = Σ[X]. From (19) the mapΣ is clearly
Lipschitz continuous. ThatΣ is one-to-one follows sinceΣ[u0] = Σ[v0] implies that

PNu(t) = PNv(t) for all t ∈ [0, T ]. (20)

Sinceu(t) andv(t) are analytic functions of time, so arePNu(t) andPNv(t), and so the equality in(20) implies
equality for allt ≥ 0. Since the firstN modes are determining,

PNu(t) = PNv(t) for all t ≥ 0 ⇒ u(t) = v(t) for all t ≥ 0,

and in particular thatu0 = v0. A similar argument shows that differences of elements ofY have finite order of
vanishing. �

6.3. Two Takens time-delay embedding theorems

Takens’ celebrated time-delay embedding theorem ([47], see also[43]) guarantees, under various genericity as-
sumptions, that a finite number of repeated observations at equally spaced time intervals2 are sufficient to distinguish
between different elements of the attractor of a finite-dimensional dynamical system: if the attractor has dimension
d then for a prevalent set of Lipschitz functionsh : R

n → R and allT sufficiently small, the map

u �→ H [u] = (h[u(0)], h[u(T)], h[u(2T)], . . . , h[u(2dT)])

is one-to-one on the attractor (this formulation is from[26]).
However, this time-delay embedding theorem has only been proved for finite-dimensional systems. Here we

applyTheorem 8to deduce Takens-type theorems for two particular infinite-dimensional examples. (For a related,
but weaker, result for the 2D Navier–Stokes equations, see[42].)

6.3.1. The complex Ginzburg–Landau equation
First we consider the complex Ginzburg–Landau equation (CGLE)

ut − (1+ iν)uxx + (1+ iµ)|u|2u− au= 0 (21)

with initial condition

u(x,0) = u0(x) (22)

subject to periodic boundary conditions with respect toΩ = [0,1].
It is known that for every initial datumu0 ∈ L2

per(Ω), there exists a unique solutionu(x, t) = (S(t)u0)(x) of
(21) and (22)defined for all(x, t) ∈ R × [0,∞) (see Temam, 1988). The solution is a real-analytic function of
(x, t) ∈ R × (0,∞) [27]. Also, for everya, b ∈ (0,∞) such thata < b the mapping

L2
per(Ω) → Crper(Ω× [a, b])

defined by

u0 �→ (S(t)u0)(x)

is continuous.

2 In fact these time intervals need not be equally spaced, see Remark 2.9 in[43], but it is much easier to reconstruct the underlying dynamics
if they are by using a simple shift on the time series.
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The complex Ginzburg–Landau equation possesses a global attractorAwhich can be characterized as the largest
bounded invariant subset ofL2

per(Ω). Due to the strong dissipation inherent in the nonlinearity, it is the maximal

invariant subset ofL2
per(Ω) and attracts every set inL2

per(Ω) at a uniform rate. It consists of real-analytic functions

and has finite fractal dimensiondf (A) in L2
per [22].

It was shown by Kukavica[31] that there exists a numberδ0 > 0 such that ifx1, x2 is an arbitrary pair of different
points with|x1 − x2| ≤ δ0, then for any two solutionsu1 andu2 belonging to the global attractorA,

u1(xj, t) = u2(xj, t), j = 1,2, for everyt ≥ 0

implies that

u1(x, t) = u2(x, t), x ∈ Ω, for everyt ≥ 0.

We say thatx1 andx2 are a set of “determining nodes”. (The constantδ0 can be explicitly computed in terms ofµ,
ν anda.) By combining this withTheorem 8, we obtain the following result.

Theorem 11. Letx1 andx2 be two points with|x1−x2| ≤ δ0 (δ0 as above), chooseT0 > 0,and letk ≥ 16df (A)+1.
Then for almost every set ofk times

t = (t1, t2, . . . , tk),

wheret1, . . . , tk ∈ [0, T0], the mapping

Et : A→ R
2k

defined by

Et(u) = ([S(t1)u](x1), . . . , [S(tk)u](x1), [S(t1)u](x2), . . . , [S(tk)u](x2))

is one-to-one betweenA and its image.

This means, in particular, that there exist 0≤ t1 < t2 < · · · < tk such that ifu1(x, t) andu2(x, t) are two solutions
belonging to the global attractorA with

u1(x1, tj) = u2(x1, tj), j = 1, . . . , k,

and

u1(x2, tj) = u2(x2, tj), j = 1, . . . , k,

thenu1 ≡ u2.
Note that by the invariance of the global attractorA, we may replace the interval [0, T0] with any [a, b] where

−∞ < a < b <∞. SinceR = ∪n∈N[−n, n], Theorem 11holds also if we replace [0, T0] by R.

Proof. We will apply Theorem 8with X = A and withY andΣ chosen as follows. LetΩ1 = (−1,1) (any other
open interval containing [−1/2,1/2] would do) andΩ2 = (1, T0 + 1). We choosed1 = 1 andd2 = 2. We define

Σ : X → C(Ω2,R
2)

by

(Σ(u0))(t) = ([S(t)u0](x1), [S(t)u0](x2)) (23)
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for t ∈ Ω2 = (1, T0 + 1) (note thatS(t)u0 is a (joint) analytic function ofx ∈ R and t > 0 and can thus be
evaluated atx = x1 andx = x2). Due to the space–time analyticity of(S(t)u0)(x), it is clear that the mappingΣ
has the required continuity property. The spaceY is chosen to be the image ofX under the mapping(23). It only
remains to check thatΣ is one-to-one and thatY satisfies the unique continuation property required inTheorem 8.
Let u0, v0 ∈ A be two initial data, and letu(·, t) = S(t)u0 andv(·, t) = S(t)v0 be the corresponding solutions. If
Σ(u0) = Σ(v0), then

u(xj, t) = v(xj, t), j = 1,2, t ∈ (1, T0 + 1).

By analyticity

u(xj, t) = v(xj, t), j = 1,2, t ≥ 0. (24)

Then the determining nodes result recalled above implies that

u(x, t) = v(x, t), x ∈ R, t ≥ 0, (25)

which shows thatΣ is one-to-one.
The proof of the unique continuation property is almost identical. Suppose thatΣ(u)−Σ(v) vanishes to infinite

order at somet ∈ Ω2 = (1, T0 + 1). Then by space–time analyticity we have(24) which, using the determining
nodes result once more, implies(25). This argument shows that the finite order of vanishing assumption holds.

Theorem 8then implies thatEt is one-to-one for almost every choice oft1, . . . , tk ∈ (1, T0+1). By the invariance
of the global attractorA, we conclude thatEt is one-to-one for almost every choice oft1, . . . , tk ∈ (0, T0) and
hence for almost every choice oft1, . . . , tk ∈ [0, T0], as asserted. �

If a > 4π2, then the use of two nodes is necessary. Given anyx0 ∈ R, consider the two explicit solutions

uj(x, t) =
√
a− 4π2 exp(2πi(−1)j(x− x0)− 4π2iνt − aµit + 4π2µit)

for j = 1,2. Then

u1(x0, t) = u2(x0, t) =
√
a− 4π2 exp(−4π2iνt − aµit + 4π2µit)

for all t ∈ R while clearlyu1(·, t) andu2(·, t) are not identical.
However, only one spatial node is required in the case of Dirichlet boundary conditions

u(0, t) = u(1, t) = 0, t ≥ 0.

In this case, we can choose anyx1 ∈ (0, δ0] andx2 = 0. Since all solutions automatically agree atx2 = 0, we get
the following statement.

Theorem 12. Take an arbitrary pointx1 with 0 < x1 ≤ δ0, chooseT0 > 0, and letk ≥ 16df (A) + 1. Then for
almost every set of points

t = (t1, t2, . . . , tk), tj ∈ [0, T0],

the mapping

Et : A→ R
2k

defined by

Et[u] = ((S(t1)u)(x1), . . . , (S(tk)u)(x1))

is one-to-one betweenA and its image.
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Proof. The result is simply a corollary ofTheorem 11since solutions of the CGLE with Dirichlet boundary
conditions can be extended to odd periodic solutions of the CGLE (cf. [31]). �

6.3.2. The Kuramoto–Sivashinsky equation
A similar result, but requiring more spatial points, can be proved for higher-order dissipative partial differ-

ential equations. Here, using a result due to Foias and Kukavica[12], we prove a Takens-type theorem for the
Kuramoto–Sivashinsky equation (KSE)

ut + uxxxx+ uxx + uux = 0 (26)

with initial condition

u(x,0) = u0(x) (27)

subject to periodic boundary conditions with respect toΩ = [0, L]. As usual, we also require∫
Ω

u0(x)dx = 0; (28)

we denote bẏL2
per(Ω) the subspace ofL2

per(Ω) consisting of functions with zero average as in(28). The equation
enjoys the same properties as the CGLE mentioned above (existence and uniqueness; space–time analyticity;
continuity of the solution mapS(t); existence of a finite-dimensional global attractor). Note that it is also possible to
show the attractor for the KSE is the largest invariant subset ofL̇per(Ω); however, in this case this is not immediate,
see[32].

Foias and Kukavica[12] showed that there exists a set{x1, x2, x3, x4} ⊂ R of four points that is determining,
i.e., if u1 andu2 are two solutions belonging to the global attractorA such that

u1(xj, t) = u2(xj, t), j = 1,2,3,4 for everyt ≥ 0,

then

u1(x, t) = u2(x, t), x ∈ Ω for everyt ≥ 0.

In order to be determining, the pointsx1 < x2 < x3 < x4 have to be chosen in the following way: first,x1

andx4 need to be chosen so that|x1 − x4| ≤ δ0 whereδ0 = δ0(L) > 0; then we pick anyx2 andx3 so that
|x1 − x2| + |x3 − x4| ≤ δ1 whereδ1 = δ1(δ0, L) > 0.

Theorem 13. Take a set of points{x1, x2, x3, x4} that is determining for the KSE, choose anyT0 > 0, and let
k ≥ 16df (A)+ 1. Then for almost every set ofk times

t = (t1, t2, . . . , tk), tj ∈ [0, T0], j = 1, . . . , k,

the mapping

Et : A→ R
4k

defined by

Et[u0] = ({[S(t1)u0](xj)}4j=1, . . . , {[S(tk)u0](xj)}4j=1)

is one-to-one betweenA and its image.
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Instead of using values ofS(t)u0 at four pointsx1, x2, x3 andx4, we can instead use only one pointx1 and the
mapping

Et [u0] = ({∂jxS(t1)u0(x1)}3j=0), . . . , ({∂jxS(tk)u0(x1)}3j=0).

We would like to thank Peter Constantin for pointing this out to us. This fact relies on the following: if

∂jxu1(x1, t) = ∂jxu2(x1, t), j = 0,1,2,3, t ≥ 0,

thenu1(x, t) = u2(x, t) for everyx ∈ R and t ≥ 0. This result is actually easier to prove than that in[12]. If
v = u1 − u2, then

∂kxv(x1, t) = 0, t ≥ 0 (29)

for k = 0,1,2,3, and so

∂t∂
k
xv(x1, t) = 0, t ≥ 0 (30)

for k = 0,1,2,3. But the equation forv then implies(29) for k = 4 which then gives(30) for k = 4. Continuing
by induction, we obtain(29) for all k ∈ N ∪ {0} which then by analyticity leads tov ≡ 0. A similar property also
holds for the complex Ginzburg–Landau equation.

7. Conclusion

We have shown that rather than the property of analyticity being fundamental to our “instantaneously determining
nodes” results (cf. remarks in the introduction of[20]), it is in fact the finite order of vanishing of differences of
solutions which is central.

This has allowed us to extend our previous work to cover attractors of non-analytic reaction–diffusion equations,
and to move from purely spatial nodes to distributed observations in space–time in a fairly natural way (cf. the
arguments in[42], which while obtaining observations at different time points are much less elegant). We have also
been able to prove a Takens-type result for one-dimensional dissipative PDEs of various orders.

It would be interesting to prove that our “instantaneous determining nodes” result holds for the 2D Navier–Stokes
equation even when force is not analytic. This paper reduces a proof of this result to showing that differences
of solutions of the Navier–Stokes equations cannot vanish to infinite order. We believe that this open question is
interesting in its own right.
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