Surface diffusion on stepped surfaces

Axel Voigt

based on joint work with Eberhard Bansch, Frank Haul3er, Omar Lakkis,
Bo Li, Felix Otto, Patrick Penzler, Andreas Ratz, Tobias Rump
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Stepped surfaces are common
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STM image of Si(llO) steps on a Si(001) vicinal face, [Lagally et al. 1993]
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Simplified atomic picture

Molecular dynamics
identify single events
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compute probabilities

Kinetic Monte Carlo
perform simulation
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Limitations of KMC

time scale: < us, length scale: < nm
Applications: Nanoelectronic, Photonic, LEDs, ...

metal connects, trench-MQOS structure, Quantum-dots
(F.H. Baumann, Bell Labs), (O. Hellmund, RWTH Aachen), (B. Voigtlander, FZ Julich)
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Towards a continuum description

Diffuse interface
approximate rough steps

Multiwell potential
minimum at terraces: = 0, ..., N

G(¢p) = (¢ —9)°(i+ 1 — ¢)?

1 15 2 25 3 - - - - N ¢

0 0.5

Ginzburg-Landau free energy

ERE p adatom density, ¢ height function

2
| . 6_ 2 B
0(¢) E= [ SIV62+G(6) - f(p,0)
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Phase-field model

evolution equation 0;¢p = —%—g

ac?dp = Ad—G'(P) potential ,

P
Op = V-(DVp)+F—7"1p— ¢ YAVAVAYAY \/V\/\P

p* equilibrium density, . step stiffness

define mobility function D to account
for effects at steps

x
ALY S
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Asymptotic limit ¢ — O, Burton-Cabrera-Frank model

€

SO = C(@) + (o= p7)
p = V-(DVp)+F —7"1p— 8¢

04628t(b

e diffusion|limited, e — 0, — 0, D = D,

dp; —V - (DVp;)) = F—1"1p;

pi = Pi—1 p (1 — pky)
v; [DVp; - n;] [Ratz,Voigt 2004]

e diffusion limited growth with edge-diffusion, ¢ — 0, « — 0, D = M_,,

8ip; —V - (DVp;)) = F—11p;
pi =pi—1 = p (1 — pkK;)
v; = [DVp;-n;] + v0ssk; [Ratz,Voigt 2004]

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004 voigt@caesar.de



slide 7

Crystal Growth Group

Asymptotic limit ¢ — O, Burton-Cabrera-Frank model

04628t(b

A — G'(p) +

€

p*ﬂ(p —p°)

&qp = V- -(DVp)+F —7"1p— 8¢

e attachment limited, e — 0, D = Mg

Orp; — V - (DVp;)
—DVp;-nj —vip;
DVp;_1-n; —vipi—1

()

F—71"1p,

ki (pi — p" (1 — pk;))
k—(pi—1— p (1 — pk;))
[DV p; - ] + [pi]vi

[Otto,Penzler,Ratz,Rump,Voigt 2004; Ratz,Voigt 2004]
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Sharp interface step flow model

Qo Qi Q; Q1 Free boundary problem
/ op; = V-(DVp))+F -7 p
/ 1% V;
D diffusion limited
—Q — «
o * pi = pi—1=p (1 + pk;)
*T* attachment limited
/ g 1= —DVp;-n;—vp;
= ky(pi —p (1 + pry))
D Kt pnr q; = DVp; 1-nj+vipi1
— . = k_(pi—1— p*(1 + pk;))
vi = g +q; +0s(vds(ury))
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Numerical Algorithm, Operator Splitting

Discrete time partition: tg < t1 < -+ <tm < ---
free Boundaries ;" := I";(tm), adatom densities pI” := p;(tm),
decouple adatom diffusion and boundary evolution, use independent grids

e Substep 1. Compute boundaries I‘;-”"'l using ("7, pi™)

e Substep 2: Compute adatom densities p?ﬂ_l using (I‘Zm+1, pi)
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Adatom diffusion on terraces, diffusion limited

e One continuous adatom density p defined on whole domain €2
Weak formulation of diffusion equation ([Vp - 7;]; := Vp; - 71; — Vp;_1 - 71;)

N
8 /Dv-v /DV-*--:/F—/—l.
| ows+ | DV 6+ 3 Jp, PVe it = [ Po— | o0
e Boundary conditions at steps incorporated by penalty method (e < 1)

| ows+ [ DVp-Vo+ i /r %<p — 0"+ ur))o = [ Fo— [ 17p

Thus (in a weak sense) D[Vp - ii;]; = 2 (p — p*(1 + uk;))

€
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Adatom diffusion on terraces, attachment limited

e Adatom densities p; = p;_1 at [';, i.e. no global continuous density

e need two degrees of freedom at steps

Strategy: Composite Finite Elements, Extend each p; trivially to the whole domain:

1€ r—1 x € €
(pi(@), Dit@), Fi(@), 7,71 (@)) = { LD etk

e /N diffusion equations on whole domain.
e at each boundary I'; we have a value for p; and p;_1

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004 voigt@caesar.de
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Weak formulation, attachment limited

Otp; /va _/Dvi'_’i / DV p; - n; / _1'=/F
/Qi i+ [, DVpie Vo | DVpiiigt [ DVpi-diigro [ 7 pio= [ Fo
Using

oo ? = S0 0

el — . s — 0

at Jo, " T Jeuw T T Inw T I
and kinetic boundary conditions

—DVp; -1y — piv; = ky(p; — p (1 + pk;)) on I
DVp; - 141+ pivig1 = k—(p; — p" (1 + prjyp1)) onliyy

yields
d —1
dt /Qi(t) el 2;(t) Ve VO Qi(t)T pz¢+/l'i+1k P+ i(t) “+pid
= F _p*(1 : — Lio*(1 .
() ¢+/ri+1k p* (1 + pkit1)) /I_i(t) 1o (1 + pky))
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Discretization, kinetic b.c.

: : : . 1
Time discretization: %fQi(t) ;0 — tm—l—]]_-_tm [meH p;_n+ b — fQ;n P

Using extended variables

(X 7'_1 . X :
<P7L(9€), Dz‘(m),Fi(ﬂf),Ti_l(CB)) — { %gi(o,)é,l())’)F’ ) - g g@\ o,

First order implicit in time, finite element method in space

m-+1

/Q ii,h_i_l__/::'nhqb-l-/ Dme-i-l v¢_|_/ -1 m+1¢_|_/ L pm_|_1¢

+ [ keelito= [ Fot [ R i) - Jr Bt )

All integrals over whole domain 2!
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Integration routines

line integration discontinuous coefficients [ ¢ A
i e
- \ — Ai—1 InT' NS4
Aj in 7" N €2;

/TAqb ~ /A(DBE) Aif D(ADEC)Ai_lqb

/A(DBE) ot /T Ai1¢ = Ai-19-

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004 voigt@caesar.de
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Free boundary evolution

nonlinear 4th order geometric evolution law

— \_DvPi -1 — pivi + Dvp'&—l n; + Pi—1Y; + 8S(V88(NK’L>)
mass conservation edge diffusion

e diffusion limited: use D[Vp - 7i;]; = %(p — p*(1 4+ uk;)) (from penalty method)

1 1
— z(/o —p*) — zp*,u/ii + 0s(v0s(uk;)).

e attachment limited: use —DVp; - 71; — vip; = k4 (p; — p*(1 — pk;))
DVp;_1-1; +vipi—1 = k_(pi—1 — p*(1 — pk;))

v; =k (pi —p*) +k—(pi—1 —p) — (kg + k=) p pr; + 0s(vOs(uk;)).
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Free boundary evolution

nonlinear 4th order geometric evolution law

vi = fi — Bpri + 0s(v0s (ki)
parametric finite elements, for MCF [Dziuk 1991] for SD [Bansch,Morin,Nochetto 2002]

write 4" order PDE as 2" order system: position vector Z;, curvature vector 7, = rfi;,

velocity vector v; = v;n;, geometric identity K; = —0ss;
E':Z — _83357:
pk; = pKg - T
vi = fi — Buk;+ 0s(v0s(pk;))
’172' — Uz'ﬁz'

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004 voigt@caesar.de
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Time discretization

free boundary I‘;-”'"l: :?;’;”'H'l =" 4 Atmﬁ;{”"‘l

K = —0ss(Z; + Atm;)

Pk = pRg - T

vi = fi — Bur; + 0s(v0s(ur;))
U = Ny

geometric quantities 77;, 0s explicit, unknowns =;, uk;, v;, v; Implicit

Variational formulation [ Ossuv = — [ Osudsv

- — —

<’ZZ7 ¢> — Atm<887727 a877b>
(Vi ) + (VOs(1k;), Ostb) + (Buri, ) = (

—

(Tiy ) — (vig, ) = O

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004
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Finite element formulation and linear system

nodal bases (y3,) and (¢}

[ M 0 0

) =NY (T [0

0 M —Ny 0 ,u{(i _ _}O_’

— At A 0 M 0 K; AX;
.\ 0 A+M; o M)\Vi) \F

Schur complement equation for I?i, V; reads

- ((A,, +MgM-IN,' M
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Schur complement equations

e solve for V;
(Atn(Ay+ MM IN,' M AN N + M)V,
=F— (A, +MgMIN,/'NAX,

e solve for V;
T — N‘/’w

<!

M
e update position X;, assemble again over new interface

e solve for uK;

S N

,uKZ- — —M_]'NMM AXZ
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Numerical tests for isotropic situations

e area conservation for geometric evolution
e comparison with analytic solution for circular domain
e Mmass conservation

[Bansch,Hauler,Lakkis,Li,Voigt 2004]

- « .u‘ I.u‘xl
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Thermal decay

scaling law R =~ t1/4

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004
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0 Ri+1(t) <r < R;i(t)

Dpj(Ri+1) = k- (Pz’(Ri—l—l) —p° (1 +

kg (pi—l—l(Ri—I—l) —p° (1 +
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Anisotropic decay of a nanomound
Thermal relaxation of a 12-layer mound on a substrate: 200a x 200a, a = 0.25nm.

STM snapshots, Si(111) nanomound 12, 27, 65, 157, 476, 1330sec
[Ichimiya et al. 2001] [Hauler,Voigt 2004]
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Coarsening and Ostwald ripening, experiments

coarsening of islands; small islands shrink, large islands grow

TiN(001) during annealing [I. G. Petrov et al. 2001]
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Coarsening and Ostwald ripening, simulation

coverage ¢ = 0.085, k = 104, t = 600s,3000s,15000s, 1000 x 1000
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Ostwald ripening - Mean field theory

Lifshitz, Slyozov, Wagner (LSW) reduce
Mullins-Sekerka system

Au = 0 inR3\8G
= [Vu-1i] on 0G
u = K on oG

to equation for radius of each particle R;.
small volume fraction: v =~ w(t) away
from particle, solve for isolated particle with
uw(t,o0) = u(t).

R;

(R = 1)

1
2iR;>01

ult) = > i R;>0 i (t)

Crystal Growth Group

distribution of particle radii v (¢, r)

r> ]
/ v(t,r) dr = number of particles
r1

with radius in (rq1,r5)

two-dimensional situation
divergence of logarithmic Green’s func-
tion, introduce screening length

. 1 1
R, = T~ (Riu(t) — 1)

m(m)Rz‘

B Zi;RpOﬁ

u(t) = :

2i:R;>01

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004 voigt@caesar.de
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Homoepitaxial Ostwald ripening - Mean field theory

Burton-Cabrera-Frank model yields
Dk

R, = (p—p")
' D—I—kRZ-In(ﬁ)

2.i;R;>0 H 7 P’
_ U2V DA ER; In(1/¢1/2
p(t) = é/gb )

2_i:R;>0 Dk, In(1/6172)

Diffusion limited kR > D Attachment limited kR < D
) D v ) 1%
R; ~ (h—— Ry ~ (p— )k
Z Ri'“(ﬁ) R; Z R;
i R0 T 1 _ > i R>01 1
p) = v = (‘) 5(t) = p=tRi>0° _ 2
ZiZRZ‘>O 1 R ZiZRi>O R; R
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Homoepitaxial Ostwald ripening - Mean field theory and Simulation

Diffusion limited

Attachment limited
— — 1 — — 1
R(t) = (R®> + K(#)t)3 R(t) = (R* + K($)t)2
32 ' 400 islands
3 substrate 1000 x 1000a
! coverage 0.085
el initial distribution radius and midpoints
= chosen randomly according to coverage
el zero asymptotic distribution.
22
2 -
1.8 ' ' '
0 2 4 6 8

10 12
In (t)

Computation for Multiscale Problems in Physics, University of Warwick, April 15-17 2004

voigt@caesar.de



Crystal Growth Group
slide 28

Homoepitaxial Ostwald ripening, island motion

700 . 700
<:> <:> ©
O

600 | - 600 |
O O o

500 1 500 1

500 600 700 500 600 700

t = 600s — t = 15000s — t = 600s e t = 15000s e

assumption of mean field theories, that the center of the islands is fixed is not satisfied
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Ostwald ripening, island size distribution

25
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More information

http://www.caesar.de/cg
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