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In this work we consider a finite element approach to solving the coupled
Navier–Stokes (NS) and Fokker–Planck (FP) multiscale model that describes the
dynamics of dilute polymeric fluids. Deterministic approaches such as ours have
not received much attention in the literature because they present a formidable
computational challenge due to the fact that the analytical solution of the Fokker–
Planck equation may be a function of a large number of independent variables. For
instance, to simulate a non-homogeneous flow one must solve the coupled NS–FP
system in which (for a 3-dimensional flow, using the dumbbell model for polymers)
the Fokker–Planck equation is posed in a 6-dimensional domain. In this work we
seek to demonstrate the feasibility of our deterministic approach. We begin by dis-
cussing the physical and mathematical foundations of the NS–FP model. We then
present a literature review of relevant developments in computational rheology
and develop our deterministic finite element based approach in detail. Numerical
results demonstrating the efficacy of our approach are then given, including some
novel results for the simulation of a fully 3-dimensional flow. We utilise parallel
computation in performing the larger-scale computations.
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1 Introduction

1.1 Overview of polymer fluid dynamics

The study of the dynamics of polymeric fluids is a well-developed field that has been
a focus of research for over 70 years. In part, interest in this field has been driven
by the industrial and commercial applications of polymeric fluids. As well as this,
though, polymer fluid dynamics has been increasingly attracting attention from the
mathematics and numerical analysis communities due to the unique set of challenges
this field presents. Specifically, polymer fluid dynamics is fundamentally “multiscale” in
nature, in that in order to faithfully model the complicated rheological properties that
these fluids exhibit there must be a coupling of the dynamics of microscopic polymer
molecules with the macroscopic behaviour of the bulk flow. In this work we carefully
detail the physics underlying the mathematical models we consider, while keeping an
eye on considerations of interest to practitioners. However, our primary interest is
to attempt to push the boundaries of mathematical and computational techniques in
multiscale modelling as applied to polymer fluid dynamics.

With the inherent complexity of polymeric fluids and the resulting analytic in-
tractability of many of the mathematical models in this area, computational approaches
are playing an ever increasing role. In this work we propose a finite element method-
ology for the numerical simulation of dilute polymeric fluids. We defer discussion of
this methodology until Section 2, however, as we first present an overview of the theory
underpinning polymer fluid dynamics. We begin with a brief discussion of Newtonian
fluids in Section 1.2, and then in Section 1.3 we introduce the “coarse-grained” mechan-
ical models which are designed to capture the properties of polymer molecules which
have the most significant effect on a fluid’s rheological properties. We conclude this
section by deriving the Fokker–Planck (FP) equation which describes the evolution of
the probability density function for the configuration of polymers in a fluid. The FP
equation governs the behaviour of polymer molecules on the microscopic scale, and is
coupled with the Navier–Stokes (NS) equations which, as for Newtonian fluids, models
the macroscopic flow. This is the coupling across scales that is inherent in polymer fluid
dynamics.

1.2 Newtonian fluids

The success of classical fluid dynamics in accurately describing the properties of a wide
range of fluids (typically with low molecular weight) using macroscopic continuum mod-
els is well established. We begin with a very brief review of some principles of classical
fluid dynamics (following the presentation in Batchelor [3]) as this will be useful in elu-
cidating important ideas in the theory of polymeric fluids. In the case of Newtonian
fluids it has been experimentally established that in a shear flow, i.e. ux = ux(y) where
ux is the x-component of the velocity field u∼, we can relate fluid stress to shear rate by
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“Newton’s law of viscosity”:

σyx = ηs
dux

dy
, (1.1)

where σyx denotes the force per unit area acting in the x-direction, on a surface normal
to the y-direction. That is, stress is proportional to shear rate and the viscosity, ηs, is
the constant of proportionality. This relationship can be generalised to a tensor equation
relating the stress tensor, σ

≈
, and the strain tensor ∇∼ u∼ + (∇∼ u∼)T , as follows:

σ
≈

= −pI
≈

+ ηs(∇∼ u∼ + (∇∼ u∼)T ).

This equation provides a relationship between the stress and strain (in this case, a simple
linear equation) and is known as a constitutive equation.

Combining the Newtonian constitutive equation with the equations of conservation
of mass:

∇∼ · u∼ = 0,

and momentum:

ρ

(
∂u∼
∂t

+ u∼ · ∇∼ u∼
)

= ∇∼ · σ
≈
,

where ρ is the fluid density, gives rise to the Navier–Stokes equations for an incompress-
ible, viscous, isothermal fluid:

ρ

(
∂u∼
∂t

+ u∼ · ∇∼ u∼
)
− ηs∆u∼ +∇∼ p = 0,

∇∼ · u∼ = 0.

These equations (which involve only macroscopic quantities) form the cornerstone of
classical fluid dynamics. Modelling polymeric fluids, however, requires a more compli-
cated constitutive equation than “Newton’s law of viscosity”. In the next section we
discuss modelling of polymeric fluids on the microscopic (i.e. molecular) scale, which is
generally the starting point for deriving a constitutive equation.

1.3 Polymeric fluids

Polymer molecules (often referred to as macromolecules) consist of long chains of re-
peated basic structural units, or monomers. Due to the properties of these macro-
molecules, polymeric fluids behave very differently to Newtonian fluids and are described
as viscoelastic to emphasise the fact that they have both viscous and elastic properties
(elastic in the sense that the fluid has memory of past deformations). This viscoelasticity
gives rise to an exotic range of phenomena, such as shear-thinning, rod-climbing, the
“tubeless siphon”, and elastic recoil [6].

The goal of polymer fluid dynamics is to derive and analyse mathematical models
that capture this complex viscoelastic behaviour. As indicated earlier, this requires the
development of a constitutive equation for the fluid. The traditional approach was to
derive a constitutive equation (typically an algebraic or differential equation) involving
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only macroscopic quantities that relates the viscoelastic stress to the deformation his-
tory [6]. Such macroscopic constitutive equations can be based on purely macroscopic
considerations, but more often they are derived from kinetic theory as kinetic–theory–
based analysis enables greater modelling flexibility and has been shown to lead to more
realistic models. However, except in the simplest cases, such as the Hookean dumbbell
model (see Section 1.4), deriving a purely macroscopic constitutive equation from a ki-
netic theory model requires closure approximations which compromise the accuracy of
the model [21].

The traditional focus on closure approximations is understandable as it requires far
less work to compute the solution of a model that involves only macroscopic variables,
and indeed in many cases (particularly for simple flows) these macroscopic models can
be solved analytically. However, with the explosion of available computational power it
has become possible and desirable to compute with the more accurate “micro-macro”
multiscale models directly (this approach gained popularity in the early 1990s, see Sec-
tion 2). Our focus is on multiscale models and as a result we will give no more attention
to purely macroscopic models. It is worth stating, however, that the macroscopic ap-
proach is still an essential part of theoretical and computational rheology and the distinct
advantages of computational efficiency and mathematical tractability that macroscopic
models enjoy will ensure that they will remain significant for the foreseeable future.

1.4 Models of polymer chains

In order to derive kinetic–theory–based equations for the behaviour of polymeric fluids
we require a simple representation of a single polymer molecule. A mechanical model
that would faithfully capture the microscopic properties of an actual polymer would
be extremely complicated, with a very high number of degrees of freedom. To make
mathematical analysis tractable, a variety of polymer models have been proposed over
the last 50 years (see Chapter 10 of Bird et. al. [7] for a discussion of the most important
examples). Two widely used models are the Kramers chain [23] and the Rouse-Zimm
chain [31,35]. These both model the polymer as a chain of beads. For the Kramers chain,
the beads are connected by rigid, massless rods whereas in the case of the Rouse-Zimm
chain springs (with force law F∼ ) are used as connectors.

However, such chain models can be prohibitively expensive to use in numerical sim-
ulations because they typically have a large number of degrees of freedom (e.g. O(10) or
O(102)). As a result, much attention has been focused on the simplest in the hierarchy
of polymer models, the dumbbell model. This model consists of just two masses con-
nected by a spring (or sometimes a rigid rod, although we will only discuss the spring
case here). A dumbell is fully specified if we know the position of its centre of mass,
x∼ and its end-to-end vector, q

∼
. We refer to the domain of x∼ as physical space and the

domain of q
∼

as configuration space. Figure 1 shows a schematic dumbell and the two
quantities x∼ and q

∼
are labelled. Despite the simplicity of the dumbbell model, it can be

very useful in simulating the behaviour of polymeric fluids. This is because a dumbbell
can be stretched and oriented by a flow, and these two actions largely determine the
rheological properties of a polymeric fluid in many cases.
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The dumbbell model depends on the choice of a force law for the spring. The two
most common choices are Hookean springs,

F∼ (q
∼
) = Hq

∼
, (1.3)

and Finitely Extensible Non-linear Elastic (FENE) springs [34],

F∼ (q
∼
) =

Hq
∼

1− |q
∼
|2/Q2

max

, (1.4)

where F∼ is the spring force, q
∼

is the end-to-end vector of a single spring and H is the
spring constant.

The case of a Hookean spring has been studied extensively as it enables a range
of analytical results to be obtained. In particular, it can be shown that the well-
known Oldroyd-B model for dilute polymeric fluids (originally derived from contin-
uum mechanics considerations [29]) is equivalent to the Hookean dumbbell micro-macro
model [1]. However, due to physically unrealistic ability of Hookean springs to be in-
finitely stretched, this model can break down in certain cases such as strong extensional
flows.

In such cases, one can use the FENE spring model, which has a maximum extension
of Qmax. The FENE dumbbell model is more realistic than the Hookean model, but on
using the non-linear FENE force law we sacrifice any hope of deriving analytic results
for non-equilibrium flows. Hence FENE springs necessitate a computational approach.

Our goal is to develop and analyse efficient finite-element based numerical methods to
solve the system of equations that arise from the multiscale modelling of dilute polymeric
fluids. This presents a significant challenge even when using the dumbbell model because
(as discussed in Section 1.5) for the general case of a 3-dimensional flow, we must solve
a system in which the NS and FP equations are coupled, and in which the FP equation
is posed in 6-dimensions (since individual dumbells have 6 degrees-of-freedom, 3 for x∼
and 3 for q

∼
). If our methodology can be successfully applied to the equations arising

from the dumbbell model then a goal of future work would be to extend this to the
bead-spring chain case.

1.5 The coupled Navier–Stokes Fokker–Planck model

We are interested in modelling a dilute solution of polymer chains suspended in a New-
tonian solvent in which it is assumed that individual polymer chains do not interact
with one another. Suppose the fluid is confined to a physical domain Ω, assumed to be
an open set in Rd, d = 2, 3, and that we impose some appropriate boundary conditions
on ∂Ω, e.g. the no-slip condition or a periodic boundary condition. The conservation
equations are the same as for the Newtonian case, but the presence of polymer molecules
in the fluid contribute a polymeric extra-stress, represented by the tensor τ

≈
. That is, the

total stress tensor σ
≈

is given by

σ
≈

= −pI
≈

+ ηs(∇∼ u∼ + (∇∼ u∼)T ) + τ
≈
. (1.5)
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Figure 1: The dumbbell model consists of two beads joined by a spring. The state of a
dumbbell is defined by the position of its centre of mass, x∼, and its end-to-end vector, q

∼
.

Combining (1.5) with the conservation of mass and momentum equations, we obtain the
Navier–Stokes equations with τ

≈
arising as a source term. Thus our model problem takes

the following form:
Find u∼ : (x∼, t) ∈ Ω×R → u∼(x∼, t) ∈ Rd and p : (x∼, t) ∈ Ω×R → p(x∼, t) ∈ R such that

ρ

(
∂u∼
∂t

+ u∼ · ∇∼ u∼
)
− ηs∆u∼ +∇∼ p = ∇∼ · τ

≈
in Ω× (0, T ], (1.6a)

∇∼ · u∼ = 0 in Ω× (0, T ], (1.6b)

u∼(x∼, 0) = u∼0(x∼) ∀x∼ ∈ Ω, (1.6c)

where ηs is the solvent viscosity. We complete the system with appropriate boundary
conditions on ∂Ω.

In general, the rheological properties of a polymeric fluid are determined by the sta-
tistical distribution of the configuration (i.e. orientation and degree of stretching) of
individual polymer molecules within the fluid [20]. Measurable macroscopic quantities,
such as the stress tensor τ

≈
, are defined as statistical averages of some function of the

configuration distribution. Therefore, our strategy is to first compute the configuration
distribution, enabling us to determine τ

≈
, and then we can solve Eq.(1.6a–1.6c). As dis-

cussed in Section 1.4, a hierarchy of mechanical models for polymer molecules have been
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proposed. These models are useful not because they accurately capture the physical
characteristics of actual polymer molecules (which are impressively complex structures)
but rather because they enable us to model the microscopic behaviour of a polymeric
fluid. In this work we utilise only the dumbbell model, and we propose a computational
framework with which it is feasible to deterministically compute the dumbbell config-
uration distribution throughout Ω, which then enables us to solve the coupled NS–FP
system.

1.5.1 The Fokker–Planck equation

We now derive the partial differential equation, known as the Fokker–Planck equation
(or sometimes the diffusion equation), that quantitatively describes the statistical dis-
tribution of the configuration of polymer molecules throughout the physical domain Ω.
In this derivation we closely follow the arguments presented in Bird et. al. [7], the Ph.D.
thesis by Lozinski [25] and the paper by Barrett & Süli [2].

We begin by considering an isolated dumbell immersed in a Newtonian solvent, with
fluid velocity given by u∼(x∼, t). Denote by r∼1(t) ∈ Rd and r∼2(t) ∈ Rd the position vectors
of the two dumbbell masses at time t. Then, referring to Figure 1, we define the centre
of mass, x∼(t), as

x∼(t) =
1

2
(r∼1(t) + r∼2(t)) ,

and the end-to-end vector, q
∼
(t), as

q
∼
(t) = r∼2(t)− r∼1(t).

Hence we have x∼ ∈ Ω and q
∼
(t) ∈ D, where D denotes configuration space. For the two

dumbbell models of interest in this work, Hookean and FENE dumbbells, configuration
space is Rd and B(0, Qmax) respectively, where B(0, s) is the d-dimensional ball centered
at the origin with radius s.

Considering an isolated dumbbell (in which, following [2], we neglect acceleration
terms since the bead masses are small) Langevin’s equation for each bead takes the
form

ζ
(
ṙ∼1(t)− u∼(r∼1(t), t)

)
= B∼ 1(t) + F∼ (r∼2(t)− r∼1(t)), (1.7a)

ζ
(
ṙ∼2(t)− u∼(r∼2(t), t)

)
= B∼ 2(t) + F∼ (r∼1(t)− r∼2(t)), (1.7b)

where ζ is a friction coefficient and B∼ i(t) is the Brownian force acting on bead i at time
t, which is given by a d-component Wiener process. The spring force F∼ : D ⊂ Rd → Rd

is given by either the Hookean (1.3) or FENE (1.4) force law.

Let f(r∼1, r∼2, ṙ∼1, ṙ∼2, t) denote the probability density function over phase space (i.e.
(r∼1, r∼2, ṙ∼1, ṙ∼2) ⊂ R4d) such that f(r∼1, r∼2, ṙ∼1, ṙ∼2, t)dr∼1dr∼2dṙ∼1dṙ∼2 is the expected number of
dumbells having bead positions and velocities inside the differential boxes [r∼i, r∼i + dr∼i]
and [ṙ∼i, ṙ∼i + dṙ∼i] at time t.
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Define the velocity-space average 〈〈·〉〉 for a function A by

〈〈A〉〉(r∼1, r∼2, t) =
1

ψ12(r∼1, r∼2, t)

∫
ṙ1ṙ2

A(r∼1, r∼2, ṙ∼1, ṙ∼2, t)f(r∼1, r∼2, ṙ∼1, ṙ∼2, t)dṙ∼1dṙ∼2

where ψ12 is the marginal distribution of f :

ψ12(r∼1, r∼2, t) =

∫
ṙ1ṙ2

f(r∼1, r∼2, ṙ∼1, ṙ∼2, t)dṙ∼1dṙ∼2.

From [7], we have that ψ12 satisfies the following “continuity equation”,

∂ψ12

∂t
+∇∼ r1 · (〈〈ṙ∼1〉〉ψ

12) +∇∼ r2 · (〈〈ṙ∼2〉〉ψ12) = 0. (1.8)

We apply the velocity-space average 〈〈·〉〉 to (1.7a) and (1.7b) to obtain

ζ
(
〈〈ṙ∼1(t)〉〉 − u∼(r∼1(t), t)

)
= 〈〈B∼ 1(t)〉〉+ F∼ (r∼2(t)− r∼1(t)), (1.9a)

ζ
(
〈〈ṙ∼2(t)〉〉 − u∼(r∼2(t), t)

)
= 〈〈B∼ 2(t)〉〉+ F∼ (r∼1(t)− r∼2(t)). (1.9b)

This brings us to an important point in the derivation. We make the standard as-
sumption that the fluid velocity distribution is Maxwellian about the velocity at the
centre of mass of the dumbbell. This assumption is referred to as “equilibrium in mo-
mentum space”. Making this assumption leads to a simplified form of the velocity
average of the Brownian force:

〈〈Bi(t)〉〉 = −kT∇∼ ri
lnψ12 = −kT∇∼ ri

ψ12

ψ12
,

where k is Boltzmann’s constant and T is the absolute temperature. Substituting this
into equations (1.9a) and (1.9b) yields:

〈〈ṙ∼1〉〉ψ12 = −kT
ζ
∇∼ r1ψ

12 + u∼(r∼1, t)ψ
12 +

1

ζ
F∼ (r∼2 − r∼1)ψ

12, (1.10a)

〈〈ṙ∼2〉〉ψ12 = −kT
ζ
∇∼ r2ψ

12 + u∼(r∼2, t)ψ
12 +

1

ζ
F∼ (r∼1 − r∼2)ψ

12. (1.10b)

Combining Eqs. (1.10a) and (1.10b) with the continuity equation (1.8) gives us a Fokker–
Planck equation for ψ12:

∂ψ12

∂t
+ ∇∼ r1 ·

[
u∼(r∼1, t)ψ

12 +
1

ζ
F∼ (r∼2 − r∼1)ψ

12

]
+ ∇∼ r2 ·

[
u∼(r∼2, t)ψ

12 +
1

ζ
F∼ (r∼1 − r∼2)ψ

12

]
=

kT

ζ
∆r1ψ

12 +
kT

ζ
∆r2ψ

12. (1.11)
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Next, let ψ(x∼, q∼, t) = ψ12(x∼ − q
∼
/2, x∼ + q

∼
/2, t). Substituting ψ(x∼, q∼, t) into Eq.(1.11),

we get:

∂ψ

∂t
+ ∇∼ x ·

(
u∼(x∼ − q

∼
/2) + u∼(x∼ + q

∼
/2)

2
ψ

)

+ ∇∼ q ·
(([

u∼(x∼ + q
∼
/2, t)− u∼(x∼ − q

∼
/2, t)

] 2

ζ
F∼ (q

∼
)

)
ψ

)
=

kT

2ζ
∆xψ +

2kT

ζ
∆qψ, (1.12)

where x and q subscripts indicate gradients in physical and configuration space respec-
tively. To put this equation into its standard form we introduce the characteristic relax-
ation time, λ = ζ/4H and non-dimensionalise in configuration space by setting q̂

∼
= q

∼
/l0,

where l0 =
√
kT/H is the characteristic dumbbell length. Let us use the symbol ˆ to

denote a function that has been non-dimensionalised with respect to the variable q̂
∼
. The

non-dimensional spring force laws are then given by:

F̂∼ (q̂
∼
) = q̂

∼
(1.13)

for Hookean springs and

F̂∼ (q̂
∼
) =

q̂
∼

1− |q̂
∼
|2/b

, (1.14)

for FENE springs, where q̂
∼
∈ [0,

√
b] and b = Q2

max/l
2
0 is a dimensionless parameter

typically in the range b ∈ [10, 1000]. Then F∼ (q
∼
) = Hl0F̂∼ (q̂

∼
). Similarly, ld0ψ(x∼, q∼, t) =

ld0ψ(x∼, l0q̂∼, t) = ψ̂(x∼, q̂∼, t), where the factor ld0 is due to the fact that ψ represents the

density of polymer molecules. Later we will normalise ψ̂ so that it is a probability density
function (pdf). Also, ∇∼ q = 1

l0
∇∼ q̂ and ∆q = 1

l20
∆q̂. Applying these transformations to

Eq.(1.12), and cancelling 1
ld0

(arising from non-dimensionalising ψ) from each term, we

obtain:

∂ψ̂

∂t
+

u∼(x∼ − l0q̂∼/2) + u∼(x∼ + l0q̂∼/2)

2
· ∇∼ xψ̂

+ ∇∼ q̂ ·
((

1

l0

[
u∼(x∼ + l0q̂∼/2, t)− u∼(x∼ − l0q̂∼/2, t)

]
− 1

2λ
F̂∼ (q̂

∼
)

)
ψ̂

)
=

l20
8λ

∆xψ̂ +
1

2λ
∆q̂ψ̂. (1.15)

The other term in Eq.(1.15) arising from∇∼ x·
(
u∼(x∼−q∼/2)+u∼(x∼+q

∼
/2)

2
ψ

)
in Eq.(1.12) vanishes

because of incompressibility. To simplify notation we henceforth drop the ˆ symbol, but
the equations are understood to be non-dimensionalised with respect to configuration
space.
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In order to simplify Eq.(1.15) further we need to adopt the local homogeneity as-
sumption, which states that u∼ and ψ are linear on the length scale of a dumbbell. Hence
we can represent each of u∼(x∼ + l0q∼/2) and u∼(x∼ − l0q∼/2) using a Taylor series up to the
linear term, to obtain:

∂ψ

∂t
+ (u∼ · ∇∼ x)ψ +∇∼ q ·

((
κ
≈
q
∼
− 1

2λ
F∼ (q

∼
)

)
ψ

)
=

l20
8λ

∆xψ +
1

2λ
∆qψ. (1.16)

where κ
≈

= ∇∼ xu∼ and tr(κ
≈
) = 0 to ensure incompressibility. At this point it is worth noting

that a significant amount of work in the literature has focused on so-called “homogeneous
flows” in which κ

≈
is constant throughout Ω (although may vary with time). This is

a considerable simplification because it eliminates the dependence of ψ on x∼. While
homogeneity may seem a restrictive condition, many flows of rheological interest, such
as shear and extensional flows, satisfy this condition. Nevertheless, in this work we focus
on the case of “weakly non-homogeneous” velocity fields, which are non-homogeneous
flows in which the local homogeneity assumption applies (as opposed to “strongly non-
homogeneous” flows).

Returning to Eq.(1.16), the “diffusion in physical space” term,
l20
8λ

∆xψ deserves some
attention. The standard approach in the literature has been to discard this term outright
because the coefficient is typically on the order of 10−7 to 10−9 (assuming our macroscopic
length scale is on the order of 1 cm) [4]. However, it has been recognised by Barrett and
Süli [2] that, with an eye toward proving existence and uniqueness of weak solutions,

this simplification is counterproductive as when the term
l20
8λ

∆xψ is removed Eq.(1.16)
becomes a degenerate parabolic equation that exhibits hyperbolic behaviour in physical
space. Nevertheless, in this work we perform the standard model reduction as our main
focus is on proposing a computational framework for the coupled NS–FP system, and
retaining the physical space diffusion term would have negligible effect on computed
solutions. As a result, the final form of the Fokker–Planck equation for the distribution
of dumbbell configurations in a dilute polymeric solution is:

∂ψ

∂t
+ (u∼ · ∇∼ x)ψ +∇∼ q ·

((
κ
≈
q
∼
− 1

2λ
F∼ (q

∼
)

)
ψ

)
=

1

2λ
∆qψ, (1.17)

for ψ : (x∼, q∼, t) ∈ Ω×D × (0, T ] → ψ(x∼, q∼, t) ∈ R. We supplement (1.17) with an initial

condition ψ(x∼, q∼, 0) = ψ0(x∼, q∼) and appropriate boundary conditions.

The behaviour of Eq.(1.17) is very different in physical space compared to config-
uration space and the boundary conditions must reflect this. In configuration space
Eq.(1.17) is a parabolic equation and we typically impose a zero-Dirichlet boundary
condition on Ω × ∂D as a dumbbell cannot realise the upper bound on its length. On
the other hand, in physical space the equation is hyperbolic so letting ∂Ω− denote the
inflow part of the boundary, we only impose a boundary condition on ∂Ω− ×D. How-
ever, in order to impose a boundary condition at inflow one must know ψ upstream
from the boundary. One solution is to enforce a periodic boundary condition so that
the “upstream” flow is effectively contained in Ω. Alternatively, one could assume a
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fully developed flow upstream so that the configuration distribution for this flow can be
determined and convected into Ω.

To take into account the fact that the mass in the dumbbell model is in the beads
rather than at the centre of mass, Biller and Petruccione [5] defined the polymer number
density, np(x∼, t), (which denotes the dumbbell concentration at (x∼, t) ∈ Ω× (0, T ]), as:

np(x∼, t) =

∫
D

ψ(x∼ + l0q∼/2, x∼, t)dq∼.

By the local homogeneity assumption we can write the Taylor series for ψ up to the
linear term, and obtain:

np(x∼, t) =

∫
D

ψ(x∼, q∼, t)dq∼ +

∫
D

l0
2
q
∼
· ∇∼ qψ(x∼, q∼, t)dq∼. (1.18)

The second term on the right-hand-side of Eq.(1.18) is zero since ψ is symmetric about
the origin. Hence, under the local homogeneity assumption for ψ, np reduces to:

np(x∼, t) =

∫
D

ψ(x∼, q∼, t)dq∼. (1.19)

We now proceed to show that np is conserved. Integrating Eq.(1.17) in configuration
space we obtain:

∂

∂t

∫
D

ψdq
∼

= −
∫

D

u∼ · ∇∼ xψdq
∼
−
∫

D

∇∼ q ·
((

κ
≈
q
∼
− 1

2λ
F∼ (q

∼
)

)
ψ

)
dq
∼

+
1

2λ

∫
D

∆qψdq
∼
.

Integrating the first term on the right by parts, and applying the divergence theorem to
the second and third terms gives,

∂

∂t

∫
D

ψdq
∼

=

∫
D

ψ(∇∼ x · u∼)dq
∼
−
∫

∂D

ψ (u∼ · n∼) ds

−
∫

∂D

ψ

((
κ
≈
q
∼
− 1

2λ
F∼ (q

∼
)

)
· n∼
)

ds+
1

2λ

∫
∂D

(∇∼ qψ) · n∼ds

in which all the terms on the right-hand side vanish; the first term because the solvent
is incompressible, and the other three because both ψ and ∇∼ qψ decay to zero as |q

∼
| →√

b for FENE dumbbells or as |q
∼
| → ∞ for Hookean dumbbells. So we can see that

np(x∼, t) is constant in time at any point x∼ in physical space. We assume that np is
constant throughout physical space and scale ψ by this constant so that it satisfies the
normalisation condition for a pdf:∫

D

ψ(x∼, q∼, t)dq∼ = 1. (1.20)

Finally, we consider how ψ should behave at solid walls. Strictly speaking proximity
to a solid wall will reduce the space of possible configurations a dumbbell can realise,
i.e. configuration space depends on the position in physical space:

D(x∼) = {q
∼

: |q
∼
| < Qmax} ∩ {q∼ : x∼ ± l0q∼/2 ∈ Ω}.
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Another complication analysed by Biller and Petruccione [5] is that solid walls may
affect the concentration of polymers in the fluid so that the polymer number density np

need not be constant throughout Ω. In particular, Biller and Petruccione considered the
shear flow of a dilute polymer solution in a channel of width comparable to l0. In this
situation the polymer number density varies depending on proximity to the channel walls
and one must introduce an “impenetrable wall” boundary condition to ensure np(x∼, t)
is modelled accurately. Supposing we have an impenetrable wall with unit normal n∼ ,
then it is characterised by the following boundary condition (expressed in terms of bead
positions r∼i = (xi, yi, zi)):

kT (∇∼ ri
ψ12 · n∼) + (F∼ (r∼i + r∼j) · n∼)ψ12 = 0 for i, j = 1, 2; i 6= j. (1.21)

As indicated in Section 4.5 of [25], these more subtle considerations are only relevant
in strongly non-homogeneous flows in which the local homogeneity assumption is not
applicable (such as the narrow channel shear flow in [5]). In our work, however, we only
consider “weakly non-homogeneous” flows and hence we can ignore the two complications
mentioned above. We treat D as be independent of x∼ ∈ Ω, and we do not impose the
more complex boundary condition of Eq.(1.21). Instead, if x ∈ ∂Ω is on a solid wall
then we impose a no-slip condition on the velocity u∼ and allow this no-slip velocity to
convect ψ in physical space as in Eq.(1.17).

1.5.2 The polymeric extra stress

The purpose of deriving Eq.(1.17) was so that we could use it to compute the extra-stress
tensor τ

≈
(x∼, t), a macroscopic quantity that feeds into the Navier–Stokes equations as a

source term. There are two components that contribute to this tensor, τ
≈

C , which is due
to spring tension, and τ

≈
K which arises from bead motion. Due to the equilibrium in

momentum space assumption, τ
≈

K is isotropic and takes the form [7]:

τ
≈

K = −2npkTI≈. (1.22)

Biller and Petruccione [5] derived τ
≈

C in the case of a non-homogeneous velocity field
which, if we utilise the local homogeneity assumption on ψ, is given by:

τ
≈

C(x∼, t) = npkT

∫
D

q
∼
⊗ F∼ (q

∼
)ψ(x∼, q∼, t)dq∼ (1.23)

Before combining Eqs. (1.22) and (1.23) we note that in equilibrium (i.e. when κ
≈

= 0),
we have τ

≈
= −npkTI≈ [7]. By convention, in non-equilibrium flows we separate this

isotropic equilibrium stress from τ
≈

and absorb it into the pressure term [25]. This has
no effect on the dynamics of the incompressible fluid, for which only ∇∼ xp is relevant. As
a result, our expression for the stress tensor is:

τ
≈
(x∼, t) = npkT

(
−I
≈

+

∫
D

q
∼
⊗ F∼ (q

∼
)ψ(x∼, q∼, t)dq∼

)
. (1.24)
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This equation is known as the Kramers expression for the polymeric extra-stress. From
Eq.(1.24), we can see that τ

≈
is symmetric.

For our purposes it will be useful to express Eq.(1.24) in terms of the polymeric
viscosity, ηp, which is defined analogously to the viscosity of a Newtonian liquid. For
the Hookean dumbbell model in shear flow with shear rate γ̇ it can be shown [7] that,

τxy = γ̇λnpkT,

and for the FENE dumbbell model, the shear stress is approximated by:

τxy ≈ γ̇λnpkT

(
b+ d+ 2

b

)
.

Hence the polymeric viscosity is defined as:

ηp =

{
λnpkT for Hookean dumbbells

λnpkT
(

b+d+2
b

)
for d-dimensional FENE dumbbells

Rewriting Eq.(1.24) using these definitions, we get:

τ
≈
(x∼, t) =

ηp

λ

(
−I
≈

+

∫
D

q
∼
⊗ F∼ (q

∼
)ψ(x∼, q∼, t)dq∼

)
, (1.25)

for Hookean dumbbells and

τ
≈
(x∼, t) =

ηp

λ

(
b+ d+ 2

b

)(
−I
≈

+

∫
D

q
∼
⊗ F∼ (q

∼
)ψ(x∼, q∼, t)dq∼

)
, (1.26)

for FENE dumbbells.

Now that we have derived the coupled NS–FP system and can compute τ
≈

we are
ready to move on to computational approaches to solving this micro-macro system.

2 Computational approaches to

polymer fluid dynamics

In Section 2.1 we give a summary of historical developments in computational modelling
of polymeric fluids, which draws on the survey article by Keunings [21]. A number of
different approaches have been popular in the literature; fully macroscopic approaches,
various methods using stochastics in dealing with the micro-macro equations, and more
recently some work has been done with fully deterministic approaches to multiscale
models. In Section 2.2 we present our approach, which is to employ a deterministic
finite element technique to solve the coupled Navier–Stokes and Fokker–Planck system
of PDEs.



14

2.1 Literature review

Pioneering work in computational rheology began around 1970. By necessity, this early
work relied on the fully macroscopic approach discussed in Section 1 as it is far less
computationally expensive than a micro-macro method. A macroscopic computation
typically employs standard tools of computational fluid dynamics, such as finite elements,
finite volumes and spectral methods. This is a vast area of research still actively being
developed. See the review article by Keunings [20] for an informative summary.

The alternative approach that has gained popularity since the early 1990s is to treat
the multiscale equations (i.e. coupled NS and FP equations from Section 1) directly.
A seminal idea in this direction was proposed by Öttinger and Laso in 1992 [24], who
implemented a stochastic solver to model the dynamics of polymer molecules in a flow
and coupled this to a finite element simulation of the macroscopic flow. This approach,
known by the imposing acronym CONNFFESSIT (for “Calculation of Non-Newtonian
Flow: Finite Elements and Stochastic Simulation Technique”), was thoroughly devel-
oped and improved upon throughout the 1990s and has been successfully applied to a
range of flows and polymer models. Subsequent research in this area has led to a family
of techniques we refer to as “stochastic approaches”. Along with the CONNFFESSIT
idea, this includes the method of Brownian configuration fields [18] and the Lagrangian
particle method [17].

The central idea of a stochastic approach, as detailed in [30], is to exploit the equiv-
alence between the Fokker–Planck equation, Eq.(1.17), and the following Itô stochastic
differential equation:

dq
∼
(x∼, t) + u∼(x∼, t) · ∇∼ xq∼(x∼, t)dt =

(
κ
≈
(x∼, t)q∼(x∼, t)−

1

2λ
F∼ (q

∼
(x∼, t))

)
dt+

√
1

λ
dW∼ (x∼, t).

This stochastic differential equation is solved using a Monte-Carlo approach in which
initially a large number of model polymer molecules are distributed throughout the
computational domain and their motion is subsequently tracked as they are convected
along streamlines and stretched and oriented by the flow. The Navier–Stokes equations
must be solved to determine the macroscopic velocity field, typically using finite-elements
or some other standard CFD tool. The stress field is updated at each time step by
computing an ensemble average for the molecules located in each finite element. The
stochastic approach is a computationally intensive procedure – it is little wonder there
was no work done in this direction prior to the 1990s. Moreover, a drawback of the
stochastic approach is that it introduces a slowly decaying stochastic error (typically
O(N−1/2) as N → ∞). Variance reduction techniques were developed to ameliorate
this error term and reduce the number of polymer molecules one must track in order to
compute an ensemble average to within a given error tolerance (see [21] for an overview
of variance reduction in this context). However, even with variance reduction techniques,
the presence of stochastic error is a significant limitation of the stochastic approach and
circumventing this is an important motivation for moving to deterministic methods. On
the other hand, an important advantage of the stochastic approach is that it scales well
with the number of degrees of freedom in the polymer model; indeed computations have
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been carried out with models with O(102) degrees of freedom [21].
The multiscale approach that we advocate in this work is to solve for both the ve-

locity field, u∼(x∼, t), and the polymer configuration pdf, ψ(x∼, q∼, t), deterministically. The
major challenge of this approach is to deal with the high-dimensionality of the Fokker–
Planck equation which, for a non-homogeneous 3D flow of a dumbbell suspension, is
6-dimensional. Of course the dimensionality increases if we seek to use mechanical mod-
els with more degrees of freedom. Comparatively little work has been done using this
approach and it is most likely the high-dimensionality that has discouraged attempts
to solve the FP equation directly. Stewart and Sørensen in 1972 [32] used spherical
harmonics to solve the Fokker–Planck equation for a steady shear flow of a dilute sus-
pension of rigid dumbbells. Warner [34] applied a similar approach to the study of shear
flows of FENE dumbbells and this work was improved upon 13 years later by Fan [14].
These early studies considered the simplified case of homogeneous flows so that ψ is a
function of q

∼
and t only. The first work utilising a deterministic approach to solve a

non-homogeneous velocity field was by Fan in 1989 [15] who simulated a planar channel
flow using a bead-rod polymer model. Use of the bead-rod model in Fan’s computation
meant that configuration space was 2-dimensional. Also, although ψ was dependent
on x∼, Fan made the simplifying assumption that the physical space convection term,
u∼ ·∇∼ xψ, vanished. Fan’s work was subsequently extended by eliminating the assumption
that the convection term vanishes; Nayak [28] treated convection in physical space using
a discontinuous Galerkin method, whereas Grosso et. al. [16] used a streamline-diffusion
method.

In a series of papers published since 2003 by Lozinski, Chauvière and other col-
laborators [10, 11, 25–27], the state-of-the-art of the deterministic approach has been
considerably advanced. An important technique used by these authors is to split each
time step of the Fokker–Planck equation into two sub-steps:

ψ̃ − ψn

∆t
+∇∼ q ·

((
κ
≈

nq
∼
− 1

2λ
F∼ (q

∼
)

)
ψ̃

)
=

1

2λ
∆qψ̃, (2.1a)

ψn+1 − ψ̃

∆t
+ u∼

n · ∇∼ xψ
n+1 = 0, (2.1b)

where ψ̃ is the intermediate value, and u∼
n and κ

≈
n = (∇∼ xu∼

n) are evaluated at time-level
n. We utilise this operator splitting technique in our finite element based approach to
solving the Fokker–Planck equation (see Section 2.2.2). Using this technique for, say,
a non-homogeneous 3D flow, means that we solve a series of 3-dimensional problems
rather than the full 6-dimensional Fokker–Planck equation. By reducing the dimension
in this fashion we mitigate the impact of the so-called “curse of dimensionality”, which
refers to the exponential growth of the number of grid points in a mesh (and hence
computational complexity of the problem) as the dimension is increased.

Lozinski and Chauvière [10,11,26] demonstrated that for the FENE dumbbell model
their deterministic method can outperform stochastic approaches on some benchmark
flows. In particular, they considered a planar flow in a channel with a circular obstacle,
such that physical space was 2-dimensional. For simplicity it was also assumed that
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configuration space was 2-dimensional in [11, 26], even though there is no reason that
polymer motion should also be confined to a plane. Thus in essence a 4-dimensional FP
equation was solved. In [10], the same problem was considered but configuration space
was taken to be 3-dimensional and interestingly the results showed good agreement with
the case when D was taken to be 2-dimensional. They compared a stochastic approach
to their deterministic method for this problem and demonstrated that the determin-
istic approach was significantly more efficient in terms of computational cost, and it
was also more accurate due to the absence of stochastic error. The results of Lozinski
et. al. demonstrate that a deterministic approach can outperform stochastic methods
for models with low dimensional configuration space, but it is still an open questions
whether the deterministic approach can be competitive for models with configuration
space dimension greater than 3.

2.2 Deterministic algorithm for micro-macro model

In this section we discuss our numerical approach to solving the coupled Fokker–Planck
and Navier–Stokes micro-macro system. We note that Barrett, Schwab and Süli [1]
and Barrett and Süli [2] have proved results for the existence and uniqueness of weak
solutions for this system.

2.2.1 Numerical approach for the Navier–Stokes system

First let us consider the Navier–Stokes equations. For simplicity we set ρ = 1 in Eq.(1.6a)
and, following [8], the weak formulation of Eqs.(1.6a) and (1.6b) is to find u∼ ∈ V∼ =
H1(Ω)d and p ∈ Π = {q ∈ L2(Ω) :

∫
Ω
qdx∼ = 0} such that:∫

Ω

∂u∼
∂t

· v∼dx∼ + ηs

∫
Ω

∇∼ xu∼ : ∇∼ xv∼dx∼ −
∫

Ω

(∇∼ x · v∼)pdx∼

+

∫
Ω

(u∼ · ∇∼ xu∼) · v∼dx∼ +

∫
Ω

τ
≈

: ∇∼ xv∼dx∼ = 0, (2.2)

and ∫
Ω

(∇∼ x · u∼)qdx∼ = 0, (2.3)

for all v∼ ∈ V∼ and q ∈ Π, and where A
≈

: B
≈

=
∑
AijBij. As discussed in Section 1,

the polymeric extra stress tensor τ
≈

is computed from the solution of the Fokker–Planck
equation. It is through this term that the microscopic and macroscopic equations are
coupled together. In this section we take τ

≈
as a given source term. Details on numerically

solving the FP equation and computing τ
≈

are presented in Section 2.2.2.

In order to implement the weak form of the NS equations using the finite-element
method, we break each of Eqs. (2.2) and (2.3) into three equations, one for each compo-
nent of u∼ = (ux, uy, uz) where ux is the x-component of the velocity field. Then for ux
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we have; find ux ∈ V = H1(Ω) and p ∈ Π such that:∫
Ω

∂ux

∂t
vxdx∼ + ηs

∫
Ω

∇∼ xux · ∇∼ xvxdx∼ −
∫

Ω

p
∂vx

∂x
dx∼

+

∫
Ω

(u∼ · ∇∼ xux) vxdx∼ +

∫
Ω

(
τxx

∂vx

∂x
+ τxy

∂vx

∂y
+ τxz

∂vx

∂z

)
dx∼

= 0, (2.4)

and ∫
Ω

q
∂ux

∂x
dx∼ = 0, (2.5)

for all vx ∈ V and q ∈ Π. Of course, Eqs. (2.4) and (2.5) are coupled to analogous
equations for uy and uz.

Let {φ1, φ2, . . . , φN} be a basis of the finite-dimensional subspace V h of V , and
similarly span{ψ1, ψ2, . . . , ψN ′} = Πh. For stability of the mixed method (i.e. in order
to satisfy the “inf-sup” condition [8]), we choose V h to be a space of continuous piece-
wise quadratic functions, and Πh a space of piece-wise linear functions. Discretising
in space and in time so that a superscript n indicates a value at t = tn = n∆t, we
obtain Un

x (x∼) =
∑

j u
n,j
x φj(x∼) and P n(x∼) =

∑
j p

n,jψj(x∼), where the variables have been
capitalised to indicate discretisation. Substituting Un

x and P n into Eqs.(2.4) and (2.5)
and using the backward-Euler method in time to ensure that we have no constraint on
time step size for stability, the discretised variational problem takes the form; for each
n = 0, . . . ,M , where M = T/∆t, find X∼

n = (u∼
n
x, u∼

n
y , u∼

n
z , p∼

n)T ∈ R3N+N ′
such that:

F i
x(X∼

n+1) =
N∑

j=1

un+1,j
x

∫
Ω

(φjφi + ∆tηs (∇∼ xφj · ∇∼ xφi)) dx∼

+∆t

∫
Ω

[(
N∑

j=1

un+1,j
x φj

)(
N∑

j=1

un+1,j
x

∂φj

∂x

)

+

(
N∑

j=1

un+1,j
y φj

)(
N∑

j=1

un+1,j
x

∂φj

∂y

)

+

(
N∑

j=1

un+1,j
z φj

)(
N∑

j=1

un+1,j
x

∂φj

∂z

)]
φidx∼

+∆t

∫
Ω

τxx
∂φi

∂x
+ τxy

∂φi

∂y
+ τxz

∂φi

∂z
dx∼

−∆t
N ′∑
j=1

pn+1
j

∫
Ω

ψj
∂φi

∂x
dx∼ −

N∑
j=1

∫
Ω

un,j
x φjφidx∼ = 0, (2.6)

and

Gi′

x(X∼
n+1) =

N∑
j=1

un+1,j
x

∫
Ω

ψi′
∂φj

∂x
dx∼ = 0, (2.7)
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for all φi, i = 1, . . . , N and ψi′ , i
′ = 1, . . . , N ′. For convenience we have labelled the

left-hand-sides of Eqs.(2.6) and (2.7) as F i
x(X∼

n+1) and Gi′
x(X∼

n+1) respectively, and we
define F i

y(X∼
n+1), F i

z(X∼
n+1) and Gi′

y (X∼
n+1), Gi′

z (X∼
n+1) as the analogous equations for uy

and uz. Eqs.(2.6) and (2.7) and their analogues each define a vector, e.g. F∼ x(X∼ ) =
(F 1

x (X∼ ), . . . , FN
x (X∼ ))T ∈ RN . We conflate G∼ x, G∼ y, G∼ z ∈ RN ′

into a single vector, G∼ ∈
RN ′

, given by:

Gi′(X∼
n+1) =

N∑
j=1

(
un+1,j

x

∫
Ω

ψi′
∂φj

∂x
dx∼ + un+1,j

y

∫
Ω

ψi′
∂φj

∂y
dx∼ + un+1,j

z

∫
Ω

ψi′
∂φj

∂z
dx∼

)
= 0.

Let H∼ = (F∼ x, F∼ y, F∼ z, G∼ )T ∈ R3N+N ′
. In order to compute the solution of the discrete

NS system at time level n+ 1, we seek a solution of the non-linear system of equations
H∼ (X∼

n+1) = 0∼. We use Newton’s method to solve this system. Let J denote the Jacobian
of the system. We calculate the entries of the matrix J by differentiating H∼ (X∼

n+1) with
respect to the components of X∼

n+1. Suppose we arrange our solution vector X∼
n+1 so

that its first N entries are those of the vector u∼
n+1
x then for 1 ≤ i, j ≤ N , we have:

Jij =
∂F i

x(X∼
n+1)

∂un+1,j
x

=

∫
Ω

φjφi+∆t

(
ηs (∇∼ xφj · ∇∼ xφi) +

(
φj
∂un+1

x

∂x
+ u∼

n+1
x · ∇∼ xφj

)
φi

)
dx∼.

The other entries of J are computed in a similar fashion. Now, supposing our previous
(i.e. kth) iterate for the solution at time tn is X∼

n
k , then using Newton’s method we have:

JX∼
n+1
k+1 = JX∼

n+1
k −H∼ (X∼

n+1
k ). (2.8)

We take the solution from the previous time step as our initial guess, X∼
n+1
0 , and it-

eratively update X∼
n+1
k until ||X∼

n+1
k+1 − X∼

n+1
k || < TOL is satisfied for some pre-defined

tolerance TOL.

2.2.2 Numerical approach for the Fokker–Planck equation

In this section we present a finite element based method for solving Eq.(1.17). First
we perform the operator splitting step described in Section 2.1 to obtain two equations:
the configuration space equation, Eq.(2.1a), and the physical space equation, Eq.(2.1b).
Notice that these equations have been discretised in time using the backward Euler
scheme. As in the Navier–Stokes case this is to ensure that we have no constraint
on time step size. There is no advantage in using the Crank-Nicolson method for the
Fokker–Planck equation because the velocity field is computed at t = tn, not t = tn+1/2,
so we would not obtain second-order convergence in time anyway. We henceforth focus
our attention on the 3D FENE dumbbell model, although analogous results hold for the
2D FENE case, and for the Hookean dumbbell model. For 3D FENE dumbbells, F∼ (q

∼
)

is given by Eq.(1.14), and D = B(0,
√
b) ⊂ R3.

On putting Eq.(2.1a) into weak form the problem in configuration space becomes:
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find ψ̃ ∈ K such that:∫
D

ψ̃vdq
∼

+
∆t

2λ

∫
D

∇∼ qψ̃ · ∇∼ qvdq∼

+ ∆t

∫
D

∇∼ q ·
((

κ
≈

nq
∼
− 1

2λ
F∼ (q

∼
)

)
ψ̃

)
vdq

∼
=

∫
D

ψnvdq
∼
,

for all v ∈ K. The boundary term arising from integrating the diffusion term by parts
vanishes in Eq.(2.9) because of the Dirichlet condition ψ|∂D = 0. Also, due to the mod-
elling assumption that the two beads of a dumbbell are indistinguishable, the solution
of this PDE will be symmetric with respect to the origin. See [1, 2] for details on the
correct choice of function space K for this variational problem.

In order to solve Eq.(2.9) numerically, it is natural to transform to spherical co-
ordinates to represent the domain D, i.e. q

∼
= (ρ cos θ sinϕ, ρ sin θ sinϕ, ρ cosϕ) for

(ρ, θ, ϕ) ∈ [0,
√
b]× [0, 2π]× [0, π]. On changing to spherical coordinates it is necessary

to impose a periodic boundary condition on θ since a 2π rotation in θ is the identity
operator. We follow Chauvière and Lozinski [11] in introducing the following ansatz for
ψ:

ψ(x∼, ρ, θ, ϕ, t) = Ψ0α(x∼, ρ, θ, ϕ, t), (2.9)

where Ψ0 = (1 − ρ2/b)s and s is a positive constant. If s is set appropriately this
substitution imposes the zero-Dirichlet condition, ψ = 0 at ∂D, in a numerically stable
way despite the singularity introduced by F∼ at ρ =

√
b. In agreement with [10], we have

found empirically that s = 2.5 gives a stable numerical scheme and this value was used
to obtain the results in Section 3.

Moreover, as a consequence of the modelling assumption that the two beads of a
dumbbell are indistinguishable, we require ψ to be symmetric with respect to the origin,
i.e. ψ(ρ, θ, ϕ) = ψ(ρ, θ + π, π − ϕ), but this symmetry is a natural consequence of the
PDE

We are now ready to discuss the implementation of the finite element method for
our system. Let Kα be the function space Kα = {α : Ψ0α ∈ K} and suppose Kα,h is
a finite-dimensional subspace of Kα with basis {φ1, . . . , φN}. We obtain the spatially
discretised version of Eq.(2.9) in terms of α by carrying out the following steps; (i) make
the substitution Eq.(2.9), (ii) set α̃h =

∑
j α̃jφj, (iii) set v = φi, and (iv) evaluate the

integrals over the domain (η, θ, ϕ) ∈ [−1, 1]× [0, 2π]× [0, π]. With these operations we
obtain the following system of equations:

N∑
j=1

α̃j

∫ 1

−1

∫ 2π

0

∫ π

0

[
Ψ0φjφi + ∆t

(
∇∼ q ·

((
κ
≈

nq
∼
− 1

2λ
F∼ (q

∼
)

)
Ψ0φj

)
φi

+
1

2λ
∇∼ q(Ψ0φj) · ∇∼ qφi

)]
ρ2 sinϕdϕdθdη

=

∫ 1

−1

∫ 2π

0

∫ π

0

Ψ0α
nφiρ

2 sinϕdϕdθdη (2.10)

for i = 1, 2, . . . , N .
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Next we need to consider the physical space part of the Fokker–Planck equation,
Eq.(2.1b). Making the substitution in Eq.(2.9), Ψ0 can be factored from each term of
this equation so the variational formulation becomes: find αn+1 ∈ W such that,∫

Ω

αn+1vdx∼ + ∆t

∫
Ω

(
u∼

n · ∇∼ xα
n+1
)
vdx∼ =

∫
Ω

α̃vdx∼, (2.11)

for all v ∈ W . Imposing the finite element discretisations, αh =
∑

j αjφj and v = φi,
where span{φ1, . . . , φN} = Wh, we obtain:

N∑
j=1

αn+1
j

∫
Ω

(φj + ∆t (u∼
n · ∇∼ xφj))φidx∼ =

∫
Ω

α̃φidx∼ (2.12)

for i = 1, 2, . . . , N . This is a straightforward Galerkin formulation of the hyperbolic
equation. Based on the computations carried out so far (see Section 3) it appears
that this simple approach is acceptable. However, it could be advantageous to use a
stabilised method to discretise Eq.(2.11). Indeed Lozinski and Chauvière [11] used a
spectral element based SUPG method, detailed in [12], for this purpose.

Note that Eq.(2.12) is independent of the position in configuration space. This is
an important detail as it means that when implementing Eq.(2.12) in software we only
have to assemble the system matrix once per time step. Unfortunately this property is
not shared by Eq.(2.10), as κ

≈
is a function of x∼ for a non-homogeneous velocity field.

Once ψ has been computed we need to use the Kramers expression to determine the
polymeric extra stress, τ

≈
(x∼, t) for (x∼, t) ∈ Ω × (0, T ]. This amounts to evaluating an

integral over D, for which we need Kramers expression in terms of α:

τ
≈
(x∼, t

n) = npkT

(
−I
≈

+

∫ √
b

0

∫ 2π

0

∫ π

0

w∼ ⊗ w∼
ρ4

1− ρ2/b
Ψ0α

n(x∼, η, θ, ϕ) sinϕdϕdθdρ

)
,

where w∼ = (cos θ sinϕ, sin θ sinϕ, cosϕ).

2.3 Implementation of the numerical method

Our overall NS–FP solver can be broken down into distinct components; the Navier–
Stokes solver, the Fokker–Planck configuration space solver, the Fokker–Planck physical
space solver and the Kramers expression for computing τ

≈
. We implemented each compo-

nent using the C++ finite element library libMesh [22], which is a parallel, open source
code developed at the University of Texas at Austin. The results of our computations
using the libMesh library are presented in Section 3.

One important aspect of the implementation is how one should handle storage of the
6-dimensional solution of the FP equation, α. Our approach is straightforward; store
α in a matrix in which each row contains a 3D cross-section of the solution in physical
space corresponding to a fixed point in configuration space and similarly each column
contains a cross-section in configuration space. α is then updated in by updating each
cross-section sequentially.
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(a) (b)

Figure 2: This schematic illustrates the operator splitting approach to solving the Fokker–
Planck equation. In performing a single time step we first (a) update each configuration space
cross section, and then (b) update each physical space cross section.

In the following listing we give a more precise description of the overall computational
procedure:

1. Initialise the system to equilibrium by setting u∼(x∼, 0) = 0∼ and ψ(x∼, q∼, 0) = ψeq(q∼),

where ψeq(q∼) = C
(
1− |q

∼
|2/b
)b/2

and C is a normalisation constant [7]. Also set

τ
≈
(x∼, 0) = 0 since the polymeric stress tensor vanishes in equilibrium.

2. Impose a non-zero flow condition through the boundary conditions on u∼ and update
the velocity field using the Navier–Stokes solver outlined in Section (2.2.1).

3. Update α in D by iterating over the physical space mesh points and updating
each configuration space cross-section using Eq.(2.10). The system matrix and
right-hand-side vector must be reassembled for each point in physical space.

4. Update α in Ω for each mesh point inD using the Galerkin implementation given in
Eq.(2.12). As mentioned previously, in this case it is only necessary to assemble the
system matrix once per time step. This means that physical space updates take
significantly less CPU time than configuration space updates, and the disparity
grows with the problem size.

5. Compute τ
≈

based on the updated Fokker–Planck solution using Gaussian quadra-
ture to evaluate the integral in Eq.(2.2.2).
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6. Update u∼, which will be affected by the updated stress field. Return to Step 3 and

repeat until a termination condition such as
||u∼

n+1−u∼
n||∞

∆t
< TOL is met.

The majority of the time in this algorithm is spent updating α in configuration
space. Optimising this step is a high priority. Lozinski and Chauvière introduced a “fast
Fokker–Planck” solver in [26] which sped up the overall CPU time of their algorithm by
a factor of more than 60. This was achieved by rearranging their spectral formulation of
Eq.(2.9) to show that a number of matrices and matrix inverses could be pre-computed
and reused in each solve, drastically reducing the work in each configuration space solve.
However, this procedure is not well suited to a finite element approach as one of the
primary advantages of the finite element method is that it allows us to deal exclusively
with sparse linear algebra, but the inverse of a sparse matrix is generally dense so it is
undesirable to compute explicit matrix inverses.

As a result we must look to other ways of speeding up the Fokker–Planck solver.
One option is to utilise parallel computation. The libMesh library facilitates parallel
computation and this approach has already yielded good results in making large-scale
computations feasible (see Section 3). Another idea, discussed in Section 4, is to use
sparse meshes to reduce the number of degrees of freedom in the configuration space
mesh and hence reduce computation time.

3 Numerical results for homogeneous

and non-homogeneous flows

In this section we present results of numerical simulations of polymeric flows computed
using the finite element framework outlined in Section 2. We first consider some ho-
mogeneous flows in 2D and 3D before moving on to the much more challenging task of
simulating non-homogeneous flows.

3.1 Homogeneous flows

A homogeneous flow is one in which the velocity gradient tensor, κ
≈
, is constant through-

out Ω. Compared to non-homogeneous flows, this is a significant simplification. In a
homogeneous flow the velocity field u∼ is assumed to be fixed so that we do not need to
solve the NS equation, and also ψ does not depend on x∼. These simplifications mean
that homogeneous flows are far more easily analysed both mathematically and numer-
ically than non-homogeneous flows, and because of this there has been a great deal of
work on homogeneous flows in the literature. For our purposes, it is useful to begin by
considering homogeneous flows as that allows us to focus our attention on solving the
isolated Fokker-Planck equation rather than the more complex FP–NS coupled system.
In this section we present some numerical results for two canonical homogeneous flows;
shear flows and extensional flows. Conveniently there are results available in the liter-
ature that we can compare our results to in order to verify the correctness of our FP
solver.
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3.2 Shear flows

A homogeneous shear flow has the velocity field u∼ = (γ̇y, 0, 0), in which γ̇ is the shear
rate. The gradient of the shear velocity field is the constant tensor:

κ
≈

=

 0 γ̇ 0
0 0 0
0 0 0

 . (3.1)

First we present results for shear flows in which dumbbells are assumed to be confined
to a plane. The exposition of the NS–FP system in Section 2 referred only to the 3-
dimensional case. The 2D case that we consider here is analogous, except that we
transform Eq.(2.9) using polar coordinates, (q1, q2) = (ρ cos θ, ρ sin θ), ρ ∈ [0,

√
b], θ ∈

[0, 2π], rather than spherical coordinates. Due to the symmetry of ψ about the origin,
if we impose the periodic boundary condition ψ(ρ, θ, t) = ψ(ρ, θ + π, t), then we need
only consider the domain (ρ, θ) ∈ [0,

√
b] × [0, π]. This is the approach adopted in this

section.
In Figure 3, we plot the steady state solution, α(ρ, θ), (after 750 time steps of size

∆t = 0.01) for a shear flow with the following parameters: γ̇ = 10; λ = 1; b = 150;
and ηp = 1. Figure 4 shows the transient behaviour of τxx, τxy and τyy over the time
interval t ∈ [0, 7.5]. This plot matches Figure 2 in [11], which was obtained by solving
the Fokker-Planck equation using a spectral element method, as well as a stochastic
approach.

Figure 3: Steady state solution, α(ρ, θ), of the Fokker-Planck equation for a 2D homogeneous
shear flow. ρ ∈ [0,

√
b] is on the horizontal axis, and θ ∈ [0, π] is on the vertical axis. The finite

element mesh consisted of 20× 40 quadrilateral elements, with quadratic basis functions.

The primary focus of this work is on simulating 3-dimensional flows. In order to solve
the FP equation for the analogous 3D shear flow, we need to compute a large number
of time steps on a highly refined 3-dimensional mesh. This is only feasible using parallel
computation. We utilised libMesh’s parallel computation facilities for this purpose, and
solved the FP equation for 750 time steps with ∆t = 0.01 for a mesh with 20× 80× 10
hexahedral elements with tri-quadratic basis function on the Lonestar supercomputer
at the Texas Advanced Computing Center. This machine contains 2560 processors and
a peak performance of ∼ 6.7 TFlops. For the 3D shear flow computation shown in
Figure 5 we used 40 processors. The load balancing for this computation is illustrated
in Figure 6. The stress vs. time plot we obtained for the 3D flow is indistinguishable
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Figure 4: Stress vs. time for a 2D homogeneous shear flow.

to the 2D case shown in Figure 4. This precise agreement between the time dependent
behaviour of the 2D and 3D FENE models in homogeneous shear flow agrees with the
results in Section 4.2 of [25], in which it was suggested that the simpler 2D model is
adequate for modelling this particular flow.

Figure 5: Cross sections of steady state solution, α(ρ, θ, ϕ), of Fokker-Planck equation for a
3D homogeneous shear flow. The finite element mesh consisted of 20 × 80 × 10 hexahedral
elements with quadratic basis functions.

3.3 Extensional flows

Next we consider a homogeneous extensional flow. Again we begin with the 2-dimensional
case, for which the velocity field is given by u∼ = (ε̇x,−ε̇y). Figure 7 shows the steady
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Figure 6: Load balancing for 3D shear flow. The mesh colouring reflects the partitioning
of the domain into sub-domains handled by each of the 40 individual processors used in this
computation.

state solution for a 2D extensional flow with ε̇ = 1, λ = 1, b = 10 and ηp = 1. Steady
state was reached by time stepping to t = 15 with ∆t = 0.05. For the FENE dumbbell
model in extensional flow it is possible to derive the analytic solution of the FP equation
and to determine τ

≈
exactly (see Section 13.5 of [7]). This is done for ε̇ = 1 in [11] in

which τxx was given as: τxx = 9.37242277773. Using our 25× 25 mesh of quadratic ele-
ments, we computed the stress tensor τ

≈
over the interval t ∈ [0, 15], shown in Figure 8,

and our computed steady state value of τxx was correct to 5 significant digits.

Increasing the extension rate ε̇ makes it more challenging to compute α. Figure 9
shows the solution of the Fokker–Planck equation with ε̇ = 5. The solution contains
localised regions of very high gradients. It would be wasteful to compute this solution
using a uniform mesh as the solution is benign throughout most of the domain. There-
fore we have employed libMesh’s adaptive mesh refinement capabilities. We used the
magnitude of discontinuities in ∇∼ qψ across element boundaries as a simple error indi-
cator [19], and from Figure 9 one can see that the mesh has only been refined in the
appropriate regions. Figure 10 shows the transient stress plot over t ∈ [0, 15]. Again,
from [11] we have the exact steady state value of τxx for this flow, and our value of
τxx = 122.21, computed using the adaptively refined mesh, is correct to 4 significant
digits.

Finally, we consider the case of a 3D homogeneous uniaxial extensional flow with

κ
≈

= ε̇

 1 0 0
0 −0.5 0
0 0 −0.5

 . (3.2)
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Figure 7: Steady state solution, α(ρ, θ), of Fokker-Planck equation for a 2D homogeneous
extensional flow with ε̇ = 1. ρ ∈ [0,

√
b] is on the horizontal axis, and θ ∈ [0, π] is on the vertical

axis. The finite element mesh consisted of 25× 25 quadrilateral elements, with quadratic basis
functions.

Figure 8: Stress vs. time for a 2D homogeneous extensional flow with ε̇ = 1.

Figure 11 shows the steady state solution for this velocity field, and Figure 12 is the
accompanying transient stress plot for the 6 independent components of τ

≈
.
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Figure 9: Steady state solution of Fokker-Planck equation for a 2D homogeneous extensional
flow. Similar to Figure 7, except that here we have ε̇ = 5. We have plotted the adaptively
refined mesh in this case, and one can see that refinement is focused on the regions of high
gradients in the solution.

Figure 10: Stress vs. time for a 2D homogeneous extensional flow with ε̇ = 5.

3.4 Non-homogeneous flows

In this section we discuss the more challenging situation in which the velocity field u∼
is allowed to vary through Ω. In contrast to the computations for homogeneous flows
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Figure 11: Steady state solution, α(ρ, θ, ϕ), of Fokker-Planck equation for a 3D homogeneous
uniaxial extensional flow. Mesh contained 30 × 15 × 15 hexahedral elements with quadratic
basis functions.

Figure 12: Stress vs. time for a 3D homogeneous uniaxial extensional flow. This plot looks
qualitatively very similar to the stress plot for the 2D extensional flow in Figure 8. Though
the plots are not identical, e.g. in the 2D case τxx converges to ∼ 9.34, whereas in this 3D plot
it converges to ∼ 9.05.

considered in Section 3.1, we must now solve the full micro–macro problem using the
procedure outlined in Section 2.3. We have applied our algorithm to a number of different
flow geometries – one in 2D and one in 3D – for which results are presented below.
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3.5 2-dimensional flow in a T-shaped domain

We consider a flow in a T-shaped domain in which both physical space and configuration
space are assumed to be 2-dimensional. In this case, we have imposed periodic boundary
conditions on the left-most and right-most edges of Ω, a rightward moving boundary at
the top of the domain (such that ux = 1 on that boundary), and a zero Dirichlet condition
on the other boundaries. An alternative approach would be to impose velocities on inflow
and outflow (e.g. a parabolic velocity profile), but the complication in this approach
is that we do not have the solution to α upstream from the inflow boundary. The
standard solution to this is to assume a fully developed flow upstream, for which α
can be computed and convected into Ω. Nevertheless, we find it more convenient to
use periodic boundary conditions, as the “upstream” solution is readily available by
periodicity. As a result, we must drive the flow using moving walls. This means that
this non-homogeneous flow is similar to a shear flow, and indeed in the main part of the
channel we can see from Figure 15 that ux is only slightly perturbed from a simple shear
velocity profile. The simulation parameters in this case were λ = 1, b = 10, ηp = 1.439
and ηs = 1.

We ran this simulation on 8 processors, again on the Lonestar parallel computer at
the Texas Advanced Computing Centre. We took 100 time steps with ∆t = 0.05, in order
to reach the steady state solution shown in the figures below. This computation took 81
seconds per time step, with 71% of the time for configuration space updates, and 23% for
physical space updates. The physical space mesh consisted of 1024 bi-quadratic elements
(4257 degrees of freedom), whereas the configuration space mesh had 400 bi-quadratic
elements (1681 degrees of freedom). We have plotted (i) load balancing in physical
and configuration space, (ii) configuration space and physical space cross sections of the
steady state solution, α, (iii) components of the velocity field u∼ in ∂Ω, and (iv) the
components of τ

≈
.

We have uniformly sized elements for our physical space mesh (element sizes shown
in Figure 13). This necessitates a very fine mesh due to the singularities at the corners in
the domain. It would be preferable to non-uniformly refine this mesh so that elements
are larger away from the singularity – indeed it is likely that this would significantly
reduce the computational work required to compute the solution to a given accuracy as
for each degree of freedom we save in physical space, that is one less configuration space
update we would require.

3.6 3-dimensional non-homogeneous flow

Finally, we consider a 3-dimensional non-homogeneous flow. The physical domain in
this case is a rectangular prism (brick) and again we drive the flow using moving wall
boundary conditions, and impose periodic boundary conditions on the ends of the brick.
We have only one non-zero velocity component in this case, uy, and our simulation
parameters (λ, b, ηs, ηp) are the same as in Section 3.5.

The configuration space mesh contained 10×10×10 hexahedral elements with tensor-
product quadratic basis functions, and the physical space mesh was quite coarse, con-
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(a) (b)

Figure 13: Load balancing plots for computation in 2-dimensional T-domain. Computation
was carried out on 8 processors. Figures (a) and (b) show mesh partitioning among the 8
processors for Ω and D respectively.

(a) (b)

Figure 14: Cross sections of α in (a) physical space and (b) configuration space.

taining only 4×4×4 hexahedral elements. We ran the simulation for 60 time steps with
∆t = 0.05 on the Lonestar supercomputer with 8 processors, and each time step took
129.9 seconds on average. The breakdown of computation time was similar to the 2D
case: 74% of CPU time was spent on configuration space updates, and 20% was spent
on physical space solves. We plot α, the velocity field and the components of the stress
tensor in the figures below.

Fully 3D computations (i.e. 3D physical space and 3D configuration space) offer a
major challenge. So far as we are aware, our work is the first attempt to use the deter-
ministic method to perform a fully 3D simulation (Lozinski and Chauvière considered 3D



31

(a) (b)

(c)

Figure 15: Steady state velocity and pressure profiles for T-domain computation. Figures (a)
and (b) show ux and uy respectively. Note that ux varies from 0 (blue) to 1 (red), and is only
slightly perturbed from a uniform shear flow, whereas the range of uy is only -0.03 (blue) to
0.03 (red). Figure (c) shows the pressure profile, and we can see the pressure singularity at
the corners in the domain.

configuration space and 2D physical space in [10]). We intend to work toward simulating
more complex 3-dimensional flows. Again, though, this will be a significant challenge.
The primary difficulty we face is that as the number of degrees of freedom in the meshes
increase, we require more sequential updates (both in configuration space and physical
space). Increasing the number of processors used in the computation will at best keep
the time for each update constant as the meshes are refined, but since we must perform
more updates (possibly significantly more, as the number of degrees of freedom grows
rapidly in 3D) then the overall CPU time for the computation will increase. We intend
to investigate approaches to ameliorate this difficulty in our future work.

4 Future work and conclusions

There are a number of areas in which future work will be directed in order to further
develop the ideas introduced in the preceding sections. These are outlined in this section.

As noted in Section 2, the bulk of the computational time in our deterministic micro-
macro algorithm is spent in solving the configuration space part of the FP equation.
Thus to improve the efficiency of our approach we would like to focus our attention on
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τxx τxy

τyy

Figure 16: Components of τ
≈

for T-domain.

(a) (b)

Figure 17: Cross sections of α in (a) physical space and (b) configuration space.

optimising this stage of the procedure. Following Süli [33], one approach to this would
be to utilise stabilised sparse finite element methods. Approximation theory results
for sparse finite element methods [9] show that they provide a way to obtain a certain
level of accuracy with less degrees of freedom than for a full cartesian product mesh,
although more stringent smoothness conditions are required. Also, the saving of degrees
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(a) (b)

Figure 18: Steady state velocity and pressure profiles for 3D domain. Figure (a) shows uy.
Note that ux and uz are identically zero for this flow and hence are not shown. Figure (b)
shows the pressure profile.

of freedom becomes greater as the mesh dimensionality increases. If utilising sparse
meshes enables us to reduce the number of degrees of freedom in configuration space,
this could lead to significant savings as not only do we reduce the problem size for each
configuration space update but we also reduce the number of physical space solves that
need to be carried out.

Also, an important open question is whether it is feasible to utilise a deterministic
approach for models in which the configuration space is of dimensionality greater than 3,
such as those arising from the Rouse-Zimm chain polymer model. We suggest that sparse
meshes may make this viable. Indeed, in [13], computations were carried out using this
approach for a simple homogeneous shear flow with configuration space of dimensionality
up to 6. From the reported results, the sparse mesh approach appears to offer significant
improvement in efficiency compared to using a full tensor product mesh. Applying a
sparse mesh method to bead-spring chain models, especially for non-homogeneous flows,
is an interesting topic that we would like to explore in future work.

To date, we have focused primarily on the practicalities of implementing our deter-
ministic micro-macro algorithm from Section 2, and testing this algorithm by simulating
various flows. An important direction for future research is to refine the mathematical
analysis of our algorithm. One point requiring clarification is the choice of function
spaces for the weak formulation of the FP equation after operator-splitting. We referred
to the function spaces as K and M in Section 2, but did not specify anything about the
structure of these spaces. Also, we would like to consider the question of convergence
of the deterministic algorithm. In the work of Lozinski et. al. (e.g. [10, 11,26]), conver-
gence is demonstrated empirically for their deterministic approach by showing that the
solution converges with mesh refinement. We would like to address this more rigorously.

The FP equation in physical space is a linear transport equation. It appears that
the Galerkin approach to solving this equation works well for simple flows, but may
break down for more complex velocity fields. We would like to investigate this further,
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τxx τxy

τxz τyy

τyz τzz

Figure 19: Independent components of the polymeric extra stress tensor, τ
≈

for the 3D domain.

and perhaps use a stabilised method, such as SUPG, to improve the robustness of our
methodology when applying it to complex flows.

We would also like to analyse the impact that the accuracy of ψ(x∼, ·, t) has on the
macroscopic quantities of interest, τ

≈
(x∼, t) and u∼(x∼, t). Since we average ψ in order to

compute τ
≈

it seems likely that the accuracy of ψ is not as critical as we may have
assumed. If we have a rigorous description of the relationship between the microscopic
and macroscopic variables, it could enable us to allocate computational resources more
efficiently.
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We have examined a finite element based methodology for computing solutions of
the multiscale Navier–Stokes Fokker–Planck model that describes the dynamics of dilute
polymeric fluids. In Section 1 we discussed the physical and mathematical foundations
of the NS–FP model, and in Section 2 we presented a review of the literature on compu-
tational simulation of polymeric fluids, and then discussed our deterministic algorithm
in detail. We presented a range of numerical results in Section 3 that demonstrated the
effectiveness of our approach, including some novel results for the simulation of a fully
3-dimensional flow. Nevertheless, there remains much work to be done in refining the
deterministic approach examined in this work. In pursuing the directions of future work
briefly discussed above, we intend to push the limits of the deterministic approach to see
if it can compete with well developed stochastic approaches in simulating a wide range
of polymeric flows.
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