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For atomistic energies, global minimization gives the wrong quali-
tative behaviour and therefore continuum limits should be formulated
in terms of local minimization. In this paper, a possible process is sug-
gested, to describe local minimization for a simple one-dimensional
problem with body and surface energy. It is shown that an atomistic
gradient flow evolution converges to a continuum gradient flow as the
spacing between the atoms tends to zero. In addition, the conver-
gence of local minimizers is investigated, in the case of both elastic
deformation and fracture.
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1 Introduction

Continuum limits of atomistic models have been considered by many authors,
including Braides et al. using techniques of I'-convergence [BDMG99,[BG02]
and E and Ming [EM04] considering only small deformations, but showing that
[-convergence which is based on global energy minimization may not be the
correct approach. The I'-convergence approach is also rejected by Blanc et al.
[BLBL.OZ], who consider what is essentially pointwise convergence. Except for
the fact that they consider far more general atomistic interactions and do not
restrict themselves to one-dimensional systems, the continuum limit they is the
same as the one we obtain in the present work. In fact, this paper may be seen as
a small step towards a rigorous justification of the approach taken in [BLBL0Z].

The difficulty, which we try to address in this paper is that an atomistic
model is typically a finite-dimensional system, so that, due to norm-equivalence,
the term local minimization is perfectly well-defined. In the continuum limit,
however, the choice of topology is crucial. For example, E and Ming[EEM04] claim
that under small external loads, there exists a W*-local minimizer, which is the
limit of the correct atomistic minimizers.

Additionally, the non-convexity of the interaction potentials creates a large
number of local minimizers. Already the simple one-dimensional energy (B1I)
has a number of local minimizers which is at least proportional to the number of
atoms, if the body force vanishes and the surface force is positive. We therefore
require a selection criterion to choose the ‘correct’ local minimizer. This selection
criterion should be the dynamics of the material.

In this paper, we choose simple gradient flow dynamics to study the problem.
While a gradient flow may not be the physically correct evolution under which an
equilibrium should be stable, it is, nevertheless, a significant improvement over
the unphysical concept of global minimisation. Gradient flows are extensively
used in computations; for example, in the quasi-continuum method it is used to
identify local minimizers in quasistatic evolutions. Rieger and Zimmer [R7Z] use a
gradient flow in a space of Young measures as an approximation to a quasistatic
evolution to model damage.

The structure of this paper is as follows. In Section B we review the approxi-
mation theory for gradient flows developed in [Ort05]. In Section B, we define a
simple atomistic energy £, and establish the convergence of the H!-gradient flow
of Ej to the H'-gradient flow of an appropriate continuum energy. The reason
for this choice is a mathematical one: the strong topology is required to balance
the non-convexity of the atomistic interaction potential. Finally, in Section Ml
we investigate the convergence of the atomistic gradient flow evolutions to local
minimizers of the atomistic energy as time tends to infinity, and the convergence
of the resulting atomistic equilibria to an equilibrium of the continuum energy,
which turns out to not be a local minimum. The examples we give raise some
interesting questions concerning the concept of stable equilibria in the continuum



setting.

We show in particular, that the equilibrium obtained in the elastic case is
stable under W' *-perturbations, but it is not an H!-local minimizer. We were,
however, unable to construct a ‘smooth’ curve, starting in the equilibrium, along
which the continuum energy decreases. If we were able to prove that no such curve
exists, then the equilibrium would be stable under general ‘smooth evolutions’
thus showing that the choice of evolution is not so crucial after all, as long as the
deformation remains close to an equilibrium.

2 Approximation of Gradient Flows

Let 27 be a Hilbert space with inner product (-, -) and norm ||-||, let 7 be a closed

convex subset of ., and let ¢ : A — (—o0,00|. If ¢ is Fréchet differentiable

at a point u, we denote the representation of its derivative, i.e. its gradient, by

¢'(u). Higher order derivatives are denoted for example by ¢”(u; vy, v,), and so

on. We denote the domain of definition of ¢ by D(¢) = {u € 2 : ¢(u) < oo}.
A curve u € Cl(a, b; H) is called a gradient flow of ¢, if

a(t) = —¢'(u(t)) Vit € (a,b). (2.1)

In this paper, we are specifically interested in gradient flows of non-convex func-
tionals. A recently identified condition on ¢, under which a considerable part
of the theory of gradient flows for convex functionals can be recovered, is the
condition of A\-convexity [AGS05]. We say that ¢ is A-convex in 7, if there exists
A € R such that

O((1 —t)vo +tv1) < (1 —t)g(vo) + (1) — %t(l —t)[lvo — v ®
\V/’Uo, U1 € JZ{,\V/t S (0, ].) (22)

To obtain a better feel for the meaning of A-convexity, consider the following
simple Proposition, which is proven in [Ort05].

Proposition 1 The functional ¢ is A-convex in <7 if, and only if, u — ¢(u) —
2ul|? is convez in o .
In particular, if ¢ is differentiable at every point of o/ and satisfies

(gb’(vl) — gb’(vo),vl — UQ) Z )\||vl — UQ||2 \V/Ul,vo c JZ{, (23)

then ¢ is A-convex in o7 . If ¢ is twice differentiable at every non-extremal point

of & and
" (u;v —u,v —u) > Mo —ul|* Vu,ve o, (2.4)
then ¢ is \-convex in of .
If ¢ = &1 + 2, where ¢; : o — (—00,4+00], @1 is conver and ¢q is A-conver,
then ¢ is \-convez.



If a functional is A-convex, then its gradient flows have an alternative characteri-
zation. Suppose that a curve u € C!(a, b; #) satisfies (1)), where ¢ is A-convex.
By a relatively straightforward energy argument, one can show that u also satis-
fies the evolutionary variational inequality

S ) —ol* + %HU(t) — |l + ¢(u(t)) < d(v) VveH,VtE (ab)

This inequality is the basis for a strong theory of gradient flows in metric spaces
(then called curves of maximal slope) in Chapter 4 of [AGS05]. Note, for example,
that it makes sense to consider u,v € o/ only, instead of all of .77°. Theorem B is
a collection of results in [AGS0H)] translated to the Hilbert space setting.

Theorem 2 (Existence and uniqueness) Let &7 be a convex subset of a Hilbert
space A and let ¢ : o — (—o00,00] be (strongly) lower semi-continuous and -
convez. For each ug € D(¢), there exists a locally Lipschitz-continuous curve
u:[0,00) — o/ which is the unique solution of

A
——|lu(t) —v||* + §Hu(t) —v|P+o(u(t)) < é(v) Vv e, forae t >0, (2.5)
among all curves v € ACio(0, 00; %), satisfying v(0+) = .

For the remainder of the paper, we shall use the following definition for a gradient
flow.

Definition 1 Let o7 be a convez, closed subset of a Hilbert space € and ¢ :
o — (—00,00| a lower semi-continuous and \-convex functional. We say that
a locally Lipschitz-continuous curve u : [0,00) — & is a gradient flow of ¢, if it

satisfies ([ZH).

Based on the evolutionary variational inequality stated above, an abstract conver-
gence theory for gradient flows in a general metric setting for possibly non-convex
and non-differentiable functionals was developed in [Orf05]. Theorem Bl below is
one result therein which is relevant for the Hilbert space setting in the present
work.

Let (¢n)nen be a family of functionals ¢, : & — (—o00, 00], which are approx-
imations to the functional ¢. To approximate gradient flows for ¢, we compute
gradient flows for ¢}, and compare them, using (23) and Gronwall’s Lemma. The
result obtained by this procedure is the following.

Theorem 3 Let o7/ be a convexr subset of a Hilbert space 7 and, for h € N,
let ¢,¢p + o — (—o00,00| be functionals defined on /. Let u® € D(¢) and
u) € D(¢p) be given initial values, and assume that following conditions are
satisfied:



(i) Lower Semi-continuity:  The functionals ¢ and ¢, (h € N) are lower
semi-continuous.

(i) Uniform A-Convexity: There exists A € R, such that the ¢y, as well as ¢
are A-convex.

(#ii) Equi-Coercivity: There exists a point u* € o/ and € > 0 such that
infpen infye o |jv—u<e Pn(v) > —00.

(iv) Convergence of the initial data: sup,cn ¢n(uf)) < 0o and ||uf) —u|| — 0 as
h — oo.

(v) Consistency: If (wp)pen C &7 is bounded in F, then there exists a con-
stant ¢ > 0 such that

limsup (¢(wy) — ¢n(wy)) <0, and G(wy) < ci(1+ [on(wn)]™ + Jwn]?).

h—o00

(vi) Best approximation error: For everyh € N, there exists a Borel-measurable
curve vy, : (0,00) — &, so that v, — u in LE ([0, 00); 7) and

loc

on(on(t)) — é(u(t)) and dp(vn(t)) < ea(L + [d(u(t))]* + [lu(®)]?),
where u is the gradient flow of ¢ with initial data u®.

Then the gradient flows (in the sense of Definition[) uy of ¢y, with initial values

ud) converge in L2 ([0,00); ) to the gradient flow u of ¢ with initial value u®.

We conclude this Section, by stating a result from [AGS05], concerning the im-
plicit Euler approximation of a gradient flow.

Lemma 4 Let t; = jr, for j = 0,1,..., define a partition of [0,00), with 0 <
7 < 1/min(0, —X). Let ug € I, and let the family (u;)i—12.. be defined by
— s 1112
u; = argmin,, |v — HUQA + o(v)
T

Let u(t) be the gradient flow of ¢ with u(0) = ug and let u.(t) be the piecewise
constant interpolant of (u;), i.e.,

ﬂT(O) =0 and ﬂT(t) = Uj; if tig <t<t.

Then, u,(t) — u(t) for everyt >0, as 7 — 0.



3 Convergence of an Atomistic Evolution

3.1 A simple atomistic energy

For each h € N consider a chain of h + 1 atoms, at positions (u)i—o..» C R,
up = 0. For each such configuration of the atomistic body, we define the potential
energy

€n

Bu((u) =Y e [J (l> i +“?1>/2] —guf, (31)

7=1
where ¢, = 1/h. J = J(z) is a Lennard-Jones-type potential, satisfying

J(z) = 4o00if 2 <0 and J(z) — 00 as z — 0,
J is strictly convex in (0, z7), and (3.2)
concave, increasing and bounded above in (21, c0),

J'(1) =0, and J € C*(0, +00),

with 1 < z; < +o0o. The family (f/*);—;. 5 defines a linear body force, which is

(2
obtained by averaging an L' function, i.e.,

fh= ][ f(x) de,

where 2 = i/h, for each i € Z. The scalar g describes a linear surface force. For
technical reasons, we may wish to impose an L.°° bound on the deformations, i.e.,
we shall assume that u? < M, where M € (1, 0].

Our goal, which we shall turn to in Section Hl is to find the stable equilib-
rium that the material would ‘naturally’ assume if we started in the reference
configuration u = 2" and then suddenly applied the forces (f!), g. To achieve
this we should consider the dynamics of the body and let time tend to infinity.
Here, we postulate the dynamics to be an H!-gradient flow of the functional. The
choice of gradient flow was governed by the wish to analyze local minimization.
The choice of topology — the strong H!-topology — was necessary to make the
continuum problem well-posed. The H!-norm is required to balance out the non-
convexity of the leading term in FEj,. Note also, that even if we had a theory
of gradient flows of non-convex functionals in weaker topologies at our disposal,
Proposition [[@ would suggest that on the continuum level such an evolution would
give the wrong qualitative behaviour even for small applied loads.

We shall test the gradient flow model on the following question: How small
does f, g have to be to retain elastic behaviour? In other words, how large do
f, g have to be in magnitude so that damage or fracture occurs? In the atomistic
setting, the point at which damage occurs is when (u; — u;_1)/€, enters the



concave region of the potential, compare also [BDMG99]. Fracture occurs when
the atoms debond, i.e., (u; —wu;—1)/€n > z1. We are particularly interested in the
continuum manifestation of these effects.

3.2 The H!-gradient flow

Let us define

uy(r) = lT if € (2" |, 2"), and

up(z) = /0 "l () da.

Then, uy, is the piecewise-affine interpolant of (ul!) and wj, is its weak deriva-
tive, and we have in particular that u;, € ., the set of admissable atomistic
deformations, which is defined as

o, = {v e H'(0,1) : v(0) = 0,v < M, and v is piecewise affine w.r.t. (z})}.

i

Thus, we can rewrite F), as

1
Ep(up) = / [J(u},) = faup] dz — gup(1)  for wy € o, (3.3)
0
where fj, is the piecewise constant interpolant of f with

fu(x) = fi for x € (2 1, ;). (3.4)

We shall show below that Ej is A-convex in the H!'-metric. Therefore, from
Theorem B, we expect the correct limit energy (in the gradient flow) to be

E(u) = /o [J(u') = fu] dz — gu(1),

defined for u € & := {v € H'(0,1) : v(0) = 0,v < M}.
In the subset &7, the H'-seminorm is equivalent to the H!'-norm, and hence
we may consider the gradient flow in the H!-seminorm

Julr = [z

In general, we will define either || - ||, = || - |lm or || - ||ox = | - |- Most of the
results hold true for either choice, but there are some interesting differences. The
following theorem states that the (atomistic) «7-norm gradient flow of Fj in <,
converges to the (continuum) .7-norm gradient flow of £ in «/. We embed 27,
in o7 by setting Ej,(u) = 400 if u € &7 \ o,



Theorem 5 Let u’ € D(E), and let ul) € <7, be the piecewise affine interpolant
of u® with respect to the mesh (z). Then, the o -gradient flow uy of Ej with
initial data u) converges in L2, ([0,00); &) to the < -gradient flow u of E with
initial data u®.

The convergence proof consists of three steps: first, establishing the A\-convexity
of the functionals; second, estimating the perturbations caused by the discrete
forcing term; and third, constructing a recovery sequence for the solution which
satisfies condition (vi) of Theorem

Lemma 6 With respect to the <7 -norm, the functionals E and Ej, (h € N) are
A-convex in &/, with A = min,~q J"(z), and lower semi-continuous.

Proof For the A-convexity as well as the lower semi-continuity, note that the linear
(continuous) terms need not be considered and we assume without loss of generality
that f,g = 0. In the spirit of Proposition [ we define F(z) = J(z) — (\/2)2%. By
the definition of A, F(y) > 0 whenever y > 0, hence F' is convex in (0,00). Since
F(2z) = +o0 for z <0, F is convex on R.

Applying this result to E, let vy = (1 —t)vg + tvy for vg, vy € H'(0,1), and consider

Y 1
B - il = [ P
1

< /0(1—t)F(vo)+tF(vl)dx

— (1= t)(B(vo) = M2[vh|%) + t(E(v1) — A/2]|0}]|%).

Using Theorem [, we obtain the F is A-convex in o7. As FE}, is the restriction of E to
a convex set, we have the same result for Ej,.
To prove the lower semi-continuity, consider the functional

G(u) :/01 <J(u')— %|u'|2> do = /Olp(u/) de,

where F' is convex and lower semi-continuous. By a standard result (see for example
Theorem 1 in [Dac89]), G is therefore sequentially lower semi-continuous, even in the
weak topology of H!. Since

AL, !
Blu) = Glu) + 5z = [ fude = gu(y).

where the added terms are continuous in H!, the result follows for the functional E.
To see that Ej is lower semi-continuous, simply note that under the assumption that
f,9 =0, E, = E|,, where 4, is convex and closed and hence the proof carries over to
E; as well. m



Lemma 7 If f € L1(0,1), then, for every v € &, we have that

1
| [ = poda] < olllf = Sy, and
0
|f = falle — 0 as b — 0,
where fy, is defined as in ([B2).

Proof Holder’s inequality gives

1
| [ = yoda] < ol = s

Using v(0) = 0, we also have
[vlleee < [0l < ']z < [Jvllers

which gives the first result. The convergence || f, — f|,1 — 0 follows from the fact that
fp is the L2-projection of f onto the piecewise constant functions with respect to the
mesh (z}). For, let f. € L? such that ||f — f|[1 < ¢, and denote f., its piecewise
constant projection, then

h o
1= fulls < UF = fellwr + 1fe = fenllr + > en (f = foda

i=1 Ti1

h o pah
< = Ll 41~ Sl + Y [ 17 = S s
i=1"Y%i-1

< 2e+|[[fe = fenllur-

Letting h — oo, we obtain limp, o ||f — frll;r < 2eforalle>0. m

Lemma 8 There exists a constant ¢y, depending only on || f||L: such that, for
every u € o/ with E(u) < 0o, the piecewise affine, continuous interpolants v, of
u with respect to the mesh (zh) satisfy

lvn — ulls = 0, En(vn) — E(u) as h — oo,
|vonllor < 2l[ullr, and Ep(va) < [2[1fIF2 + Sup J(2)] + E(u) + 2[JullZ,.

Proof Let u € &/ and let v;, be the piecewise affine interpolant with respect to the
mesh (27). Applying Jensen’s inequality to

h

/ /
/ v, dr = / u' dx,
ah zh

1 i—1

and summing over 4, we get ||[v} [li2(01) < [|v/[l20,1)- For || - [l = || - [[ar only, we
need to use Friedrich’s inequality to obtain ||vg||s < 2||lu||e. It follows from standard
interpolation error estimates and a simple density argument that

|lu —vpl|ls — 0,



10

as h — oo.

To compute the bounds on the energy as well and to show its convergence, we start
with the lower-order terms. Using Lemma [ and the fact that v,(1) = w(1) for all
h € N, we have

1 1
—/ fropdz — gup(1) — —/ fudx — gu(l) as h — oo, and (3.5)
0 0

1 1
- /O fwon de — gon(1) < — /0 Fuda — gu(1) + 20 f12 0 + 2l

where we used

1 1 1
—/ fhopdr = —/ fdeJr/ [f(u—wp) + (f = fr)vn] dz
0 0 0
1
< - /0 fudz + | flloa e — onllie + I1f = Fullos llonllie
1
< - /0 fuds + 4| £l |lully
1
< - /0 fudz + 2] |2, + 2jul,.

To deal with the higher-order terms, let J(z) = Jo(z) + Ji(z) where Jy(z) =

J(2)X(=00,1](z)- In the interval (zl |, 2!, we have v, =h f;il v’ dx and, using Jensen’s

inequality Jo(v},) < h fx,? Jo(u') dz (note that 1/h is the length of the interval). If we
Ti-1
define

h

ap(x) = h/hi Jo(u") dx + max J(z), forze (zh | ah),
Ti =

then J(v},) < ap(z) ae. in (0,1) and

1 1
/0 ap(x)dx :/0 Jo(u') dx + max J(z) =: A.

z>1

In particular, we also have

1 1
/ J(vp,) dx < / J(u')dz + sup J(2),
0 0

z>1
which, together with (B3 gives
Ep(on) < 201 £1F: + sup J(2)] + E(u) +2ull%,. (3.6)
2z
Since x +— Jo(u/(z)) € L*(0,1), we have, by Lebesgue’s differentiation theorem

(Section 1.7, Corollary 2, [EG92])

lim ap(x) = Jo(x) + max J(2)

h—oo
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for a.e. x € (0,1), and similarly, v;, — v’ a.e. in (0, 1).
Using Fatou’s Lemma, and the fact that J is continuous in (0, 00), we have

1 1
2A — limsup/ |J(vg,) = J(u')|dz = lim inf/ [2a, — |J(v,) — J(u)|] d
0 0

h— 00 h—oo

Vv

/0 lim inf [2ay, — |J(v}) — J()]] da

h—o00

1
- 2/0 [Jo(u')—i-rilgi(J(z)] dx
— 924,

and hence, using also 1)), we have E(v,) — E(u) as h — o0 ®

We have assembled all results to prove Theorem
Proof of Theorem The result is a straightforward application of Theorem B,
using the preparations of this Section.

Conditions (i) and (ii) were shown in Lemmal@ Condition (iii), the equi-coercivity,
follows from the fact that J is bounded below and the forcing term is Lipschitz con-
tinuous. Condition (iv), the convergence of the initial data is guaranteed by standard
interpolation error results as well as Lemma B Condition (v) is controlled by Lemma
[0 since Ej and E|, differ only in the forcing term.

Let vy, (t) be the piecewise affine interpolant of u(t). Using Lemmal to obtain (vi),
we only need to show, that ¢ — vy (t) is Borel measurable. In fact, it is fairly easy to
see that it is even continuous. Since in one dimension, H!(0,1) is embedded in C0, 1],
the mapping ¢ — wu(t) lies in C(0, 00; C[0, 1]) and hence ¢ +— u(z,t) is continuous as

well. Since
h
=D _ulaj (e
J=1

where the <p? are Lipschitz functions, this shows that v € C(0,00; H!). =
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4 Convergence of local minimizers

4.1 Elastic deformation

The Cauchy-Born hypothesis states that an atomistic body, subjected to a small
affine boundary displacement will follow this displacement in the bulk. Friesecke
and Theil demonstrate in [F'T02] a two-dimensional, mathematical version of this
important foundation of continuum mechanics, by considering global minima of
an energy similar to (B, but with a quadratic interaction potential. In the
present setting, where the potential J(z) is bounded as z — 00, global minimiza-
tion cannot give the correct answer, as the following proposition demonstrates.

Proposition 9 Let E, be the energy defined in B1), with f =0 and g = 0. For
every € > 0, there exists an H € N such that for all h > H, the global minimum
of E, among all orientation preserving deformations, satisfying u(0) = 0,u(1) =
1+ € is not affine.

Proof Consider the ‘fractured’ deformation uzh = x? for - = 0,1,...,h — 1 and
UZ =1+ €. Then,
h—1 1
En((u})) = — )+ 5 S+ eh)
h—1 1
< —J1)+ = J
< ——J )+h§1§ (2),

which, for sufficiently large h is strictly less than
Er(1+e)zl) =J(1 +e) > J(1).

The proof actually showed that not only is the Cauchy-Born hypothesis violated,
but in fact a material breaks for arbitrarily small boundary displacements or
surface forces, if we assume that it attains the global energy minimum. On the
other hand, one of the goals of this paper is to highlight the fact that for atomistic
models, global minimization is the wrong approach. Proposition @lonly formalizes
this.

In the following, we take a somewhat different version of the Cauchy-Born hy-
pothesis, considering small forces rather than boundary displacements and show-
ing that the resulting equilibria are essentially continua. The convergence result of
Theorem B suggests the following procedure: For sufficiently small forces, there
should be a critical point u;, in fact a strict local minimum, of the atomistic
functional E},, such that u}’ < 21, i.e., the deformation gradient lies in the region
where J is convex. Hence, the gradient flow for sufficiently close starting points
should converge to u; as t — oo and the deformation gradient should remain
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within the region where J is convex. Since the atomistic gradient flow converges
to the continuum gradient flow, the continuum deformation gradient should re-
main in this region as well and therefore converge to a critical point in that set
which should be the limit of the uj.

The main difficulty is to show that the critical points uj are ‘uniform local
minimizers’ in the sense that we do not require perturbations to tend to zero as
h — oo. We formalize this in the following theorem.

Theorem 10 Let E}, be the energy defined in BI). If |g| + || flle < J'(z1),
there exist critical points u;, of Ey in <, such that u;' < z;. These equilibria
are stable in the sense that any | - |gi-gradient flow uy, of Ey with u)(0,2) < z
satisfies imy_ o up(t) = uf in H'(0,1). There exists also é > 0 such that, if uy, is
an || - ||m- gradient flow with u} (0, z) < uj'(x) + €, then we have uy(t) — uj as
t — oo as well.

Furthermore, there exists a critical point u* € & of E such that limy, . uj, =
u* and lim;_ou(t) = u* in H', for every | - |m- gradient flow u of E with
u'(0,2) < 21 — € for some € > 0, and for every || - ||m:-gradient flow u of E with
W (0,2) <u(x)+é.

If f =0, then u;, = u* are affine.

This result has two interpretations. First, we may interpret it as some form of
the Cauchy-Born hypothesis, i.e., that the atomistic deformation is essentially a
continuum deformation. Second, it shows that the resulting continuum model
has the correct behaviour for small loads.

Note also, that not all proofs in this Section are ‘optimal’. FEspecially the
proof of Theorem [ is more technical than it needs to be. The purpose of this
discussion is to show that some of the techniques used here can be applied to far
more general problems and are in particular dimension independent.

The proof of Theorem [ requires some preparation in the form of several
Lemmas which assemble information about the atomistic gradient flow.

We let # be the set of all deformations whose gradient remains in the region
where J is convex, i.e., we define

B.={ved V() <z —eforae ze(0,1)} (4.1)
and & = A,.

Lemma 11 Suppose that |g| + || f||L10,1) < J'(21 — €) for some € > 0; then there
exists a unique critical point uj of By in the set B.. The point uj satisfies

uy'(z) = (J’)’I(F]h) <z —e for :c?fl <x< :c?, (4.2)

where ' is defined by [E3).
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Proof We compute the critical point by a change of variables. For u; € 7, let

r? = (U? — u?fl)/eh. Then, setting
i T if i =0,
fl=9 s+l if1<i<h-1
sH if i = h,

we have, using ug =0,

h h
Ep(up) = Z EhJ(’I“;L)) - Z ehf]hu? — guz

j=1 7=0
~ J
= D e =D enf; > enr!
=1 j=1 i=1
h h hoo
= Y end(r}) - ZEhﬁh[ng Zehf]h]
7=1 =1 Jj=t
h
= > ealJ(r}) - Firl,
j=1
where . ol
~ €h
Fl =g+ afl =g+ 5+ )+ D af) (4.3)
j=i j=it+1

To compute 7"?, we differentiate Ej, with respect to 7"?, which gives the equation

OE(up,)

R
Brj

:eh[J'(r;L)—FJh] =0 forj=1,...,h,

or, equivalently,
J'(r}) = FJ".

We estimate th, using the assumption that || f|j1 + ¢ < J'(z1 — ¢€), by

h 1 m? 1271 1 1
Fyl = g+—/ f(x) dx+/ f(x) dx+—/ f(x)da (4.4)
j—1 J h—1

1

<o+ [, @)
:Bj71

< gl + 1o, (4.5)

S J/(zl—e).

In the region {z < z1}, J/(2) is strictly increasing and hence invertible. Therefore,
h —1/ph
rj:(J') (Fj)gzl—e

describes the unique critical point of Fj in .. B
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Lemma 12 Under the conditions of LemmalId, if uy, : [0,00) — <, is an |- |-
gradient flow of E), with uy(0) € B, then uy(t) € B, for allt > 0.

Proof Consider the time-discrete approximation (U (t;));j=o.1,..., as described in Lemma
@, for some fixed, sufficiently small time-step 7. Let R};(t]’) be as in the proof of Lemma
[0 Then, Ry(t;) minimizes

oI B(t5) = Ralty 1) + Bu(Ri(ty)) (47)

As in the proof of Lemma [, we compute the Euler-Lagrange equation in terms of
R (t;). At the minimum, the equation

%(Rﬁ}(t]‘) - RZ(’%‘—l)) = F}' = J(R}(t;))

has to be satisfied. For sufficiently small 7, there is a unique solution. Now assume
(inductively) that R} (tj—1) < 21 — €. To show that R} (t;) < 21 — €, assume this is not
true. Then F' ]h — J'(Ri(tj)) < 0, which gives a contradiction. Hence, we have that for
alli=1,...,hand j € N,

R%(t]‘) S Z1 — €.

As 7 — 0, the discrete solution converges to the gradient flow u;, and hence u), < z; —e
a.e. in (0,1). m

Corollary 12A Under the conditions of Lemma [, every | - |u1-gradient flow
up, with up(0) € B, satisfies the evolutionary variational inequality

1d «
§E|uh —vlf + §|uh —vlf + En(up) < Ey(v) Yo € ., (4.8)
where o = min,<,, . J"(z) > 0. In particular, we have

lup(t) — ullm < e |up(0) — uj|m.

Proof Weset Ej, = E}| %, and show that uy, is also a gradient flow for E), by considering
the minimization problem (E7) again. Since the minimizer remains in %, it is also
the minimizer of

S IRu(15) = Rt -0l + Ba(Ra()),

and hence the limit of the time-discretizations must also be the gradient flow of EJ,.
By arguing as in the proof of Lemma B, we find that Ej, is a-convex (i.e. A-convex with
A = «), and hence u, satisfies @) for all v if we replace Ej, with E}. For v € 4.,
however, the functionals are the same, and hence (X)) holds for all v € Z..

On testing @) with v = uj, and multiplying the resulting inequality by e2t we

obtain Ld )
53 (€ un(®) = bl ) < e (Baluh) = Bn(un(8))) < 0.

Integrating from 0 to 7" gives the result. B

For the H!'-norm gradient flow, we have slightly weaker results, as it is more
difficult to say when the gradient decays.
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Lemma 13 Let ||f||L1 + |g] < J'(21) and suppose that uy is an || - ||g-gradient
flow of Ey with initial condition satisfying

J (W, (0,2)) < FM+§  forw e (af | al), fori=1,...,h, (4.9)
where § > 0 is such that || f||L1 + |g| +0 < J'(21), fori=1,..., h. Then,
J(u),(t,x)) < F'+6 fort >0, x € (a2, andi=1,... %

In particular, uy, satisfies

Ld
2dt
where a = min{J"(2) : 0 < z < || f||Lr + |g] + 0}, and we have

«
lun(t) = vliin + 5 llun(®) = vlli + En(us) < En(v) Vo € %,
2

lun(t) = vl < €™ [|un(0) — uj i

Proof We consider again the implicit time-discretization of the gradient flow
(Uh(tj))jzo,z,... C 4, so that

|- =Un(t;-1)I}n
2T

Up(t;) minimizes + En(). (4.10)

The quadratic terms can be rewritten in terms of matrix-vector products. Let I}, be
the h x h identity matrix, M = (M;;) € R"*" be the mass matrix, i.e., the symmetric
tridiagonal matrix

R 5
1 4 1

1 4 1
L 14_

Let W = (W;);=1,...» be the vector of nodal values of a piecewise affine function wy, at

x’f, ... ,x’ﬁ, then

Bz = 5 W AW
Let @ = (Qi)i=1,...h, Qi = h(W; — W;_1) (letting Wy = 0), then
W =5Q,
where S = (S;;) € R"*" is the lower triagonal matrix with S;; = 1/h for i < j,
1

1
=1

This gives us
1 1
lwnllfe = +QTSTMSQ and |wj|l?: = QT 1hQ.
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Upon setting Ri (t;) = Uy (t;) in (2 1, 21), we can therefore write

i—1°li
1

|Uk(t;) — Un(tj—1)|fn = W

[Rn(t) = Ralt;-1)]" (I + STMS) [Ra(ty) = Ralt;1))
and the minimization problem (EI0) becomes

Rp(t;) — Rn(tj-1)

T

(Ih + STMS> = G(t)), (4.11)
where G;(t;) = FI' — J'(R: (t;)).

Denote A = (I, + STMS)~t. Tt follows from Lemma [[@ below that A = (A;;)
satisfies A; ; < 0 if 7 # j, and it is strictly row diagonally dominant, i.e.,

A > =Y A fori=1,...h
J#i

Since we are in finite dimensions, we can strengthen this to

A >—pY Ajj fori=1,... h, (4.12)
J#
where p > 1 may depend on h.
In terms of the G, the condition ([J]), we have placed on the initial configuration,

may be translated into G(0) > —d. We claim that G (t;) > —d for all j € N,k =
1,...,h. Suppose that this holds at time ¢;_1, and, for contradiction, suppose that

Gi(t;) < —6 and Gi(tj) > —pd fori=1,... h. (4.13)

By choosing 7 sufficiently small, we can always achieve this: using norm-equivalence,
we have F' € (>, which can be used to infer from @) that R} (t;) > 8> 0, for all i
and j. Hence, J'(R: (t;)) remains bounded, which implies that ||G(t;)|l;~ < Cy for all
7. This, in turn, gives HRh(tj) — Rh(tj_l)”goo < THA”@ooCl.

From [IZ) and @I3), we have

(AG(t;)k = amGety) +>_ awGilty)
ik
< —agpb — po Z ik
i€},
< 0.

Hence, by @), RF(t;) < RE(tj_1), or equivalently, Gj(t;) > Gy (tj_1), which contra-
dicts our assumption that G, (t;—1) > —0 and G(t;) < —6. Hence, we have established
that G;(t;) <d foralli=1,...,h and j € N. Letting 7 — 0, we obtain
J ) (t,x)) < FP+6 forxe (zf ,2h) and ¢t > 0.
The variational inequality and the exponential convergence to the critical point
follow exactly as in the proof of Corollary [2Al m
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Lemma 14 Let A= (A;;) = (I, + STMS)™! be the matriz defined in the proof
of Lemmall3d Then A satisfies A;; < 0 fori # j and it is strictly row diagonally

dominant, i.e.,
Aii > — Z Ai,j-
J#i

The proof of Lemma [[4 is given in Appendix A. Before we start the proof of
Theorem [0, we formulate a minor technical lemma.

Lemma 15 Let f € L}(0,1), then

h

max/l |f|dz — 0 as h — oo,
$h

i=1,...h
i—1

where x = ih, for h € N, andi=0,1,..., h.

Proof To prove this, let x, be the characteristic function of the interval where the
maximum is attained, and, for any given € > 0, fix M > 0 such that

1
[ 01— minar. 1)) de < c.

We have

1 1 1
/ xnlflde = / X (1] — min(M, |£])) dz + / X min(M, |f]) dz
0 0

0

M
< 6+7 — € as h — oo.
Since € was an arbitrary positive number, we have the result. ®

Proof of Theorem Ml After Lemmas[[Tl, [2 [2A]l and [3]we only need to establish
the facts about the continuum limit. We can treat both gradient flows simultaneously.

Note that most of the following analysis is independent of the specific structure of
the problem. All we require below, is that up(t) — wu(t) as h — oo, for every ¢t > 0, and
up(t) — uj as t — oo, uniformly in h. In order to achieve this we only need to show
that given an initial condition u(0) for the ‘continuum’ «7-gradient flow satisfying the
assumptions of the theorem, there exist ‘discrete’ initial conditions wup(0) which satisfy
the assumptions of Lemma [ or

Let u/(0,2) < z; — € for a.e. x € (0,1). Letting uy(0,2) be the piecewise affine
interpolant of «/(0,z), we have

1
up(0,2) = —/ W' (0,7)dr < 21 — €,

€h Jal

if u/(0,2) < z1 — € (the condition for the |- [fi-gradient flow).
The condition on the initial data for the ||-||g1-gradient flow is slightly more difficult
to verify. Given an initial condition u(0,x) satisfying J'(u/(0,z)) < J'(u*'(x)) + 6, we
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shall find an atomistic initial condition uy(0,z) such that for arbitrarily small §;, we

have
J'(u%(O,x)) < J’(uZ'(m)) + 6 + 01, (4.14)

when h is sufficiently large. As usual, we take the piecewise affine interpolant of (0, x)
and we have for z € (! |, 2) and for some point &8 € (2 |, 1),

J'(up(0,2)) < J'(/(0,€]))

1
< /hf(m)dx+g+5
&

1 1 :1:? 1 1’2
/fdx—/ fdx——/ fdx—l——/ fdz
& o 2 e 2 Jal s
:Bh

h
1 i 1 [*hn
Fﬁ+6+§/h |f|dw+§/h |f|da.
1 Th 1

Ti_ h

IN

F'+6+

IN

To prove that u}, (0, x) satisfies (ZId)) for sufficiently large h, we require that

h

Z
AmaX/ |fldz — 0 as h — oo,
= AR xh

i—1
which is shown in Lemma
Therefore, the atomistic .7-gradient flows with starting point u}, (0, ) converge ex-

ponentially with exponent « independent of h (compare Corollary [2A] and Lemma [[3])
to the equilibrium u;. We use this fact to estimate

luh, = uiller < llup = un(®)llr + [lun(t) = ur(®)llor + llun(t) = upller
< 2e %+ [lun(t) — ur(®)],

thus showing that (u})nen is a Cauchy-sequence. We denote its limit by u*. To see
that u(t) — u* as t — oo, consider
lu() =l < inf (lu(t) = un()lo + llun(t) = upllo + up =)
< e*Cl{t.

We have shown that the ‘discrete’ equilibria u; converge to a ‘continuum’ deformation
u* and that u(t) — u*.

The fact that u* is a critical point of F follows from the general theory as well. It
is straightforward to show that the functionals Ej I'-converge to E in the strong H!
topology. Since they are also uniformly A-convex, Proposition 13 in [Orf05)], a liminf
inequality for the slopes, shows that

|OF|(u*) < ligninf |OE|(uy,) = 0,
where |0¢|(u) denotes the local slope of a functional ¢ at w,

106|(u) = lim sup 2 = )T

vou flu—vlly
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To establish the I'-convergence, note that Lemma [l gives the limsup condition. For
the liminf condition, we write

Eh(uh) = (b(uh) + Ch(uh), E(u) = (b(u) + C(u),

where
1
o(u) = /OJO(u')d:U
1
Crlun) — /0 Ju(h) = Frun dz — gun(1)

1
Cu) = /OJl(u')—fudx—gu(l).

Hence, Cy(up) — C(u), whenever uy, is piecewise affine and u;, — u in H'. Setting
Ch(u) = oo if u is not piecewise affine, we get liminf; Cp(up) > C(u), whenever
up — u. Since ¢ is convex, it is lower semicontinuous by standard results, and hence
Ej, T'(H!)-converges to . m

4.2 A (counter-) example

In this section, we consider again the situation of Theorem [0, and construct an
H'-continuous curve u(s) such that u(0) = u* is the elastic equilibrium computed
in the previous Section, and which satisfies F(u(s)) < FE(u(0)) for s > 0, thus
showing that the limit of the gradient flow is in fact not a local minimum of F
with respect to the H! topology.

We consider the continuum limit energy, neglecting the body force,

E(u) = /0 J(u') dz — gu(1), (4.15)

where ¢ is positive but small, so that Theorem [ applies. We use C%® to denote
the space of Holder continuous mappings.

Proposition 16 Let u* be the elastic equilibrium of E, described by Theorem
I If0 < g < J'(z1) and f = 0, then there exists so > 0 such that, for every
1 < p < oo, there exists a curve u € C¥V/P(0, s; WHP(0,1)), u(0) = u* such that
E(u(s)) < E(u*) for 0 < s < sg. In particular, in the case p =1, u is Lipschitz
continuous in Wht,
Proof Define the W' *-perturbation u(s) € & of u* by
L1

u'(s) = u*' + S X(1/2,1/2+5k):

Then, letting Joo = sup,>; J(z), we have for for s < g/(J(u*') — Juo),

E(u) = Bu(s) = J@”)—gu”’ = (1= s")J(u") = 5" Joo + gu™ + 5*71)
= SI) = o) — g™
> 0.
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Furthermore, we have for 0 < s < t,

WOl = o (5-7) + =g
sk L, kth !
= (ts)p(t_s) + (=)
< C(t—ys),

if k> 2p > 2. For 0 < s, we have
1
/ o p _ k= _
lu(s) = (0)lL, = s < C(s = 0),

if k > p+1. Thus, under the given hypothesis, we have that v € C%/P(0, so; WhP(0,1)),
and in particular, that it is Lipschitz-continuous in W(0,1). m

Why, we should ask ourselves, is Proposition not in contradiction with The-
orem [[MI? If there exists a curve along which the energy decreases, should the
gradient flow not find this curve? The explanation is that the curve u(s) which
we have constructed is not Lipschitz continuous in H'(0,1) and hence is not a
candidate for the gradient flow evolution. A slightly refined analysis would in
fact reveal that s — wu(s) is not even absolutely continuous in H', as the finite
differences (u(t) — u(s))/(t — s) do not converge in the H!-norm as t — s.

An interesting question is, whether there actually can exist an absolutely
continuous curve starting in u*, along which the energy decreases strictly. Unfor-
tunately we are unable to answer this question at this point. A negative answer
would lead to an interesting selection criterion for equilibria. It would in particu-
lar imply that the choice of evolution is not so crucial after all, as such equilibria
would be stable under any ‘sufficiently smooth’ evolution. In the following Propo-
sition, we provide another example, which suggests that it is indeed unlikely that
smooth curves leading out of the elastic equilibrium exist along which the energy
decreases.

Proposition 17 Let u* be the elastic equilibrium from Theorem Il where f = 0
and g < J'(z1). Suppose thatv € o7, and define u(s) = u*+sv. Then, E(u(s)) >
E(u*) for all s > 0.

Proof Note first, that the equilibrium u* satisfies J'(u*'(z)) = g for all z € (0,1). We
can write the difference E(u(s)) — E(u*) as

1
E(u(s)) - B(w’) = /0 [ + 5v') — J(u)] da — gu* (1) + sv(1) + gu*(1)

1 rs
= / / J' (u* 4t dt do — sgu(1).
0 JO

If v/ < 0, then J'(u* + tv') < J'(u*') = g, using the convexity of J in (—o0,21), and
hence J'(u*' + tv')v" > gv’. Similarly, if v > 0, we have J'(u*' + tv')v’ > gv’ again.
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Figure 1: Snapshots of the deformation gradients of an | - |gi-gradient flow

evolution, showing the instability of the final state, computed with 51 ‘atoms’.
The new final state (¢ = oo) after instability sets in is not computed but guessed.
This figure shows an unstable computation and should not be mistaken for the
exact solution of the model! Note also the different scales in the respective plots.

Hence, we conclude that

1 ps
E(u(s)) — E(u*) > /0 /0 gv' dtdz — sgv(1) = sg(v(1) —v(0)) — sgv(1) = 0.

Finally, let us also remark that Proposition shows that we could not have
used a much weaker topology for the gradient flow. For example, the equilibrium
u* would be highly unstable under arbitrary perturbations, with respect to the
L%-gradient flow (leaving aside for the moment, that we do not even have an
existence theory for such an evolution).
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Figure 2: Snapshots of the deformation gradients of an || - ||g-gradient flow

evolution, converging to a ‘surface fracture’ state, computed with 51 ‘atoms’.
The final state is not computed but guessed. Note also the different scales in the
respective plots.

4.3 Instability and fracture

If the forces f and g are sufficiently strong, then they will cause the material to
break, i.e., the atoms debond. Mathematically, this means, that the deformation
gradient of the atomistic or continuum deformation enters the region where J is
concave. If we do not restrict the motion of the material further, i.e., if we let
M = oo, then the gradient flows u,(t) and u(t) will not converge to a stationary
point as t — oo, but diverge. Hence, we restrict the possible deformations by
setting M to be a real number, z; < M < oo.

In this Section, we demonstrate another interesting, but possibly slightly wor-
rying property of gradient flow evolutions. We show that the results may change
significantly, if we change the norm in which we consider the gradient flow, but
we do it in such a way that the topology remains the same. Since the problem
becomes analytically too complicated, much of the experience gained here will be
based on numerical experiments. Note that the convergence result of Theorem
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Figure 3: Snapshots of the deformation gradients of an | - |gi-gradient flow

evolution, computed with 51 ‘atoms’, with a controlled perturbation at time
t = 7.6 by an amount of 1073, The final state (t = 0o) after instability sets in is
not computed but guessed. Note also the different scales in the respective plots.

represents also a convergence result for the numerical method.
For simplicity, we assume throughout this section that f =0 and g > J'(2).

Proposition 18 The solution of the | - |1 -gradient flow in o/ with u(0,z) = x
18
u(t,z) = at)x,

where a(t) is strictly increasing until u(t,1) = M and then remains constant.

Proof We change coordinates to r(t,z) = u/(¢, z), to obtain, formally for the moment,
the equation

Tt(t7x) =9 - J,(T(t7x))>

which is the same ordinary differential equation for every point = € (0, 1). Furthermore,
g—J'(r(t,x)) > 0 for all z and ¢, hence a(t) is strictly increasing. Since the solution
we have obtained is Lipschitz continuous in time, it is the required gradient flow.
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When we reach a time ¢ for which u(t;,1) = M, the deformation u will be fixed at
u(1,t) = M for t > t;. To see this, suppose that u(t; + 71,1) < M. Then, there exists
a 79 < 11 such that u(t; +7,1) < u(t; + 72,1) < M as well. In this case, however, the
above argument applies, and we have r4(¢,2) > 0 until u(¢,1) = M again. We conclude
that u(t,1) = M for all t > t;.

By a uniqueness argument, we find that u(t,z) satisfies the partial differential
equation

—uf = J @Y =T, u(t,0)=0, wu(t,1)=M, wu(t;,z)= Mz,

which can be easily seen to be solved by u(x,t) = Mz. Therefore, the evolution remains
in the affine state. ™

The analytical solution obtained above is highly unstable under perturbation, as
Figure [l where a numerical computation is shown, demonstrates. In all compu-
tations, we chose J such that zp = +o0, i.e., there exists no threshold for the
deformation gradient beyond which there are no internal forces.

Changing the norm with respect to which we consider the gradient flow to
the full H'-norm gives a very different evolution, as can be seen in Figure @l This
evolution seems to be far more stable, as the results can be accurately reproduced
when changing the mesh or the time-steps.

We perform one last experiment, in which we dominate the numerical round-
off errors, and thus the instabilities in the | - [i-gradient flow computation, by a
controlled perturbation, which could be interpreted, for example, as an impurity
in the material. At time ¢ = 7.6, we perturb the position of one node (or atom)
by an amount of 1078, The effect of this is, that the ‘fracture’ occurs exactly at
this position; see Figure B for the computational results. If we perform the same
experiment for the || - ||i-gradient flow, the final result does not change, which
is another strong indication for the superior stability of this evolution.

Remark 19 The unstable evolution may actually be preferred in practice, as it
could be thought of representing the uncertainty of where damage occurs better.
Unless specific defects are known, it is usually impossible to predict exactly where
fracture occurs.
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A Proof of Lemma [14]

We review briefly how the matrix A, which is the topic of this appendix is defined.
Let M be the ‘mass matrix’

4 1
. 1 4 1
M = — S . R
6
1 4 1
1 0
and S the ‘antiderivative matrix’
. 1
S = — . c.
h . . )
1 ... 1

then A is defined as
A=(I+8"MS)™,

which we can also rewrite in the more useful form
A=T+S"TMS) ' =51(S TS+ M)ts T,

The matrix S~! is the ‘difference operator’

St=h -1 1 ,

-1 1

SISl =p2

Set B =S"TS"1+ M, then,

[ 12h2 +4 —6h%2+1
—6h%2+1 12h2+4 —6h%*+1

|

—6h%>+1 12R*>+4 —6h>+1
—6h%>+1 6h*+4
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Denote a = 2h*+4/6, a = h*+4/6, b = h?—1/6. Gaussian elimination, performed
by hand, determines D = B~! by a set of recursive formulae. The elimination
process can be performed in two ways. If we eliminate the subdiagonal first, we
obtain in particular the relations

b? b?
g = a, ¢y =a—— fori=1,...,h—2, cp=a— —, (A.16)
C; Ch—1
b . .
di; = gdiJrLj foreo=h—1,...,1;5=4i+1,... h.

(]
If we eliminate the superdiagonal first, then the counterparts of ([AIf) are

b2
¢ =a ¢ 4=a—— fori=1...h—1, (A.17)

&
b

"
G

d@j difl,j forz:2,,h,j:1,,z—1

Both relations for the entries of D will be used below. Note also, that we have
d;; = dj;, as B is symmetric. We collect some useful information about the
matrix D in the following lemma.

Lemma 20 The numbers ¢;, ¢; defined above satisfy

1+ 1 1
bfori=1,...,h—1; > ——7o1> A.18
i or 1 ) ; ) Ch h+17 ( )

¢ > b for i=1,...,h.

C;

and the d; ; satisfy

di+1,j < d@j fOI‘jIL,h—l,ZIj,,h—l, (Alg)
di,j-l—l > di,j fOI'ZZZ,,h,j:L,’L—]_

Proof First, note that ¢; = a > 2b, hence (AZI])) holds for i = 1. Suppose, inductively,
that ([(AIX) holds for some i < h — 2. Then,

b? 3 L+ 2
ci+1:a——>2b— - ! b_Z+

¢ i+1  i+1

which proves [AI8) for i = 1,...,h — 1. For ¢, we have that

_b? ey 1

cp=a— —— ———b=—-0.

" Cho1 h+1  h+1

The proof for the ¢, follows along the same lines. First, ¢; = @ > b, and second,

if ¢ > b, then
/ b

)
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To prove the bounds on the entries of D, we use

diy1,; = %di,j < d;;,
i+1
and
dij =dj; = i1 < djy1i = dijy1.
J
O]

We compute A = (I + STMS)™t =S71DST, giving

di1 dyg—di dyz—dip
do —di di1 +doo—dio—do dyg+daz—diz—da2

A= p2 d3 —da do1 +d3o —dao—ds doo+d3z—dysz—dso

dpy —dp—11 dp—11+dp2 —dp—12 —dpy dp—12+dpz—dp_13—dp2

i.e., the elements of A are given by, using the notation a;, ; = 0ifi < 1lorj <1,

ai,j = hQ(di_Lj_F_l + di,j — di—l,j — di,j—l) (A20)

In the next step, we show that all off-diagonal entries of A are negative.
Lemma 21 Ifi # j, then a,; < 0.

Proof For the first column, we can directly use
ai1 = h*(di1 —di_11) <0,

by Lemma
Forj=2,...,h—1;i=75+1,...,h, we have, by the recursive relations on the dj,

—2
haiy = dig+di-ij-1—dij-1—di-1j

b b
= <1 — —) di,j + <— — 1> di—l,j
Cj—1 Cj—1

b
= (1 - —) (dij — di-1,5),

Cj—1

the first term of which is positive by ([AZI8), whereas the second term is negative by
A1) =
We showed in Lemma 1] that

h
am- — Z |ai,j\ = ZCLZ'J'.
j#i i=1

Hence, we can use the structure of the entries of A, which form a telescope sum
to prove that A is strictly row- (or equivalently column-) diagonally dominant.



29

From ([A20), we have that

h
ZCLL]' = _thl,h > O,
j=1

which shows the result for the first row. For all other rows, we have

h
Z Qi j = hQ(th’ — dh,jfl) >0
j=1

by ([ATIJ). This concludes the proof of Lemma [l

Conclusion

The one-dimensional problem which we have investigated here has a fair amount
of structure; generalizations of the results presented to two and three dimen-
sions are important. Future work should also consider long-range interactions,
nonlinear applied forces, non-local surface forces, and more general evolutions.

The choice of evolution, an H!-gradient flow, was somewhat arbitrary from
a physical point of view. Even for a static theory, the effect of the choice of
evolution requires further investigation. In particular, it would be interesting to
answer the question posed in Section regarding the existence of a smooth
curve leading out of the attained equilibrium state.
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