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Abstract

We consider a fully practical finite element approximation of the nonlinear de-
generate parabolic system

’7%—;‘—V.(b(u)Vw—|—ad>]):0, Z('y)%—i—z:O, w=—yAu+y1U,(u,v),
—yAv+y71 (u,v),  V.(c(u) V) =0
0
S

(), (1t
u%(+))] on v and flux boundary conditions. Here v € Rx¢, o € R>g, ¥ is a nonconvex
obstacle potential, £() := 372 or B, with 8 € Rxq, and c(u) := 1+u, b(u) := 1—u?
are degenerate coefficients. The degeneracy in b restricts u(-,-) € [—1, 1]. The above,
in the limit v — 0, models the evolution of voids by surface diffusion and electro-
migration in an electrically conducting solid with a grain boundary. In addition to
showing stability bounds for our approximation; we prove convergence, and hence
existence of a solution to this nonlinear degenerate parabolic system in two space
dimensions. Furthermore, an iterative scheme for solving the resulting nonlinear
discrete system is introduced and analysed. Moreover, some numerical experiments
are presented. Finally, in the Appendix we discuss the formal asymptotics lead-
ing to the sharp interface limit, as the interfacial parameter v — 0, of the above
degenerate system.

z

subject to initial conditions u°(-) € [-1,1] on u, v°(-)
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1 Introduction

Small voids that form in interconnect lines in microelectronic circuits can change their
shape due to diffusion of atoms along the void surface. This surface diffusion is driven
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by a diffusion potential which contains terms stemming from capillary effects, from an
electrical potential and from elastic stresses. Elastic effects are neglected in this paper
but can be incorporated (see Barrett, Garcke, and Niirnberg (2005)). The electric field
can cause a so called “electron wind” force and this leads to the transport of atoms which
results in migration of voids. In particular it can happen that voids which are initially
contained in one grain (i.e. a region with a certain orientation of the crystal lattice) of the
interconnect can get into contact with another grain (i.e. a region with a different lattice
orientation). The modelling and computing of the interaction between voids and grain
boundaries is the subject of this paper.

There are two approaches to model the evolution of coupled grain boundary/void
systems. In the classical approach interfaces (i.e. the grain boundaries and the void
surfaces) are modelled by a sharp interface, i.e. a hypersurface. A second more recent
approach models interfaces by a diffusive interfacial layer. Let us first discuss roughly
the sharp interface approach (for more details see Averbuch, Israeli, and Ravve (2003)
and the references therein). Here a quite complicated system has to be studied. Along
the void surface a fourth order parabolic equation has to be solved whereas at grain
boundaries a second order parabolic equation holds. These equations are then coupled
at triple junctions where boundary conditions such as angle conditions and flux balances
have to hold. To approximate this problem numerically is quite difficult since the topology
of the interfaces can change drastically (e.g. voids can attach to and detach from a grain
boundary) and no satisfactory approach is known to us. For example in the paper by
Averbuch, Israeli, and Ravve (2003) quite severe symmetry conditions are assumed.
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Figure 1: The {u,v} space K = AABC, where A= {-1,0}, B={1,-%}, C = {1, Z}.

In this paper we therefore introduce a new model based on the idea of modelling the
interface by a diffusive interfacial layer (our model will be a so called phase field model).
We formulate a model for a system of two grains (we call them grain I and grain II)
but natural generalizations are possible (see e.g. Garcke and Nestler (2000)). Each point
in space either belongs to grain I, grain II or to the void. We now introduce a vector
order parameter (or phase field) {u,v} and the order parameter u describes whether we

are in the void (v = —1) or not (u = 1). If w = 1 (i.e. in the material) then the order
parameter v describes whether we are in grain I (v = \%) or in grain IT (v = —%) If
u = —1 it makes no sense to distinguish between the grains and we set v = 0. This



means the three values A = {—1,0}, B = {1, —\%}, C = {1, %} for {u,v} are relevant
to distinguish between void, grain I and grain II (see Figure 1). We choose :l:\/lg as values
for v in the grains because this makes the triangle IC with vertices A, B and C, see Figure
1, equilateral. Other values of v to distinguish the grains are possible, but these would
complicate matters slightly. Our idea now is to generalize a phase field model introduced
by Mahadevan and Bradley (1999) and studied later by Bhate, Kumar, and Bower (2000)
and Barrett, Niirnberg, and Styles (2004) to include grain boundaries. We make use also
of ideas by Cahn and Novick-Cohen (1994), Cahn and Novick-Cohen (1996), Cahn and
Novick-Cohen (2000) who studied a degenerate Cahn-Hilliard/Allen-Cahn equation to
study coupled surface diffusion and curvature flow.

The first step is to introduce the correct free energy: It is by now well established that
a Ginzburg-Landau energy

E(u0) = [ (GIVuP +3VoP 477w 0) do

dependent on a vector-valued order parameter {u, v}, for a domain €2, a parameter v > 0,
which is related to the interfacial thickness, and a nonconvex free energy density ¥ can
model the interfacial energy of systems having different types of interfaces, see e.g. Baldo
(1990), Bronsard and Reitich (1993), Garcke, Nestler, and Stoth (1998) and the references
therein. To model the interfacial energy of our intergranular void system we need to
assume that U has three global minima at the points A, B and C'. As mentioned above ~
is related to the interfacial thickness. It can be shown with the help of formally matched
asymptotic expansions or with I'-convergence methods that £ leads to a sharp interface
free energy with surface energy densities (sometimes also called surface tensions)

1
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where the infimum is over all p € C*([—1, 1], R?) with p(—1) =4 and p(1) = j. Again we
refer to Baldo (1990), Bronsard and Reitich (1993), Garcke, Nestler, and Stoth (1998) for
more details.

To formulate equations for the time evolution of the interfaces we introduce the po-

tentials
w = % = —vAu+~7* U, (u,v) and z= % = —yAv + 47! U, (u,v),

where % and % are the variational derivatives of £ with respect to u and v respectively.
The potential w is the chemical potential for the diffusion of atoms in the void-material
interfacial layer and z acts at the driving force for the grain boundary motion. Taking into
account that diffusion of atoms is also caused by the electrical field (see e.g. Mahadevan
and Bradley (1999)) we propose the following set of evolution equations

v = V. (b(w) V[w +ag]) =0, (1.2a)
U(y) 2+ 2 =0, (1.2b)



which are coupled to the equation for the electric potential ¢
V. (c(u) Vo) =0. (1.2¢)

Here «, £(vy) are nonnegative coefficients and later we will use the scalings ¢(y) := 3 and
{(y) := B~?, where 3 € Ry(. The equation (1.2a) models diffusion in the void-material
interfacial layer when we choose the degenerate mobility b(u) := 1 — u? and equation
(1.2¢) reduces to Laplace’s equation in the material and is absent in the void if we take
c(u) := 1+ u. As first shown by Cahn, Elliott, and Novick-Cohen (1996), we expect
in the case that there is no coupling to a v-equation and a = 0 that (1.2a) will model
surface diffusion in the sharp interface limit. The equation (1.2b) is expected to describe
the evolution of the grain boundary (see e.g. Garcke, Nestler, and Stoth (1998)).

The resulting system couples the degenerate Cahn—Hilliard equation (1.2a) to a non-
degenerate Allen-Cahn equation (1.2b). We note that this is different to a similar set of
equations introduced by Cahn and Novick-Cohen (1994), where the Allen—Cahn equation
was also degenerate. For their system, which is a model for simultaneous order-disorder
and phase separation, they showed that under an appropriate scaling and under certain
assumptions on the geometry one obtains coupled mean curvature and surface diffusion in
the sharp interface limit. We will show that we obtain a similar sharp interface limit also
for our system with a nondegenerate Allen—Cahn equation. However, our sharp interface
limit is different in some aspects and leads to some interesting new effects. We will discuss
the formal asymptotics leading to the sharp interface model in the Appendix, §A. Here
we will only outline the results. The domain 2 will split into regions where {u, v} attains
the values A, B and C and into interfacial layers separating these regions which have a
thickness that is proportional to 7. Now depending on the scaling we derive different
geometric evolution laws for the interfaces. For a detailed formulation of these laws we
refer to the Appendix (see (A.41) and (A.42)). Here we only discuss the case when no
coupling to the electric field is present. For the scaling £(v) := 372 we obtain that the
interfaces which bound the void move by surface diffusion, i.e.

_ Mo
Y = — 1 ASH,

where V is the normal velocity of the interface, s is the (mean) curvature, Ay is the
surface Laplacian, and M and o are constants, whose precise definition can be found in
§A. For a grain boundary we obtain that its mean curvature is zero. These evolution
laws are coupled at triple junctions were angle conditions, flux conditions and continuity
conditions have to hold.

If we scale the v-equation with ¢(y) := 3 we obtain for void boundaries an evolution
law which combines surface diffusion and surface attachment limited kinetics (SALK).
The evolution equation is

V=YA(-0k+pBw)),
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where w is a constant. This law has been derived by Taylor and Cahn (1994) and studied
by Elliott and Garcke (1997). It links the fourth order surface diffusion flow to a second
order flow, which is called motion by averaged mean curvature (see Taylor and Cahn



(1994) for details). For this second scaling one obtains the mean curvature flow
PwV =0k

as the evolution law for grain boundaries. We remark that in Novick-Cohen (2000) and
in Novick-Cohen and Hari (2005) a singular limit of an Allen-Cahn/Cahn-Hilliard system
has also been analyzed. However, in our asymptotics we use a system different to theirs;
firstly ours is not degenerate with respect to the Allen-Cahn part, and secondly we use
a completely different scaling. This leads to new couplings of second and fourth order
geometric evolution laws, which have not been studied before.

/ 31Q

05 Q o5 Q
AN {u,v} = B {u,0} =C /
E:{u,v}:A;
Q u=1, }\|u] <1
|U| < \% T~
\alg

Figure 2: The order parameters for a typical intergranular void. Note that A = {—1,0},
B={1,-Z%}and C = {1, Z}.

In a recent paper by Barrett, Niirnberg, and Styles (2004), the following phase field
model for void electromigration was considered:

78V (b)) Vw+ag) =0, w=-—yAut+y T (u), V.(c(u)Ve)=0 (1.3)

subject to an initial condition u’(-) € [~1,1] on w and flux boundary conditions on all
three equations. Here u(-,t) € [—1, 1] C R is the conserved order parameter, where at any
time ¢t € [0,7] u(-,t) = —1 denotes the void and u(-,t) = 1 denotes the conductor, while
the void boundary is approximated by the wu(-,¢) = 0 contour line inside the |u(-,¢)| <1
interfacial region. In addition, w(-,¢) is the chemical potential and ¥ is a non-smooth
double obstacle potential. While, as in (1.2a—), ¢(-,t) is the electric potential, v € R+
is the interfacial parameter, a € R>( is a parameter denoting the relative strength of
the electric field, and b(u) := 1 — u* and c(u) := 1 + u are degenerate coefficients. The
authors extended the technique of formal asymptotic expansions in Cahn, Elliott, and
Novick-Cohen (1996) to show that the zero level sets of u., the solution to (1.3) for a
fixed v > 0, converge as v — 0 to an interface, I'(t) with unit normal nr, evolving with
normal velocity

V=-T"Ak+aTA ¢ onl(t), (1.4a)



where & is the curvature of I'(¢) (positive if it is curved in the direction of nr). The
limiting electric potential, ¢(-,t), satisfies
T _ OF(4) — - 99 _
Ap=0 inQ7(t) :=Q\Q (1), e =0 onI'(¢), (1.4Db)
where Q7 (¢) is the void with boundary I'(¢). For a discussion of different approaches to
approximate (1.4a,b), see Barrett, Niirnberg, and Styles (2004). For further details on

void electromigration see e.g. Xia, Bower, Suo, and Shih (1997), Cummings, Richardson,
and Amar (2001) and the references therein.

The present paper extends the phase field model (1.3) to take into account grain
boundaries. In summary the evolution of intergranular voids is described by the following
nonlinear degenerate parabolic system:

(P) Find functions and u, v, w, z, ¢ : Q@ x [0,T] — R such that {u(z,t),v(z,t)} € £
and for all {n;(z,t),m2(z,t)} € K

v — V. (b(u) Vw+agl) =0 in Qr, (1.5a)
(% +2=0 in Qr, (1.5b)
(=v Au+ 7 (u,v) — w) (n — )

+ (=Y Av+y 1 (u,v) —2) (e —v) >0 in Qp, (1.5¢)
{u(z,0),v(x,0)} = {u’(z),2°(z)} € K Vo= (z,20)" €Q,
Qu — p(u) deted — v — on 802 x (0,7], (1.5d)
V. (c(u) Vo) =0 in Qr, (1.5e)
c(u) a—f =0 on Qx(0,7], c(u) % +¢=g :=x,+20n 050 x (0,7]; (1.5

where T > 0 is a fixed positive time, Q7 := Q x (0,7] and Q := (—Ly, Ly) x (—La, Ls)
is a rectangular domain in R?, representing the interconnect line, with boundary 92 =
019 U 0,9, where 0,92 N 30 = () and

DN =0,QU05Q with 050 :={£L} x [~Ly, Lo,

and v is the outward unit normal to 0f2; see Figure 2. Hence 0,€) is the insulated
boundary of 2, whilst the Robin boundary conditions on the ends 95 model a uniform
parallel electric field, as L; — co. We note that one could alternatively model this with
either (a) the Dirichlet condition ¢ = z; or (b) the Neumann condition c¢(u) % = 42 on
9FQ. However, in deriving energy bounds for (P) it is convenient to have weak boundary
conditions; that is, Neumann or Robin conditions. The chosen Robin condition on 83[9,
(1.5f), has the added advantage that one obtains an immediate L?(3»£2) bound on ¢ for
the degenerate elliptic equation (1.5¢). In (1.5a—d), 7, ¢() € R5y and o € R are given
constants and

 JWo(r,s) if {r,s} €K, ; _—
U(r,s):= {oo it (s} 2K, with ¥y € C*(K), (1.6)



is an obstacle free energy which restricts {u(-,-),v(-,-)} € K. Here we assume that ¥ > 0
is a concave function with ¥o(A) = ¥y(B) = ¥o(C) =0, e.g.

Uo(r,s) =5 —5lr—3)°+ (L —p)s"+3u@r+1)], (1.7)
where < 1 is a parameter. In addition, we define the degenerate diffusion coeflicients
c(s) :=1+s, b(s) :=1— s> =c(s) c(—s) Vse—[1,1]. (1.8)

The basic ingredients of our approach are some key energy estimates. Let us now
briefly in a formal way describe how we obtain these estimates. Multiplying (1.5a) by
v lw = y71% and (1.5b) by [£(7)] "'z = [6(v)] 1% yields, after integration of the sum of
the two terms, the following free energy identity

LE(u,v) +/Q [Y7'b(w) [Vw|* + [£(7)]'2%] dz = —y"a /Q b(u) Vw.Veodr.  (1.9)
If we multiply (1.5e) by ¢ we can estimate [, b(u) Vw.V¢dz and this enables us to
control the right hand side of (1.9); leading to H'-estimates in space for the phase field
{u,v}. Relating F' to c and G to b by the identities

c(s)F'(s)=1 and  b(s)G"(s) =1, (1.10)
and testing (1.5a) with G'(u), (1.5b) with —Awv, and adding leads to

%/ﬂ [VG(u) + 4 ]Vvﬂ d:c—i—'y/Q [|Au® +|Av]?] dz

:—/Vu.V(7I\Il,u—l-oc(é)dx—vl/Vv.V\I/,de; (1.11)
Q Q

where the term [, Vu. V¢ dz can be controlled if we test (1.5¢) with F”(u). This approach
will lead to HZ2-estimates in space for {u,v}. Discrete analogues of the above testing
procedures will lead to the main a priori estimates for our finite element discretization
(see Section 2). It is the goal of this paper to derive a finite element approximation of
(P) that is consistent with these energy estimates, which then enables us to establish
convergence in two space dimensions. In addition, in order to derive a discrete analogue
of the necessary energy estimates we adapt a technique introduced in Zhornitskaya and
Bertozzi (2000), and Griin and Rumpf (2000) for deriving a discrete entropy bound for the
thin film equation. Finally, we note that a finite element approximation of the degenerate
Allen—Cahn/Cahn-Hilliard system introduced by Cahn and Novick-Cohen (1994) can be
found in Barrett and Blowey (2001). However due to the lack of a corresponding entropy
bound, convergence of that approximation was only established for one space dimension.

This paper is organised as follows. In Section 2 we formulate a fully practical finite
element approximation of the degenerate system (P) and derive important discrete energy
estimates. In Section 3 we prove convergence, and hence existence of a solution to the
system (P) in two space dimensions. In Section 4 we introduce and prove convergence of
a “Gauss—Seidel type” iterative scheme for solving the nonlinear discrete system for the
approximations of {u,v,w, z} at each time level. In Section 5 we present some numerical
experiments. Finally, in the Appendix we discuss the formal asymptotics leading to the
sharp interface limit, as the interfacial parameter v — 0, of (P).
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Notation and auxiliary results

For D C R or D C R? we adopt the standard notation for Sobolev spaces, denoting
the norm of W™4(D) (m € N, g € [1,00]) by || - |lm.qp and the semi-norm by | - |, 4 -
We extend these norms and semi-norms in the natural way to the corresponding spaces
of vector and matrix valued functions. For ¢ = 2, W™?(D) will be denoted by H™(D)
with the associated norm and semi-norm written as, respectively, | - |/, p and |- |, p. For
notational convenience, we drop the domain subscript on the above norms and semi-norms
in the case D = Q. Throughout (-,-) denotes the standard L? inner product over 2. In
addition we define m(f2) as the measure of Q and f7 := ﬁ (n,1) for all n € L' ().

For later purposes, we recall the following compactness results. Let X;, X5 and X3
be Banach spaces with a compact embedding X; — X, and a continuous embedding
Xy — X3. Then we have the compact embeddings

{neL*0,T;X1): & e L*(0,T; X3) } — L*(0,T; X>) (1.12a)
and  {n€L®0,T;X;): % e L*(0,T; X3) } — C([0,T]; Xo). (1.12b)

It is convenient to introduce the “inverse Laplacian” operator G : Y; — Y5 such that

(VIGm], Vna) = (m,me) Ve € H'(9), (1.13)

where Y := {n € (H(Q)) : (n,1) =0} and Y3 := {n € H(Q) : (n,1) = 0}. Here and
throughout (-,-) denotes the duality pairing between (H'(Q))’ and H'(2). The well-
posedness of G follows from the Lax—Milgram theorem and the Poincaré inequality

nlo < C(Inh +1(n,D]) ¥neH(Q). (1.14)

We note also for future reference Young’s inequality
rs§§r2+2—1952 Vr,seR, 0eR.,. (1.15)
Throughout C' denotes a generic constant independent of h, 7 and e; the mesh

and temporal discretization parameters and the regularization parameter. In addition
C(ay,- -, as) denotes a constant depending on the arguments {a; }._;.

2 Finite element approximation

We consider the finite element approximation of (P) under the following assumptions on
the mesh:

(A) Let Q be the rectangular domain (—Ly, Ly) X (—Ly, Ly). Let {T"},0 be a quasi-
uniform family of partitionings of € into disjoint open simplices o with h, :=
diam(c) and h := max,c7n Ay, so that Q = U,cro. In addition, it is assumed
that all simplices o € T" are right-angled.

8



We note that the right-angled simplices assumption is not a severe constraint, as there
exist adaptive finite element codes that satisfy this requirement, see e.g. Schmidt and
Siebert (2004).

Associated with 7" is the finite element space
Sh:={xe€C@Q): x|, is linear Vo € T"} c H*(Q).
We introduce also
K= {{n,m} € [H'(Q)]*: {m(2),m(r)} €L ae inQ} and K":=KnN[S"?.

Let J be the set of nodes of 7" and {p;};c; the coordinates of these nodes. Let {x;};cs
be the standard basis functions for S”; that is x; € S" and x;(p;) = §;; for all 4, j € J.
The right angle constraint on the partitioning is required for our approximations of b(-)
and c(-), see (2.12a,b) and (2.8a,b) below, but one consequence is that

/in.Vdexgo i#4, YoeTh (2.1)

g

h

We introduce 7" : C(Q2) — S", the interpolation operator, such that (7"n)(p;) = n(p;)

for all j € J. A discrete semi-inner product on C(f2) is then defined by

(1, 7m2)" = /Qﬁh(m(x) mo(x) dz =Y mym(p;) n2(py), (2.2)

jeJ
where m; := (1, x;) > 0. The induced discrete semi-norm is then ||, := [(n,n)"]2, where
n € C(Q). We introduce also the projection Q" : L?(Q) — S" defined by
@, )" =(m.x) Yxes" (2.3)

On recalling (1.8) and (1.10), we then define functions F' and G such that ¢(n) V[EF"(n)]
= Vn and b(n) V[G'(n)] = Vn; that is,

ey 11 meN 111
F(s)—@—l—ﬂ and G(s)_@_c(s)c(_s)_ ) (2.4)

We take F, G € C*(—1,1), such that
F(s)=(1+s) log(*2) + (1 —s) and  G(s) =L [F(s)+ F(—s)]; (2.5)

and, for computational purposes, we replace F, G for any € € (0,1) by the regularized
functions F., G. € C*!(R) such that

Fis) = Fle—1)+(s—e+)F(e—1)+ S pre—1) s<e—1
9= F(s) s>e—1"
Ge(s) =1 [F.(s) + F.(—s)] . (2.6)



We note for later purposes that for all s € [—1,1]

SF/(s)<e,  FF(s)<Gls)<[e2-9) <. (2.7)

Similarly to the approach in Zhornitskaya and Bertozzi (2000), Griin and Rumpf
(2000), we introduce A, : S* — [L>()]**? such that for all n* € S and a.e. in

A.(n") is symmetric and positive semi-definite, (2.8a)
Ac(n") V' [F(n")] = V', (2.8b)
We now give the construction of A.. Let {e;}?_; be the orthonormal vectors in R?, such

that the j*" component of e; is 6;;, i, j = 1 — 2. Given non-zero constants (;, 1 =1 — 2;
let 5({¢;}?_;) be the reference open simplex in R? with vertices {p;}%,, where py is the
origin and p; = (ie;, i = 1 — 2. Given a 0 € T" with vertices {p;, }?_,, such that p;,
is the right-angled vertex, then there exists a rotation matrix R, and non-zero constants
{¢;}2_, such that the mapping R, : T € R* — p;, + R,Z € R? maps the vertex p; to pj,,
i =0 — 2, and hence & = 5({(;}2_,) to o. For any n" € S", we then set

Ac(n") o= Ro A(@") |5 By, (2.9)

where 7"(Z) = n"(R,Z) for all 7 € 5 and A.(7") |5 is the 2 x 2 diagonal matrix with
diagonal entries, k =1 — 2,

7" (Br) —7" (Po) — 0" (ps,)—n" (Ps0) e h(o b,
R (7))o 1= | FETG)-FLG GO — PG T gy L7 (i) # 0" (i), (2.10)
) = PG ) if 0" (pj) = 1" (Djo)-

As RT = R:;', Vi = R, V", where z = (z1,22)7, V = (2,27, T = (31,3,)7

oz’ 3932
and V = (2 5er B 2T it easily follows that A.(n") constructed in (2.9) and (2.10) satisfies

(2.8a,b). It is this construction that requires the right angle constraint on the partitioning
T". Another consequence of this constraint is that

/gi“gfjdx<0 i#j, k=1—-2 VoeT" (2.11)

In a similar fashion we introduce Z, : S* — [L°°()]**? such that for all " € S* and
a.e. in €

Z.(n") is symmetric and positive semi-definite, (2.12a)

(") VA (GLn")] = V' (2.12b)

by extending the construction (2.9)—(2.10) for A, to =.. Similarly to (2.1), it follows from
(2.11), the above construction and (2.7) that for all n" € S”

/Eg(nh)VXi.ijdJ:E/é(ﬁh)VXZ.VXJd$<O i4i YeeT'.  (213)
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Obviously, the above result also holds with =, replaced by A..

In addition to 7", let 0 =ty < t; < ... < ty_1 < ty = T be a partitioning of [0, T
into possibly variable time steps 7,, :=t%, —t,_1, n =1 — N. We set 7 := max,—1_ sy Tn.
For any given ¢ € (0,1), we then consider the following fully practical finite element
approximation of (P):

(PA7) For n > 1 find {®7, U,V WP 72"} € [S"]5 such that {U", V"} € K" and

£

(A (U1 VO? V) —i—/ O yds = / gxds VyxecS" (2.14a)
829 BQQ
n n—1 h
¥ (%x) + B (UMY VWP 4+ad"],Vx) =0 Vxesh (2.14b)

(VUL Vxa = U) + 5 (V2 Vixe = V) > (W =y 0, (U2 V), xa — U
+ (20— LUV e = V)V {x xe} € KT (2.14d)

n n—1 h
) (5= x) + (220" =0 Wxe s (2.14c)

where g := g* = £(2+ L;) on 8; Q and {U?,V"} € K" is an approximation of {u®,v°} €
K, eg Ul =70 if u® € C(Q); and similarly V2.

Below we recall some well-known results concerning S* for any o € T", x,n" € S",
m € {0,1}, p € [1,00] and ¢ € (2, 0] :

(I = 7") il < CH*7™ ] Ve H(Q); (2.15)

(I - 7Th>77|m,q < Ch'™™ |77|1,q Vne Wl’q(Q)§ (2.16)

/X2 dz < /Wh[x2] dz < 4/)(2 dz; (2.17)

|/(I — ) (xn") dz| < |(I = 7")(x7")ogo < ChF™ Xl I |10 - (2.18)

Finally, as we have a quasi-uniform family of partitionings, it holds that
(1= Q") < CHT™ [y ¥ 1€ HY(Q). (2.19)
We define YJ* := {n" € S" : (n",1) = 0} and introduce the “discrete Laplacian”
operator A" : S* — YJ* such that
(A" )" = —(V", Vx) ¥ xesh (2.20)

Next we introduce for all € € (0,1), ¢. : [-1,1] = [¢,2] and b, : [-1,1] = [ (2 —¢), 1]
defined, on recalling (2.4), (2.6) and (2.7), by

ce(s) = Fg/l(s) > F,,l(s) =c(s), b-(s) := G+(8) > G+(s) =b(s). (2.21)

Then the following two lemmas follow immediately from the construction of A, and =,
see Barrett, Niirnberg, and Styles (2004, Lemmas 2.2 and 2.3) for details.
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LEMMA. 2.1 Let the assumptions (A) hold. Then for any given € € (0,1) the functions
A, Z. 0 8P — [L®(Q)]2*? satisfy for all fh € K", € € R? and for all 0 € T"

"¢ <minco(n"(2)) €€ <& A(n") |0 € < maxeo(n"(2)) €€ < 267¢, (2.22a)
e(2—e)¢"¢ <minb.(n"(2))£7¢ <& Z(n") o € < maxh(n(2)) €€ <7, (2.22D)
¢r Es(ﬂh) o & < 2¢7 As(nh) EXS (2.22¢)

LEMMA. 2.2 Let the assumptions (A) hold and let || - || denote the spectral norm on R?*2.

Then for any given ¢ € (0,1) the functions A, : S* — [L®(Q)]**? and . : S" —
[L>°(Q)]2*% are such that for all n" € K" and for all o € T"

max [[{A:(n") = cz(n") TH@)[| < ho [Viee(1")] oo < 1o V" [o], (2.23a)
max [{E:(") = b(n") T}@) | < ho [Vb=(n")] o000 < 2ho [VN"[o ], (2.23b)

where L 1s the 2 x 2 identity matriz.

We now derive discrete analogues of the energy estimates (1.9) and (1.11).

LEMMA. 2.3 Let the assumptions (A) hold and {U"1,V*~1} € K". Then for all ¢ €
(0,1) and for all h, 1, > 0 there exists a solution {®, UX, V" W2 Z"} to the n-th step

of (PP7) with UL = £Ur". {@7, UM, V", Z"} is unique. In addition, W is unique if
there exists j € J such that Ul (p;) € (—1,1). Moreover, it holds that

(A(UZT) VL, VL) + 3 225 9,0 < 5 19l0.0000 (2.24)

(VoL VUI™)| < 2|glogun 7" [FLUL)]loou0 (2.25)

and

EUL V) + 5 [VIUF = U R+ V2 = VIR ] + [ ma | 225
+ 37 T [ B (U2 VIS S EUXTH V) + 50y T lgl g0, (2:262)
where
EUL V) = g [y U+ V2R + 47 (22, V), )" (2.26D)
Furthermore, it holds that
Y(Ge(U2) = Ge(UI ™), 1) + 7 [N UL R + S22 [ VIR + V2 = VTR = V'R
TV ‘Ahvanﬁz
< e U2 = U A (VW2 VU2 = U27Y) — o (VO2, VU
—y N (VO (UL VT, VUE) =7 (VL (UL V), VI ] (2:27)
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Proof. Deriving the existence of a unique solution ®" € S" (2.24) and (2.25) is
straightforward and can be found in Barrett, Niirnberg, and Styles (2004, Lemma 2.4).
In order to prove existence of a solution {{U", V'}, W, Z"} € K" x [S"]? to (2.14b-d),
we introduce, similarly to (1.13), for ¢" € K" the discrete anisotropic Green’s operator

Gl 1 Yy — Yy such that
(E(") VIGun", Vx) = (", x)" ¥V xes" (2.28)
It follows immediately from (2.22b) and (1.14) that Q;Lh is well-posed. It follows from

(2.14b) and (2.28) that

W= —ad® —yGh,  [TEU) 4\ (2.29)

U;;—nil Tn

where \" € R. Hence (2.14b-d) can be restated as: Find {U",V.} € KMNUM?) :=
{x1,x2} € K" : x4 — U™ ! € Y} and a Lagrange multiplier A" € R such that for all

{x1,x2} € K"

Y (VU V(x1 — UM) + 7 (VV, Vixa = V) + 5 (G o [E=E0) xy — UMY

U;171 Tn
n_ymn—1 n
+ () (= xe = V)

> (=L (UL VI =@l A o = U =y (W, (U V) e = VI
(2.30)

It follows from (2.30) that {U", V*} € K"(U"™1) is such that for all {x1, x2} € K"(U""1)

£

¥ (VU V(x1 — UM) + 7 (VV, Vixa = V) + 5 (Gl [E2) xy — U

U:’il Tn
n__ymn—1
+(y) (= e - V)"
> (= LUV —a @ g — U = (W (U V) xe — VI (2.31)

There exists a unique {U", V"} € K"(U"1) solving (2.31) since, on noting (2.28), this is
the Euler—Lagrange variational inequality of the strictly convex minimization problem

min T2 £ 2 k2 + 2 |[EL (U Y]E VG (nh — U112
{n’fynS}EKh(UQ_l){2 i3 I 2 [Ee(U)] Ul 1 (1 ¢ o

8 g — VI (T (U VT el )+ (7 (U V) )

Existence of the Lagrange multiplier A" in (2.30) then follows from standard optimisation
theory, see e.g. Ciarlet (1988). Hence we have existence of a solution {{UZ,V*} W2 Z"}
€ K" x [S"? to (2.14b-d). If |U(p;)| < 1 for some j € J then 7"[1 — (U")?] # 0
and choosing {x1,x2} = {U" + o7"[1 — (U")?], V" + \%Wh[l — (U™)?]} in (2.30) for § >
0 sufficiently small yields uniqueness of A™ and, on noting (2.29), uniqueness of W..
Furthermore, choosing x =1 in (2.14b) yields U = U .
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Choosing x = W™ in (2.14b), x = Z" in (2.14c¢) and {x1,x2} = {U* 1, V""'} in
(2.14d) yields that
Y (U = U2 W + 1 (B (U VW + a @7, VIVE) =0, (2.32a)
Uy) (V2= VL 20" 47 (22, 20) = 0, (2.32b)
v (VUZ VU = UZ)) + o (V2 VIV = V)
> (Wr =yt (e verh), urt = o)t
+ (20 =y (U VY, VR =V (2.32¢)

)

On noting the elementary identity
2r(r—s)=(r*—s)+(r—s)? VrscR,
it follows from (2.32a—c), (1.15), (2.22c) and the convexity of —W,, recall (1.6), that

PR + U2 = U = U R+ V2R + Ve =V = Ve
+ 7 | [Be (U2 VIR + () ™ 7 | 2003
< (WL (UL VAT, U — U — T (0, (U VT, V- Ve
—ay T, (B (UMY Ver, VW)
<y (RO VY = (U, V), 1

7 g [ V2R + 202 | (AU Ve ] (2.33)
Hence the desired result (2.26a) follows from (2.33), (2.26b) and (2.24).
Choosing x = 7"[GL(U"1)] in (2.14b), and noting (2.12b) yields that
y (U = U2 GUUE))" + 7 (VWY +a @], VU ) = 0; (2.34)
while choosing xy = —A"W" in (2.14c), and noting (2.20) yields that

TV + Ve = VO R = V2R ] = ) (V0 = V2 =AY = (V22 V(‘é"))-
2.35

We now extend an argument in Barrett, Blowey, and Garcke (2001, Theorem 2.3),
where the authors treated the one dimensional case of K = [—1,1]. The case K =
AABC C R? studied here, requires some special considerations. Let j € J, then for
{UZ(p;), V*(p;)} € K we distinguish the following cases. For ease of notation, let v, := \%

) {UX(ps), V' (ps)} € K\ OK, () Ul(ps) =1, V'"(p;) € (—vp, w),

) Ul(p;) € (=1,1), V'(p;) = 5 (U (p;) + 1)
(iv) UZ(pj) € (=1, 1), V'(p;) = =% (U (p;) +1),

)

)

{UZ(p), V2 (pj)y = {1, v}, (vi) {UZ(p), V" (i)} = {1, —w},
{U(ps), V' (py)} = {-1,0}.
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In what follows, we choose ¢ > 0 sufficiently small so that the specified {x1, x2} € K can
be chosen in (2.14d). In case (i) we have on choosing {x1,x2} = {UZ £ 0 x;,V"} and
{xa1,x2} ={Ur, V2* £ 6 x;}, respectively, that

AY

J

and A}/ :

v (VU Vx;)— (W =420 (UL, V) x) =0 2.36a
g J ) g € J

£

v (VV, VX)) — (20—~ 20 (UL, V) v ) =0. 2.36b
g J g ) € € J

In case (27) we have on choosing {x1, x2} = {UZ, V"£d x;} and {x1, xo} = {U’—d x;, V*},
respectively, that AY < 0and A} = 0. For case (i) we choose {x1, X2} = {U'+d x;, V*£
2 0x;tand {x1,x2} = {UZ, V' =0 x;}, respectively, so that Agj—i— 2 A}/ =0 and A}/ <0.
Similarly, we obtain for case (iv), on choosing {x1,x2} = {Ul' £ x;, V' F %d x,} and
{x1,x2} = {UZ, V" 4 6 x;}, respectively, that AY — % AY =0 and A} > 0. In case (v)
we obtain that A} < 0 and A} + % AY < 0; on choosing {x1, X2} = {U,V* — d x;}

and {x1,x2} = {U? — x5,V — %I x;}, respectively. Similarly, for case (vi) we have
that AY > 0 and AY — % AY < 0 hold; on choosing {x1,x2} = {U,V,* + dx;} and
X1, x2} = {UF — 0 x5, V' + %6 x;}, respectively. Finally, in case (vii) we have that
AY £ 2 AY > 0 hold; on choosing {x1, X2} = {UZ + 0 x;, V" £ 20 x;}-

From (2.20), (2.2) and (2.1) it follows for the cases (i), (v) and (vi) that
Ulp;)) =1 = Ulp;) > Ul(p)) Vied = A'Up;) <0. (2.37a)
Similarly, in the cases (i), (v) and (vii) it holds that
AU = V3 Vo) (py) 2 0, (2.37b)
while in the cases (iv), (vi) and (vii) we have that
AU + V3 V) (p;) > 0. (2.37¢)
Combining (2.36a,b) and (2.37a—c) yields for all cases (i) — (vii) that
—[AY AU (py) + A AV (p;)] < 0. (2.38)
Summing (2.38) for all j € J yields, on noting (2.36a,b), (2.20) and (2.2), that
YIN UL+ AV

< (W2 =y O (U VTN, AU = (2 =y O, (U V), AV

= (VW2 =710 (U VDL VUD) + (V[ZE =y 0, (U2 VYL VD).
(2.39)
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It follows from (2.34), (2.35), (2.7) and (2.39) that

Y(Go(U) = Go(UI), 1)+ y 7 |AMUZ [+ 52 [V + (V= VI = V2R
T T |Ahvsn|l2z
<y (U = UM GLUUD)" + 7 [(VIWE =71, (U7 VY], VUL
=y (VLU V), VIV
<y (U = UM GLUUE) = GLUETh)”
+ 7, [(VW,V[UP = UM H) — (VO VUM
= N (VLU VI, VUE) = (VU V), VIV |
U = U A (VW VU - UFTY) - (VL VU
=y (VUL VT, VU — (VU2 VT, VIV |

and hence the desired result (2.27). O

The results of the preceding lemma will now be used to derive fundamental a priori
estimates.

THEOREM. 2.1 Let the assumptions (A) hold and {U2,V°} € K. Then for alle € (0,1),

gr ¢

h > 0 and for all time partitions {7, }Y_,, the solution {®7, U™, V* W Z"}}N_ | to (PM7)
is such that fU = fU?, n=1— N, and

N
v max [UZ[F 4+ max V249 > (U7 = U2+ V2 = V2]

n=1

+an[* [ [Ee(U2]E VW2 + 6] 1223 + 60) |25 17

< C AN +A IV +7 A+ Tlglsa,0) |- (2.40)
In addition
1 N
n n— 1
o ZTn Gl +W‘5 dolor—uvrs
n=1

CIVITZIR+ A IV2IE+77" A+ T gl s0) ] (2.41)

and

N N
7 max (Go(U), )" +7 Y 7 |NUL+7 ) 7 [ AV
n=1 n=1

<y (G(U2), )" + o ZTn|7T (U ][5,0.0

+CM) [T+ +e7' 72| [V UG+ 7 IV +77 A+ Tlglo0)] - (242)
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Proof. Summing (2.263) from n =1 — k yields for any £k < NN that

EWUF VF 41 VZ Ur — U2 4 (v — vt Zmzm

n=1
+1 v‘lzm (UP Y VIWERE < EWUOLVO) + Ly |9 g (2:43)

The desired result (2.40) then follows from (2.43), (2.26b), (2.2), (2.17), (2.14c) and the
fact that {U(p;), V'(p;)} € K,V j € J,n =0 — N. Then (2.41) follows from (1.13),
(2.3), (2.14b), (2.22b,c), (2.19), (2 24) and (2.40); see Barrett, Niirnberg, and Styles (2004,
Theorem 2.6) for details.

Finally, summing (2.27) from n = 1 — k and noting (1.6), (2.2), (2.17) and (2.22b)
yields for any k£ < N that

k k
Y(G(UD D+ Y 1| AU+ Y 7 |AV [ < 9 (GL(UD), 1)

n=1 n=1
k
-+ Zl [571 Y ’Ugn - Ug71|g + Tn ’Oé (VQQ; VUsnfl)’ ] -+ 7*1 tk ‘\IJOIQ,OO,IC [nril(?i(k HU:‘H%
k 5Tk 1
n - = n— 1 n n n—
+ max |V, ||ﬂ + et Zlfn B Y] vIv? )2 [Zl T |UP — U2 (2.44)
The desired result (2.42) then follows from (2.44), (2.25), (1.15), (2.40) and (2.41). 0

LEMMA. 2.4 Let {u,2°} € K N [WP(Q)]? with p > 2, and the assumptions (A) hold.
On choosing {U? VO} = {rhu®, 7"°} it follows that {U°, VO} € K" is such that for all
h >0

IT215 + V2R + (G=(UF), 1)" < C(T). (2.45)

Proof. The desired result (2.45) follows from (2.16), (2.6) and (2.5). 0

REMARK. 2.1 The approximation (P"7) of (P) requires solving for {®7 U" W} over
the whole domain €2, due to the non-degeneracy of A.(-) and Z.(-), see (2.22a,b). For
computational speed it would be more convenient to solve for ®? just in the conductor
and interfacial regions, U"™! > —1, and for {U”, W} just in the interfacial region,
|UP!| < 1. With this in mind, we recall Remark 2.10 in Barrett, Niirnberg, and Styles
(2004) and mtroduce the following approximation of ( ). Adopting the notation (2.9)
and (2.10), let A, 2. : S" — [L®(Q)]2*2 such that A.(") |;:= R, A2(7") | R and
E.(1") |o:= R, E2(7")|s RY, where

[K*(ﬁh) ‘A] — 0/\ if ﬁh(p]k) = ﬁh(pm) = _17
c olkk [A:(7") |s]er  otherwise;
0 if 7" (pj.) = 0"(pjo) = £1
=% (~ShY | - R Jk Jo ’
and - [Z7") ol { E.(7")|s]lw otherwise.
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We note that the key identities, A.(n") in (2.8a,b) replaced by A.(n") and Z.(n") in
(2.12a,b) replaced by Z.(n"), still hold. We then introduce the approximation (P"7)
of (P), which is the same as (P"7) but with A.(U"?) in (2.14a) replaced by A (U™?)
and Z.(U™) in (2.14b) replaced by Z.(U"!). As A.(-) and Z.(-) are now degenerate,
existence of a solution {®”, U, V", W™, Z"} to (P"7) does not appear to be trivial. How-
ever, this can easily be established by splitting the nodes into passive and active sets,
see e.g. (Barrett, Blowey, and Garcke 1999). Moreover, one can show that {UZ, V", Z"}
is unique. Furthermore, one can establish analogues of the energy estimates (2.40) and
(2.41). Unfortunately, it does not appear possible to establish an analogue of the key

energy estimate (2.42) for (ﬁé”)

3 Convergence

Let
Ue(t) := 2=t U 4 =t g t € [thot,tn] n>1, (3.1a)
UX(t) :=Ur, U-(t):=U""  t€ (th1,ta] n>1 (3.1b)
We note for future reference that
U —UF=(t—t;) %= te(ty1,ty) n>1, (3.2)

where ¢t :=t, and ¢, :=t, 1. We introduce also
T(t):=7, t€ (th_1,tn] n>1. (3.3)
Using the above notation, and introducing analogous notation for V., W, ZF and &7,

(P2T) can be restated as: Find {®F, {U., V.}, W, ZF} € L>(0,T;S") x C([0,T]; K") x
[L>=(0,T; S™))? such that for all x € L>(0,T; S")

T
/ (A(U7) VRS, Vy) dt+/ / O ydsdt = / / g xdsdt, (3.4a)
0 0282 0202

/OT [wg;,x) + (B(UD) VW + ad®]], VX)]d 0, (3.4b)
[ [0 @0" + (207 e = (3.40)

where for a.a. t € (0,7)

v [(VUZ, Vi = UF]) + (VV, Vxe = V2T))]
> [(W+ - 7_1 \Ij (Us_v Vs_)vxl - U:)h + (Z:_ - 7_1 \I’,U(Ue_7 Ve_)a X2 — V:_)h]
V {x1,x2} € K". (3.4d)
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LEMMA. 3.1 Let {u°1°} € K N [WP(Q)]? with p > 2, and fu° € (—=1,1). Let {T",U?,
VO {r | ebnso be such that

(1) {U2,V2} = {m"u®, w0}

(i) Q and {T"}nso fulfil assumption (A), ¢ € (0,1) withe — 0 as h — 0 and 7, <

Crpo1 <Ce?,n=2— N;

Then there exists a subsequence of {®F, U, Vo, W, ZF }y, where {®F, U, V., W, Z+}
solve (P™7), and functions

w € L0, T; H(Q)) N H (0, T; (H*())"), (3.5a)

v e L®0,T; H(Q)) N H'(0,T; L*(Q)) and 2z € L*(Qr); (3.5b)

such that {u(x,t),v(x,t)} € K for a.e. (z,t) € Qp, with u(-,0) = u°(-), v(-,0) = 2°(*) in
L*(Q) and fu(-,t) = fu® for a.a. t € (0,T), such that as h — 0

U, UF —u and V., VE o weak-+ in L>=(0,T; H*(Q)), (3.6a)
G — gou weakly in L*(0,T; H'(2)), (3.6b)
Be 5o and Z1 — z weakly in L*(Qr), (3.6¢)
U, UF = u and V., V= strongly in L*(0,T; L*(Q)), (3.7a)
E(U7)—=bw)Z and A(U7) — c(u)T strongly in L*(0,T; L*(Q)); (3.7b)
for all s € [2,00).
If in addition u® € H?(Q) with %—15) =0 on 09 and
T
o [PV e de < C. (5:5)
0
then u in addition to (3.5a) satisfies
u € L*(0,T; H*(Q)) (3.9)
and there exists a subsequence of {U.}y satisfying (3.6a,b), (3.7a,b) and as h — 0
AU, NUF — Au weakly in L*(Qr), (3.10a)
U, UF = u weakly in L*(0,T; W*(Q)), for any s € [2,00),  (3.10b)
U, U¥ > u strongly in L*(0,T; C*¢(Q)), for any ¢ € (0,1), (3.10¢)
U, U¥ = u strongly in L*(0, T; H'(2)). (3.10d)

Similarly, if in addition v° € H*(Q) with %—’f = 0 on 0%, then v in addition to (3.5b)
satisfies
v e L*(0,T; H*(Q)) (3.11)
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and there ezists a subsequence of {V.}, satisfying (3.6a,c), (3.7a) and as h — 0

AV, ATVE - Aw weakly in L*(Qr), (3.12a)
Vo, VE =0 weakly in L*(0,T; W(Q)), for any s € [2,00), (3.12Db)
V., VE =0 strongly in L*(0,T; C*(Q)), for any ¢ € (0,1), (3.12¢)
Vo, VE = strongly in L*(0, T; H*(Q)) . (3.12d)

Proof. Noting the definitions (3.1a,b), (3.3), the bounds in (2.24), (2.40), (2.41) and
(2.42) together with (1.14), (2.45) and our assumption (i) imply that
AU VO IIZ2p) + 122 220,200 + IUE H%OO(OTHl @) T IVE N o 11 ()
+ H7: o HL2(0TH1(Q)) + HT2 ||L2(0TH1(Q)) + || [Ee (U )] VWH’H (Qr)
+ 192 1320z @y + 72 17282 220y + 15 220y + 128 220y < €5 (3.13a)
and
IAMUS N Z2 ) + 1AV 120,y < C. (3.13b)
Furthermore, we deduce from (3.2) and (3.13a) that
1U: — Us:t||%2(0,T;H1(Q)) + Ve = VEIIZ (0,T;HY ()
< HT HL2(0TH1( Q) T "7_'%|‘%2(0,T;H1(Q)) <Cr. (3.14)
Hence on noting (3.13a), (3.14), {U.(-,t),V.(-,#)} € K", and (1.12a) we can choose a
subsequence {®F, U., V., W, Z+}, such that the convergence results (3.5a,b), (3.6a—c)

and (3.7a) hold. Then (3.5a,b) and Theorem 2.1 yield, on noting (1.12b), assumption (i)
and (2.16) that the subsequence satisfies the additional initial and integral conditions.

The proof of (3.7b) can be found in the proof of Lemma 3.1 in Barrett, Niirnberg,
and Styles (2004). Moreover, the proof of the results (3.9)—(3.10b) and the result on U.
n (3.10c), are also in Barrett, Niirnberg, and Styles (2004, Lemma 3.1), where they are
derived from the key entropy bound (3. 13b). We now establish (3.10c) for UX. For any
¢e€(0,1),s€ (li_g,oo) and any 5 € (7% =z, ) it holds on noting the compact embedding

W3(Q) — C%¢(Q), (3.14) and (3.10b) that
1U: — UiHL? 0.7:00¢ (@) = IU: - UF [PEIORRTERI)
<NV = U a0z, o 1Ue = U oo ey < €7 (3.15)
where ¢ = ?(f )32 € (0,1). Combining (3.15), assumption (ii) and the established result
on U, in (3.10c) yields the desired result on UZF in (3.10c).

We now prove (3.10d). We have that

V(UL = w)lzaq,) <

V(US —u).Vudz dt‘
Qp

+ V(U — 7). VU dxdt'

/ V(r"u —u). VU dzdt|,  (3.16a)
Qr

Qp
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where, on noting (2.20) and (2.17),

T
V(U — 7). VU dxdt‘ ’ / (A"UF, U — 7hu) de

0

< O AU | z2op) 1UZF — 7"ul| L2 - (3.16b)
Combining (3.16a,b), (3.6a), (3.13b), (2.15), (3.9), (3.7a) and (3.14) yields (3.10d).

Qp

Finally, the proof of the results (3.11)—(3.12d) for V. is exactly the same as the proof
of (3.9)—(3.10d) for U.. O

REMARK. 3.1 The conditions «® € H?(Q) with 22 = 0 on 9 for the results (3.10a-d),
and similarly for v°, can be replaced by a restriction on 7 in terms of h, see Barrett and
Niirnberg (2004, Lemma 3.1), but they are not particularly restrictive. The assumption
(3.8) holds if U.(x,t) = 1 for all z € 9,Q and ¢t € [0,7], and this condition held in all
our numerical experiments provided u® = 1 on 9,Q and either L; is chosen sufficiently
large or T' is chosen sufficiently small. This can be made rigorous for the approximation
(Ph7), see Remark 2.1, as the degeneracy of =, leads to finite speed of propagation of the
numerical material interfacial region, |U.| < 1; at each time level it can move locally at
most one mesh point, see Barrett, Blowey, and Garcke (1999).

From (3.13a), (2.22a,b), (2.21), (1.8) and (3.10c) we see that we can only control V&7
and VIV on the sets where A, (U ) and Z.(U.) are bounded below independently of
e, and hence h on noting (ii), i.e. on the sets where u > —1 and |u| < 1, respectively.
Therefore in order to construct the appropriate limits as h — 0, we introduce the following

open subsets of 2. For any § € (0,1), we define for a.a. t € (0,T)

Bs(t) :={z e Q:|u(x,t) <1 -8}y C Ds(t) :={xeQ:—1+6<u(xt)}, (3.17a)
Bsi(t) :={z € Bs(t) : |v(z,t)] < f(l +u(z,t) —0) }, (3.17b)
Bsi(t) = {x € Bs(t) 1 v(,t) — 5 (1 +u(,1) € [~ 55,00}, (3.17c)
Bs_(t) :=={x € Bs(t) : v(z,t) + \%(1 +u(z,t)) € [0, \%] }. (3.17d)

From (3.10c) and (3.12c) we have that there exist positive constants C,(t) such that

|’U,(y1,t) - ’U,(yg,t)| + |U(y17t) - v(y27t)| < CSE(t> |y1 - y2|C

Yoy, €Q foraa. te(0,T). (3.18)
As fu(-,t) = fu® € (-1,1) for a.a. t € (0,T), it follows that there exists a & €
(0,1 — | fu’]) such that Ds,(t) D Bs,(t) # 0 for a.a. t € (0,T). It immediately follows
from (3.17a—d) and (3.18) for a.a. t € (0,7") and for any d1, 2 € (0, dp) with §; > d that
either 1y, € By, (t) and yy € 0Bs,(t) or wy; € Dg, (t) and yo € 0Dy, (t) with yo & 02
= Cu(t) [y1 — 12[° = Julyr, 1) — ulyz, )| > (51 — b2), (3.19a)

and y; € By, 1(t) and yo € 0By, 1(t) with yo & 02
= Cu(t) [y — y2|* = Julyr,t) — u(ye, )] + [v(y1,t) — v(y2, )] > 5 (51— d2); (3.19b)
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where 0B;(t), 0Ds(t) and 0B;s(t) are the boundaries of Bs(t), Ds(t) and Bj(t), respec-
tively. This implies that for a.a. t € (0,7) and any ¢ € (0, dy), there exists an ho(d, ) such
that for all h < ho(6,t) there exist collections of simplices T 5 ,(t) C T4 5(t) C T 4(t) C
T" such that

Bs(t) € BXt) = Users, i@ C Bs(t),  Ds(t) C D t) = Upers 7 C Ds(t), (3.20a)
Bs(t) C By (t) := User s (0@ C B 4(t). (3.20b)

(M

Clearly, we have from (3.17a,b) that
52 < 51 < 50 - ho(ég,t) < ho(él,t) .

For a.a. t € (0,T) and any fixed 6 € (0, 5\0) where 8y 1= min{dy, 3}, it follows from
(3.17a=d), (3.10c), (3.12¢c) and our assumption (ii) of Lemma 3.1 that there exists an

h0(5 t) < ho(6,t) such that for h < ho(6,t)

1-26 <|UF(z,t)] VYadgBst), [Uf(zt)<1-12 VzeBs(t), (3.21a)

Uf(z,t) < —-1+28 Va¢&Dst), —1+2<US(z,t) VzeDst); (3.21b)
V(2 0)] < 5 (1+ U (x,1)) Yz € Bs(t), (3.22a)
VE(2,t) = 5L+ US(2,t)) € [-25,0] Vo e Bs.(t), (3.22D)
VE(a,t)+ L1+ U (z,t)) €0, 28] VaeBs (1); (3.22¢)

and
<9, (3.23)

LEMMA. 3.2 Let all the assumptions of Lemma 3.1 hold. Then for a.a. t € (0,T) there
exist functions

$( 1) € Hipo({u(,t) > —1}), w(-t) € Hy ({Ju(,t)] <1}); (3.24)

where {u(-,t) > =1} :={z € Q 1 u(x,t) > —1} and {Ju(-,t)| < 1} :={x € Q: |u(z,t)| <
1}; such that on extracting a further subsequence from the subsequence {®F,U., V., W,
Z* '}y in Lemma 3.1, it holds as h — 0 that

A(UZ)VOF — Hiys1yc(u) Vo weakly in L*(Qr), (3.25a)
E(U7) VO — Hijuj<1y b(u) Vo weakly in L*(Qr), (3.25D)
E(U7) VW — Hipy<1y b(w) Vo weakly in L*(Qr); (3.25¢)

where Hys—1y and Hyu<1y are the characteristic functions of the sets {u > —1} =
{(z,t) € Qr :u(x,t) > =1} and {|u] < 1} = {(z,t) € Qr : |u(x,t)| < 1}, respectively.
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Moreover for a.a. t € (0,T), {u(-,t),v(-,t)} € K and w(-,t), z(-,t) satisfy
[ Ve im -+ ( Ea) - w) (- )l do
{lu(- ) <1}

" / Vo Vi —v) + (7 U (u,0) — 2) (3 — v)] da > 0

YV {ni,me} € K with supp (m, — u) C {Ju(-,t)] <1}.  (3.26)

Finally if a # 0, on assuming that
u(z,t) =1 Vaoed foraa te(0,T); (3.27)
it follows as h — 0 that
" — ¢ weakly in L*(0,T; L*(9:12)). (3.28)
Proof. This lemma is a generalisation of Lemma 3.4 in Barrett, Niirnberg, and Styles
(2004). The proof of the results (3.24) for ¢, (3.25a,b) and (3.28) can be found there, on
using the results on Ds(¢) in (3.17a), (3.20a) and (3.21b). The key difference here is the

identification of w on {|u| < 1} via the variational inequality (3.26), which is now more
delicate to establish. On recalling (3.9), (3.11) and (1.6), let

a' = -y Au+y 0, (u,v), a’i=—yAv+y T (u,v) € L (Qr).

For a.a. t € (0,T), we define w(-,t) on {|u(-,t)| < 1} such that

a'(t) = 5@ ) —2(,1)) i () € [- 551 +ul1),0),
w(-,t) =1 a*(-,t) if wv(-,t)=0, (3.29)
a'(-,t) + \}g(a”( 1) —z(,t) if w(-,t) € (0, \/%(1 +u(-,1))]

We will deduce below that for a.a. t € (0,7T)

a’(-,t) = z(t) i Ju(L )] < 7 (1 +u(,t). (3.30)

It follows from (3.13a) and (2.22b) that
12U VW L) < C. (3.31)

Hence (3.31) implies that there exists a vector function f € L?(2r), and on extracting a
further subsequence from the subsequence {®1, U, V., W, Z+};, in Lemma 3.1, it holds
as h — 0 that

E(UD)VWSH — f weakly in L*(Qr). (3.32)

We now identify the function f.
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First, we consider a fixed & € (0,8). It follows from (1.8), (2.21), (2.22b), (3.21a) and
(3.13a) that for a.a. t € (0,7) and for all h < hy(0,1)

§(1 =) VWL (01 5,0

b(1 = 5) VW ([0 3y < (1= 3) VIV (506 5,0
[([E-(U)]) VW) (-, 0)]5 < C(). (3.33)

IA

From (3.33), (3.20a), (2.22b), (3.21b) and (3.23) we have for a.a. t € (0,7) and for all
h < ho(d,t)

EU) I DR o < ma b0 ()| (20 )] VW)
< C(t)b-(1 —46) < C(t) max{4d,e} <C(t)d. (3.34)
On noting (3.13b) we have for a.a. t € (0,T") that
(AL ()]0 + [AMVE ()0 < C(F) - (3.35)
This yields for a.a. t € (0,T) that as h — 0
AU () — Au(-,t), AV (- t) = Av(-,t)  weakly in L*(Q); (3.36)

see Barrett, Niirnberg, and Styles (2004, (3.18)) for details. Recalling the notation
(2.36a,b), we have from cases (i) Af = A =0, (iii) A7+ A} = 0 and (iv) Af -z A} =
0 in the proof of Lemma 2.3, on noting (2.20), (3.1b), (3.22a—c) and (3.20b), that for
a.a. t € (0,T) and for all h < ﬁo(g,t)

W (1) = =y AMUL (1) + 97 W (U (1), V(1)
and  ZF(t) = —y AV ) + v UL (U (1), Vo (1) on Bsg(t);  (3.37a)
W () £ G5 Z5 (1) = [y UL () + 97 0 (U2 (1), Ve (1))
£ E [y AV ) T (U (1), Ve (1)

V3
on Bs.(t). (3.37b)

It follows from (3.37a,b), (3.36), (3.10c), (3.12c) and (3.6¢) for a.a. t € (0,7") that as
h —0

WX t) = a“(-,t), ZI(,t) — a’(-,t) = 2(-, 1) weakly in L?(B;;(t)),

WS(t) = a"(-,t) £ 55 (a(, 1) — 2(+,1)) weakly in L?(B;(t)).

This together with (3.29) and (3.33) yields that
WH(-,t) = w(-,t) weakly in H'(B;s(t)). (3.38)
Combining (3.32), (3.38) and (3.7b) yields for a.a. t € (0,T) that as h — 0
(E(US)VWI) (5 8) = blu(-, 1)) Vw(-, 1) weakly in L*(Bj5(t)).
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We now work on establishing the variational inequality (3.26). For a.a. t € (0,7, let
{m,ne} € K with n1(-) = u(-,t) + &(-) and supp& C Bss(t). For the ensuing analysis
it is necessary to prescribe the following extensions in order to control the support of a
mollified version of £, see (3.40) below. Let Q := (—Ly, Ly) X (—La, L), where L; : =3I,

By reflection about @; = +L;, i = 1 — 2, there exist extensions u(-,1), EecH 1~(Q) and
{i, 72} € [HY(Q)]* such that {7y (z), 7ia(w)} € K for a.e. € Q, () = ul-, 1) + £(-) with

supp€ C {z € Q: [u(z,t)| < 1 — 36}, and 7; |o= iy U5 1) [o= u(-, 1), £la= & Applying
the standard Friedrichs mollifier to 7;, u(-,t) and &, there exist Cg°(R?) functions with
their restrictions to () satisfying

(i} € K0 [C=@P such that () =u(,0) + € in C=(@)

with 77@

(2

=i, uD(t) = u(,t), €9 = ¢ strongly in HY(Q) as £ — oo, (3.39)
Moreover, there exists an £y(d) € N such that

supp £ C Bys(t) VL > 4y(9). (3.40)
It follows that {x\”, x\"} € K", where
O = UL + Ry (5"690), X8 =Ry (nl)),

and R} , : §" — 8" i =1 — 2, are such that for all x € S" and for all j € J

x(p;) if UL (ps,t) + x(py)| <1,
Ry 0OI(py) == 1=Ul(p;t) it US(pjt) + x(ps) > 1, (3.41)
—1-UX(p;,t) if Ul(pst) +x(py) <
and
X(®5) it |x(p)| < %u+x9m»,
R 00p) = HA+x() i x(p) > H0+ 1), (3.42)

~H0+x7) it x) < 0+ (@)

We note from (3.41), (3.20a) and (3.40) that for all £ > ¢y(d) and for all h < hy(24,t)
supp R, +(m he®y c suppne® c Bs(t). (3.43)

Moreover, it follows from (3.41), (3.42) and (3.39) that

’ﬂ_hg(é) _ (W gl )‘ <|r hu(f)(-,t) —UX (-, t)|n, (3.44a)
W“>wa@%é§4www>— D+ O = Ry ()
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We now choose {x1,x2} = {x\" 7X(£) } in (3.4d) and analyse the subsequent terms.
First, we have from (2.20), (3.35), (3.44a) and (2.17) that UX (1), ng)(-) and £@(.)
satisfy

(VU VO = U)) = (VUF, V(r"€®))] = |(AMUZ, (I - R )(xhe®))"|
< O [ uO(,t) — U (Do (3.45)

Similarly to (3.45), we deduce from (2.20), (3.35), (3.44b) and (2.17) that V2 (-, ¢), X3 (")
and ng)(-) satisfy

(VVE, V(G = V) — (VVE V() — V)| < o) |7 (1) — UL (1) (3.46)

Next, it follows from (3.43), (2.17), (3.44a), (1.6), (2.18), (3.38) and (2.15) that U=(, ),
Vsi("t)7 Wer('at)? ng)() and 5(@)() Satisfy

(W =72, (U7, V), x) = U — (W =71, (U, V), ahe®)]

< (W - -1\11 W(UZ V), (I =Ry ) (w hs“>>>h|
(W =y, (U, V), 7"60) — (W — W, (U2, V), whe@)
C 1+ |Welosyo) [I7"u® (-, t) — U2 (- t)lo +h|7r£‘)|1}
< O(t) [|x"uO(,t) = UF ()0 + B [€9],] - (3.47)

Similarly, it follows from (3.44b), (2.17), (2.18), (3.13a) and (2.15) that UX(-,t), VE(-, 1),
Z (), X8 () and 17 () satisfy

(ZF =7, (U7, Vo) Xy = VIOV — (25—~ 1, (U2, Vo), nny) — Vi)

£

<) |7 (1) = U ()l + b (14 nf]2)] (3.48)
Combining (3.45)—(3.48), noting (3.4d), (3.10d), (3.12d), (3.38), (3.6¢), (2.15) and letting
h — 0, we obtain, on possibly extracting another subsequence from {®F, U., V., W,
ZF b, that u(-,t), v(-, 1), w(-, 1), z(-,t) and u®(-, 1), n'9(-) satisty
/ [y Vu. V(nt” = u®) + (v 0w, 0) — w) () — u)] dz
Bs(t)
* / Vo Vs — o)+ (7 W (u,0) — 2) (S —v)]dz > 7O (t), (3.49)
Q

where |rO(t)| < C'|(u —u®)(,t)|o. Letting £ — oo in (3.49), it follows from (3.39) that
U(',t), U('>t>7 ’lU(',t), Z('vt) and 772() SatiSfy

/B T )+ (7 W) ) )b

+ /ﬂ[v Vu.V(ne—v)+ (v 1, (u,v) — 2) (y —v)]dz > 0. (3.50)
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Repeating (3.33), (3.34) and (3.37a)—(3.50) for all 6 € (0,5\0) yields, on recalling
(3.10c), that (3.24) for w, and (3.26) hold; and, on noting (3.34) and (3.32), the desired
result (3.25c). In addition, we deduce the identity (3.30). Of course, the identities (3.29)
and (3.30) can be deduced from the derived variational inequality (3.26); and hence, their
omission in the statement of the Lemma. O

REMARK. 3.2 The assumption (3.27) is similar to the assumption (3.8), see Remark 3.1.

THEOREM. 3.1 Let the assumptions of Lemma 3.2 hold. Then there exists a subse-
quence of {®F U, V., W Z},,, where {®F, U, V., W, Z+} solve (P™7), and functions
{d,u,v,w, 2z} satisfying (3.5a,b), (3.9), (3.11) and (3.24). In addition, as h — 0 the fol-
lowing hold: (3.6a—), (3.7a,b), (3.10a—d), (3.12a~d) and (3.28-d). Furthermore, we have
that {¢,u,v,w,z} fulfil u(-,0) = u’(-), v(-,0) = 0°(-) in L*(Q) and fu(-,t) = fu° for
a.a. t € (0,T). Moreover, they satisfy for all n € L*(0,T; H*(Q))

T T
/ c(u)V¢.Vndxdt+/ ¢ndsdt:/ / gndsdt, (3.51a)
{u>—1} 0 020 0 1239

T
7/ <%777>dt+/ b(u)Viw+a¢l.Vndedt =0, (3.51Db)
0 {Jul<1}

E('y)/o (%,n)dt—i—/o (z,m)dt =0; (3.51c)

where for a.a. t € (0,T), {u(-,t),v(-,t)} € K and w(-,t), z(-,t) satisfy
J o VT =05 (07 W) ) (]
u(-,t)|<1

+ [V Tm = o)+ (7 Wa0) = 2) (o) de 20
V {m,n2} € K with supp (m; —u) C {Ju(-,t)| < 1}. (3.52)

Proof. Only (3.51a—c) need to be established, as (3.52) was established in Lemma
3.2 above. The proof of (3.51a,b) can be found in Barrett, Nirnberg, and Styles (2004,
Theorem 3.6), and (3.51c) is similarly established. O

4 Solution of the discrete system

We now discuss algorithms for solving the resulting system of algebraic equations for
{®", UM, V', Wn, Z"} arising at each time level from the approximation (P7). As (2.14a)

€

in (P™7) is independent of {U", V', W™, Z"}, we solve it first to obtain ®”; then solve

£

(2.14b-d) for {UZ, VI, W, Z"}. Solving (2.14a) is straightforward, as it is linear. Adopt-

3

ing the obvious notation, the system (2.14b—d) can be rewritten as: Find {{UZ,VI} WT,
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2"} € K7 x [R7]? such that

AYMU + 7, AW =1, (4.1a)
LMV + 1, MZZ =1,, (4.1Db)
(x, ~ U (vBUZ = MWZ) + (x, — VI)" (yBVE — M Z7)

> (x, Q") +x,-VO"s,  Y{x,xJ}eKk?; (41c)

where M, B and A""! are symmetric J x J matrices, J = #.J, with entries
M= (s x)"s  By=(Vxi, V), AL = (E(U) Vi, Vi) -
In addition,
r =y MU —ar, AV € RY ry =LY MVt eRT,
spi= =y T MU VI eRT, sy =y T M, (UL VETY) € R

where [U (U2~ V)] = W (U, [VET1;). Let A" = Ap — AL — AT, with Ay
and .AD being the lower triangular and diagonal parts of the matrix A"~!, similarly for

B. We use this formulation in constructing our “Gauss—Seidel type” iterative method to
solve (4.1a—c).

Given {{UM0, VoL Wl 7m0} ¢ Khx [Sh)2 for k > 1 find {{U™F VoE} Wk Zmky
€ K" x [S"]? such that

YMU™ 1, (Ap — AL) W™ =, + 7, AT ™R (4.2a)
L)y MVPF + 1, MZPF =1y, (4.2b)

(x, —UM)" (v (Bp — Bp) UM — MWZF) + (x, — V) (v (Bp — BL) VIF — M Z2*)
> (x, — U2 (51 +yBL UM + (x, = VI (s, +yBL V) ¥ {x, x,} € £7.
(4.2¢)

The above is the natural extension of the iterative method in Barrett, Niirnberg, and
Styles (2004) for solving the corresponding nonlinear algebraic system arising from the

corresponding finite element approximation of (1.3). Below, we prove convergence of
(4.2a—c) for our nonlinear system (2.14b—d) using an energy method.

THEOREM. 4.1 Let the assumptions (A) hold. Then for {{UM° VO Wl 7zn0} ¢

" x [SM? the sequence {{UMF, VIvkY Wik ZmkL, o generated by the algorithm (4.2a—c)
satisfies

|U2 = UZ*l =0, |[E(UZ)2 VOVE = WEH)]o = 0, (4.3a)

Ve — V™R, =0, and |Z" —Z™|, -0 ask — oco. (4.3b)

Proof. The proof is similar to the proof of Theorem 4.1 in Barrett, Niirnberg, and
Styles (2004). Let E™* := UM — UM, F™" = V2 — Y™k P = W2 — W™ and
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Q™* = Z? — Z¥*. Now subtracting (4.2a) from (4.1a) and testing the resulting equation
with P™* yields
v (BT ME™ + 1, [P (Ap — Ap) P =, [P AL P (4.4a)
and similarly it follows from subtracting (4.2b) from (4.1b) that
() [T MF™ + 1, [Q"* " M Q™* = 0. (4.4D)
Choosing {x1,x2} = {U*, V2*} in (4.1c) and {x1,x2} = {UZ, V"} in (4.2c) yields

= Y

— [[En,k]T (BD . BL) En,k + [En,k] (BD . BL) En,k} + [En,k]TMBn,k
+ [En,k]TMQn,k Z —y [[En,k}T B}:En,kfl + [En,k]T B}:‘En,kfl} ) (45)

Combining (4.4a,b) and (4.5) yields that
72 [[En,k]T (BD o BL)En,k + [En,k]T (BD o B[/)ﬂn,k}
+ 70 [[P™]7 (Ap = Ap) P + [(y)] 7 v [Q™H]T M Q™ ]

2 “En,k]T Bzﬁn’k_l + [En,k]T BgEn,k—l} +7, [ ] .AT Pnk 1 (46)
We now split the diagonal matrix Ap := Ap, + Ap,, where (Ap,):; = ZZ L Ay and
(Ap,)ii == — ;7Z+1 = A;; — (Ap,)ii- Then, on noting from (2.13) that (AL)” >0,

we have that

J J
[Bn,k] ATPnk 1 ZPnkZ AT zg Pnk 1 S %ZZ AL ]Z ]Dlnk + (Rjﬂ,k—l)Q]

i=1 j=1
J

J
= 13 (Ap )it (PP 4+ 33 (Ap) (PP (47)

i=1 j=1
Combining (4.6), (4.7) and a similar argument for B, on noting (2.1), yields that
72 [[En,k]TBEn,k + [En,k]TBDl En,k + [En,k]TBEn,k + [En,k]TBDl En,k]
4 T [[g(,y)]—l v [Qn,k]TMQn,k + [Bn,k]TAn—l En,k + [Bn,k]TADl Bn,k]
S 72 [[En,k—l]TBDl En,k—l + [En,k—l]TBDl En,k—l] +7, [Bn,k—l}TADl Bn,k—l. (48)
Therefore, we have that {y* ([E™*]T Bp, E™*+[E™*|TBp, F™* )41, [P"*]" Ap, P™" } 150

is a decreasing sequence. Since it is bounded below the sequence has a limit. Combining
this and (4.8) yields that

|Ug—U£’k|1 _>O? |Vsn_vsn7k’1_>0> |Z£L_an’k’h_>o7
and |[E(U* M2 V(W — W )|g = 0 as k — oo. (4.9)

Furthermore, multiplying (4.2a) with 17 := (1,..., 1), noting that A""'1 = 0 and recall-
ing the splitting of A" ! yields that

y (UM = UL )" = 7 LTAL (W = W) = 7, 1T Ap, (W2 = W)
=1, 1" Ap, P** — 7, 1" Ap, P — 0; (4.10)
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where we have again used the fact that {7, [P™*]T Ap, P™* }4>0 has a limit. Combining
(4.9), (4.10), (2.2) and (1.14) yields the desired result (4.3a). Similarly, multiplying (4.2b)
with 17 := (1,...,1), yields, on noting (4.9), that

y) (Vrr — vt D = 1T M2 —1 1T MZY ask — . (4.11)

The desired result (4.3b) then follows from (4.11), (4.1b), (4.9), (2.2) and (1.14). O

We note that (4.2a—c) can be solved explicitly for j=1—-J. In particular let
o=y b (AL W AT WEY) 7=y B o= sy (B U™+ BE U™ ) and 5

8o+ (B VF —i—BTK?k 1) Then {[U” M, v k] } is the solution of: Find {U;,V;} € /C
such that

(Xl_U]) (Cl U—b1)+( —V) (Cgv—bg) >O V{Xl,XQ}EIC, (4 12)
7l 72
where Cy := 7 (Bj; + Mﬂfi] 0), Cy =y By + M0 and by =5} + 25 by =5+ 2

Clearly, the unique solutlon to (4.12) is
{Uj7 ‘/J} = P%(b_l b_2)7

C17 Cy
where P¢(z1,25) is the orthogonal projection of the point z = {z;,22} € R? onto K
with respect to the R? inner product (p,q)c := p"C¢, with C' = (Oclcg). The projection
y = PZ(z) can be computed as follows.

L. Ifz € K, then y = z, else

2. Ifx; >1theny:= (1,max{—\%,min{x2, \%}})T, else

3. If 25 > 0 then v := (2, \%)T, else v := (2, —\%)T.
1 T

4. o= <£+( 502) 7Q>C
o]

5. y = (—1,0)" + min{max{e, 0},1} v.

Hence the solution of (4.2a—¢) is for j =1 — J

~1 n—1~1 ~2 ~2
n,k1 n,k) \ — pC ij£j+TnAjj 55 £j+’7'n§j
{[Qa ]Jv [Ka ]J} - PIC <’Y[ij]2+7n7-'4?j_1 Bjj 7 L(y) Mjj+v T Bjj (4133’)
=y My, [U2); () My V2

and  [W2H]; = = [22%]; = (4.13b)

T Mjj

We note that when using the approximation (ﬁé”), see Remark 2.1, there exist j with
A1 = 0. For those j, (4.13a,b) is modified as follows:

U Hpy) = =1 = {[UM];, [V2F);} = {~1,0} (4.14a)
U tpy) =1 = {UM];, [V} = {1, max(—Z;, min{ 7, %})}
(4.14D)

where in both cases [Z7F]; is then defined as in (4.13b). We note that as A?j_l =0,

&€

[Wk]; is not defined and not required.
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5 Numerical results

Throughout this section, we use (1.7) for ¥ in (1.6), and for the initial data u° to (P)
choose a circular void with radius R € R+, and centre y € R?; that is,

-1 r(z) <R - %
u’(z) = pe(y, R; 2) := sin(r(?—u_R m) |r(z)— Rl <%, wherer(z):=|z—yl, (51)
1 r(z) > R+ %

where 6, := (1 —§)~

letting 0, := (1 — p)~

7 is the interfacial thickness of u°. For the initial profile v°, on

M\H k\.’)\»—t

Y
v 1, we choose

—1 yi—m; < —%
W(z) = J5 [u(@) + U pu(y; ),  where py,(y;2) := {sin(427) |y —z| < &, (5:2)
1 yi— x> %

for a vertical (i = 1) and a horizontal (i = 2) grain boundary, respectively. Note that
the interfacial thickness of u° and v° is in line with the asymptotics of the phase field
approach, see (A.15) and (A.14). Unless stated otherwise, we will always use the scaling
{(v) :=~* and set ¢ = 107°.

For the iterative algorithm (4.2a—) we set, for n > 1, {U™0 VO Wm0 7Zn0} =
{U"’1 vrotwest Zzn 1y where {U2,V0} = {nfufw vo} and WO = —'yAhUS—
YLl (U2, V)] 20 = —y AMVO — 4712 W (U2, V0)]; and adopted the stopping cri-
terion

max {|U"* — U o oo, [V2F = Vo o0} < tol,

with tol = 1077, and then setting {U", V', W, Z"} = {UMF Vvk Wk zmk

3

Throughout the given domain = (—Ly, L;) X(—Ls, Ly) is partitioned into right-
angled isosceles triangles. Here we assume that L; and Ly are integer multiples of L,
where L := min{L;, Ly}. On using the adaptive finite element code Alberta 1.2, see
Schmidt and Siebert (2004), we implemented the same mesh refinement strategy as in
Barrett, Niirnberg, and Styles (2004). In particular, to improve efficiency we use the
approximation (P"7), see Remark 2.1 and (4.14a,b). Now we have to solve for {U", W}
only in the interfacial region, |[U"™!| < 1, while the solution {V*, Z"} has to be found
where U""! > —1. However, the evolution Will concentrate inside the two interfacial

regions ]U n 1\ <1 and ]U n 1\ =1, |V" '] < 7. Hence we use a refined mesh with mesh
size hy = and a coarser mesh of mesh size h, = 2;,L away

from the 1nterfaces. Here Ny and N, are parameters, see Barrett, Nirnberg, and Styles
(2004, §5). Furthermore, we choose Ny such that there are always approximately 8 mesh
points across the interface in each direction. In particular, for x4 > 0 it will always hold
that hy < =3 3\[ v m, whereas for 1 < 0 we ensure that hy < 3‘? (1-— ,u)_% Y

For our first experiments we choose pr = 0 in (1.7). That means, that the function
U is symmetric with respect to the three vertices A, B and C of K. In particular, the
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Figure 3: (y = 5=, @ = 0) Comparison between computed solution (dashed) and true

solution (solid). The final triangulation is shown on the right.

surface energies associated with the three different interfaces will be the same, and hence
we should observe a 120° degree contact angle at triple junctions between the void and
the two grains. In order to check the accuracy of our approximation, we compare the
evolution of an initially circular void between two horizontally aligned grains with the
true steady state solution. It was shown by Ito and Kohsaka (2001) that the true solution
for the void boundary consists of four symmetric branches, where one branch is given by

ry = f(z1) := —a cosf + (a* — :c?)% for x; € [—a sin#, 0]. (5.3)

Here a = ( 2 with A = 7 R? being the total area of the void and 26 = 2= being

5= e
the contact angle between grains and void. We chose the following parameters for (P*7)
Ly =Ly =05,v= ﬁ, a=0,T=10"2 7, =7 =5 x 1078 For the initial profile
we chose (5.1) and (5.2) with i = 2, y = {0,0}, R = 0.25. The refinement parameters
were Ny = 256 and N, = 2. The comparison between true solution and the numerically
steady state can be seen in Figure 3, where we also include a plot of the mesh at time
t = T. One can see that the true solution and our computation are almost graphically

indistinguishable.

A short remark on the way we plot the solution {U;, V.} is due. In our figures we show
the zero level sets of the function p(U,, V.) to visualize the void boundary, where

p(y) == max{|ly — A” — |y — B]*, |y — A]> — |y — C|*}.

In addition, we give the zero contour line of V. where U, > 0, in order to show the grain
boundaries. Next, we conducted the following convergence experiments for the evolution
of a circular void in a vertical grain boundary under the influence of electromigration.
We repeated the same experiment with decreasing values of v, i.e. v = ﬁ, ﬁ, ﬁ.
In particular, we set L; = Ly = 0.5, T =4 x 1073, 7, = 7 = 288 (ym)2 x 1077, ¢ =
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Figure 5: (o = 57) Solution {U,, V.} at times ¢t = 0, 0.04, T" = 0.056 for v = ﬁ, v = ﬁ
1

and v = =

Figure 4: (o = 5m) Solution {U.,V.} at times t =0, T =4 x 107% for y = 12—, 7 = 5

48w x 1075 and used the appropriate refinement parameters Ny = 22 %ﬂ and N, = %.

Considerations using formal asymptotic expansions, see (A.41), yield that in the sharp
interface limit the grain boundaries have zero curvature and a 90° degree contact angle
with the boundary. This can be observed in the convergence experiment, where for ~
getting smaller the grain boundaries get closer and closer to straight lines. See Figure 4,

where we plot the results for v = ﬁ, v = ﬁ and v = ﬁ.

The same experiment for the scaling ¢(y) := v leads to a dramatically different evo-
lution, as this now models surface diffusion combined with surface attachment limited
kinetics (SALK), see (A.42). For the new scaling, we repeated the previous experiment
on a slightly larger domain (2 in order to see more of the ensuing evolution. We used
the following parameters: L; = 1, Ly = 0.5, T = 0.056, 7,, = 7 = 1152 (y7)? x 1077,
£ =48~y 7 x 107° and used the appropriate refinement parameters Ny = 3—32 %ﬂ, N, = %.
In Figure 5 one can see that the void detaches from the grain boundary. Note also the
very good agreement between the results as « is decreased.

In a further experiment, we investigated the evolution of a circular void when it at-
taches to a vertical grain boundary. To this end, we set the following parameters for
(Ph7): Ly =1, Ly = 0.5, v = ﬁ, a=5m,T=0012, 7 =7=5x10"8% ¢ = 107°.
For the initial profile we chose (5.1) and (5.2) with ¢« = 1, y = {0,0}, R = 0.25. The
refinement parameters were Ny = 256 and N. = 32. The evolution is shown in Figure 6.
We can observe that once the void has attached to the grain boundary, it settles into a
steady shape inside the grain boundary, which then drifts through the conductor.
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Figure 6: (y = 5=, @ = 57) Solution {U,, V.} at times ¢t =0, 2x 1072, 2.6 x 1073, 2.8 x

1073, 3x 1073, 4 x 1073, 6 x 1073, 8 x 1073, 0.012.

We include also an experiment that produces a travelling wave solution in the absence
of electromigration, first mentioned in Mullins (1958) (see also Kanel, Novick-Cohen, and
Vilenkin (2004)). We used the following parameters for (P*7): Ly =1, Ly = 0.5, v = s
a=0,T=26x10"37,=7=>5x10"8 ¢ =105 For the initial profile we chose a
straight horizontal line for u°, as described by p;, in (5.2) with y = {0,0}, and a straight
line with a segment of a circle for v°, i.e. (5.2) with p;, replaced by

pc(y + {07 R}7 R7 .Z‘) T < Y1,
P (y; ) T1 2y

pqe(y, R; ) := {

with y = {—0.3, 0.3}, R = 0.25. The refinement parameters were Ny = 256 and N, = 2.
The evolution is shown in Figure 7.

5.1 Different contact angles

In this subsection, we report on contact angles for the triple junction that are different
from the symmetric case 2?” Since different contact angles are observed in practice, this is
an important and desirable feature of our phase field model. In order to achieve different
triple junction angles, we have to choose the obstacle potential ¥, see (1.6), such that the
grain and material boundaries have different surface energies. To this end, we use (1.7)
with p # 0.

Assume we are given the ratio of the surface energies for the grain and material

i A . .
boundaries %5, where we have adopted the notation of the Appendix, see (A.37). Then
this angle law, where 0® = ¢¢ is the surface energy of the material boundary and o* is

34



0.5

0.4 —

0.3 —

0.2 —

0.1+ —

0

-0.1 - -

-0.2 - -

-0.3 -

0.4 | E

05 | | | | | | | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 7: (y = 51=, @ = 0) Solution {U., V.} at times ¢ =0, 2 x 107*, 8 x 107*, 1.4 x
1073, 2 x 1073, 2.6 x 102,

the surface energy of the grain boundary, yields that

04 = 2 arccos(} Zerein),
2
Omat

Using (A.17) we compute for p € (-2, 2) that

Ograin __ ™ (

=
INIEY

=2(i

(5.4)

)

In the derivation of (A.17) it is assumed that the first order solution to the variational
inequality (A.13) leads after a suitable rescaling to a minimiser in (1.1). However it
is not straightforward to establish this rigorously. In any case, one can also compute
the above ratio numerically. To this end, one splits the domain €2 into two pure phases
i,7 € {A, B,C}, with a vertically or horizontally aligned straight phase boundary between
them. Using this setup for the initial profiles of {u% v°}, one computes the evolution of
(ﬁé”) until a steady state has been reached. This resulting standing wave will then
approximate the energy minimizing profile in (1.1), and hence provides a numerical value
for the energy density o.

IS

[T
=

1-p)
(1-4)

WIN feolro
3

Omat

For the case u = %, we computed the different surface energies for the grain and
material boundaries in this way and obtained a ratio % ~ 0.758, i.e. almost exactly
the value % derived from (5.4). This suggests a triple junction with angles 135° and
twice 112.5°, which is confirmed by the numerical results shown in Figure 8, where we
have used the same parameters as for Figure 3. Note that the true steady state solution

is again defined by (5.3).

Next, we computed the different surface energies for the grain and material boundaries
numerically for the case y = —1 and obtained a ratio %@ ~ 1.26, i.e. almost exactly

the value (%)% derived from (5.4). This suggests a triple junction with degrees 102° and
twice 129°. This is confirmed by the numerical results shown in Figure 8, where we used
the same parameters for (P%7) as before, except v = %.
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Figure 8: (v = 5=, p = 3 (left) and v = %, @ = —1 (right)) Comparison between
computed solution (dashed) and true solution (solid) for #4 = 135° and 64 = 102°,
respectively.

A Formal asymptotic expansions

The method of formally matched asymptotic expansions for systems with triple junctions
is by now well-established, see e.g. Bronsard and Reitich (1993), Garcke and Novick-Cohen
(2000), Novick-Cohen (2000) and Garcke, Nestler, and Stoth (1998). Hence we will only
sketch the asymptotics where arguments are similar to other papers, and only present the
new features in more detail. Three different types of expansions will be used. In regions
where either a grain or the void is present we use an outer expansion. Close to interfaces
separating either a void and a grain or two grains an inner expansion is used. A third
type of expansion has to be performed at a triple junction. All these expansions have to
be matched.

The equations for the outer expansion imply that the vector (u,v) attains one of the
values A, B, C. That is, in the sharp interface limit (u,v) will be either A, B or C and
there are interfaces separating these regions. For the electric potential ¢ we obtain that
it solves Laplace’s equation in the regions where (u,v) is either B or C. We note that as
no confusion with the L? inner product can arise, we will use the round bracket notation
for vectors throughout this Appendix.

Now the inner expansion has to be used to determine the governing equations on
the interface. In the following we derive the governing equations, evolution laws, for the
sharp interface limit. There are three interfaces (curves in two dimensions) for which we
seek these laws. Let ['V = (T'%(t))so with either (i,7) = (4, B), (B,C) or (C, A) be a
smooth evolving curve, an interface between regions occupied by i and j. Let X%(s,t)
be a parameterization of 'Y, where s is an arc-length parameter; see Gurtin (1993) for
more information on evolving curves. We define the unit tangent Tlij = 0,XY and the

36



unit normal n}] such that (n;j,Tf;j ) is positively orientated, i.e. Téj = Rn?, where R
is the clockwise rotation through 7. We define also the direction of increasing s such
that niﬁ points into the region occupied by j. From now on we will suppress the region
superscripts, when no confusion can arise. The curvature « is defined to be positive if "
is curved in the direction of the normal. With this choice the Frenet formulas read as

Osnr = —K 1T, OsTr = KNr. (A1)

Since I" is smooth, there exist functions s(z,t) and d(z,t) defined in a neighbourhood of
I' such that
r = X(s(x,t),t) + d(z,t) nr(s(z,t),1t); (A.2)

see e.g. Gilbarg and Trudinger (1983, §14.6). The quantity d(z,t) is the distance of the
point x to I'(t) (note that (x — X (s,t)).mr(s,t) = 0). In the following we will make use
of the coordinate change

(z,8) = (p(z, 1), s(x,1),1)

where p(z,t) = y7'd(z,t) is the re-scaled distance to I'. This change of variables is a
diffeomorphism flattening the interface I'. Computing the spatial derivatives of (A.2), we
obtain that

I =0,X (Ves)T + np (Vod)T + dOgnp (Vps)T = (1 — drk) 0 (Ves)T 4+ np (Ved)T. (AL3)
This implies that
nr(s(z,t),t) = Vpd(z,t), mr(s(z,t),t) = (1 —d(z,t) k(s(z,t),t)) Ves(z,t);  (A4)

where these identities follow if we multiply (A.3) from the left by nl and 7, respectively.
Hence we have that

Ves. Vp,d=0, |V.d| =1 and Ve8| = —L—. (A.5)

1-dk

Taking the time derivative of (A.2) gives
0=0,X + 0,X 0ss + Oednpr + d%np(s(a:, t),t).
Dotting this identity with nr(s(z,t),t) yields that
0=20X.nr+9d+diLinr(t,s(z,1)|* =X .nr + 9,

where we have noted that 4 |nr (¢, s(z,t))|> = 0. Defining the normal velocity of I' as
VY := 0;X .nr, we obtain that
L’::'—é%d. (}\(n

Using the new coordinates (p, s,t), we obtain the following identities for a scalar quantity
alw,t) = lp(a,t), s(x,t), 1

Vea(z,t) = 7—18,@%(1 +0saV,s and Oa(z,t) = 7_18,)6@0! +0adis+ Owa. (A7)
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For a vector function a(z,t) = a(p(x,t), s(x,t),t) we obtain that
Ve .a(z,t) = 7’18,)@. Ved + 0sa . V5. (A.8)
Combining (A.7) and (A.8) yields, on noting (A.5), that
Aga(z,t) =7 20,,a +7 10,8 Apd + 0550 |V,8|* + 05a Ays. (A.9)

Applying (A.8) to the right hand side of the identity V,d(z,t) = nr(s(z,t),t), and noting
(A.4) and (A.1), we obtain that

Agd(z,t) = Osnr(s(z,t),t). Vs = —k 11 . ( T =—T". (A.10)

1
l—dn) 1-dk

From (A.4), (A.8) and (A.1), it follows that
AIS(QI, t) = V . (m 7'1‘*(3(17, t), t)) = 85(ﬁ7p) . VmS

8s
= 0s(1=7% ’ypn)’rr'(ﬁ)’rr:%' (A.11)

Combining (A.9), (A.10), (A.11) and (A.5) yields the following representation of A, in
the new coordinates

+ 0,58 | Vis|* + 0,0 =28

+ 0550+ O(7) . (A.12)

Aga(z,t) =~v7%0,,a — v 10,0 ——

1—vpr —YpK

= 20,0 — v 0,4 —E—

1— ’ypn

We now assume that there exist expansions of u, v, w, z and ¢ in these new variables,
i.e. for example

u(z,t) = u(p, s, t) = uo(p, s, t) +yui(p,s,t) +....

In the following we drop the ~ for notational convenience and consider the potential (1.6)
with ¥y given by (1.7), where p € (=2, 3). Considering (1.5¢) to leading order we obtain
that (u,vg) : R — K has to solve for all (1y,72) : R — K the inequality

(=0ppuo + ¥ u(uo, v0)) (M — o) + (—9ppv0 + ¥ o (o, v0)) (N2 — v0) = 0. (A.13)
This variational inequality has the following solutions. At a grain boundary with

. o - 2 . i i 2
pEIPOO(uovflJO)(p) =B =(1, —73) and plgf)lo(uoavo)(P) =C=(1, 75),

we obtain that (ug,ve) = (1,0) with
1 it p>p, = ﬁ,
W)= sz 2) it |l <p,, (A14)
-1 if p<—pg

is a solution, since p € (—2, ‘71) Similarly, at a material boundary with

pgglm(uo,vo)(p) =A=(-1,0) and pli_}rgo(uo, v)(p) = B = (1, —\%) :
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we obtain that (ug,vo) = (4, —3=) with

— S

it p>pm= 7=,

u(p) = qsin(3 2) i |p| < pm, (A.15)
-1 it p<—pm
is a solution of the variational inequality (A.13). The solution of the material boundary
CA is then given, through symmetry, as (uo, vo)(p) = (4, %)(—p)

For later use we compute the interfacial energy

7= /_OO [ 2((Dpu0)* + (0pv0)?) + ¥(up, vo) | dp = /_Oo [(Byu0)> + (B,00)% ] dp
=2 /_OO (617“0)2 + (8,,1)0)2 \/% \I/(UO, Uo) dp (Alﬁ)

of the solutions (ug,vg) above. The formula (A.16) coincides with ¢ in (1.1) if (ug,vy),
upon rescaling, is in fact the minimum in (1.1), see Sternberg (1991). Numerical compu-
tations indicate that (ug,vo) is indeed the minimizer in (1.1). For the solutions (ug,vg) =
(1,v) at the grain boundary, and (ug, v) = (@, il%‘) at the material boundary we obtain
that

[N
N[

and Omat = %77 (1-—

NS

Oypain = 37 (1~ 1) )2, (A17)

respectively.

The solutions (ug, v) connect the corners of the triangle K via paths which lie entirely
on an edge of K. For arbitrary potentials, solutions of this form in general do not exist,
see Garcke, Haas, and Stinner (2005). In what follows we will always assume that such
solutions to (A.13) exist, which for ¥ as in (1.6)—(1.7) is guaranteed if p € (—2,3), and
that to leading order (ug,vg) is the solution of (1.5¢).

Next we derive an equation for the grain boundary in the sharp interface limit. First
of all we require that

(g, Vo) + ¥ (u1,v1) + 72 (ug,v2) + ... €K (A.18)

to all orders. Since (ug,vy) = (1,7) we obtain to the order O() that u; < 0. In addition
we obtain that

—ur £ V30 <0 if (ug,vp) = (1,+3).

This ensures that (A.18) is fulfilled if (ug,v) lies in a corner. Above and in what follows
we will always consider the two void/grain interfaces in combination. If a choice has to
be made for the sign we always take the upper sign for the C'A interface and the lower
sign for the AB interface.

We now plug the asymptotic ansatz for u,v,w and z into the variational inequality
(1.5¢) and require that it holds for all

(m,m2) = (Mo, M20) + 7y (M1, 721) + 72 (M2, m22) + -
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which are assumed to have, to all orders, values in IC. To the order O(1) we obtain, on
noting (A.12), that (uj,v1) : R — R? has to fulfil (ug,vo) + v (u1,v1) € K to the order
O(y) and

(—8ppu1 + HapUO + ‘1/71“,,(110, ’Uo) U1l + ‘I”uv(’U/O, ’U()) V1 — ?1)0) (7]10 — Uo)
+ (—0ppv1 + K D0 + Wy (Uo, Vo) U1 + W 4y, (o, Vo) U1 — 20) (M20 — Vo)
+ (—aprLQ + \I’M(Uo, Uo)) (7711 — U1) + (—8ppvo + \I/,v(uo, Uo)) (’1721 — ’Ul) Z 0 (A19>

for all (n59,m20) : R — K and (1m11,791) : R — R? which fulfil (119, 720) + 7 (711, 721) € K
to the order O(7). Choosing (710,720) = (uo, v0), and as ug = 1, we obtain that

U (1, v0) (M1 — w1) + (0,00 + ¥ (1, vp)) (21 — v1) >0 (A.20)
for all (111,791) : R — R? with n;; < 0. In addition, we have to impose that
—m1 £ V371 <0 i (ug,vp) = (1, £3). (A.21)
If |vo| < \%, we have that —0,,v0 + ¥ ,,(ug, v9) = 0 and it follows from (A.20) that

0 < W.(L,v0) (M1 — wa) = _é (24 ) (M1 — u1) Vo <0;

which implies that u; = 0 as p > —2. In the interior of the set {|vy| = \/lg}, we obtain
from (A.20) that

N ,:I:%) (M21 — 1)
:—%(24—#)(7711—711) ( p) (£

%f) (121 — v1)

for all (111, 791) that fulfil 7;; < 0 and (A.21). We seek a solution (uy, v1) of this variational

inequality in the cone {(uy,v1) : uy <0, —uy V30 < 0}, where this constraint on (uy, v;)

follows from the O(+) condition in (A.18). It is easily deduced that only the trivial solution

(0,0) exists if 4 € (—2,2). Hence we obtain that (uy,v1) = (0,0) if (uo, vo) = (1,i%).
For points in the set {|ug| < \%} we now choose (111,7921) = (0,0) and (110, 720) =

(ug, vo + ) with some small § € R in the variational inequality (A.19). This yields that

—0,p01 + KO0 + VU 4y (ug, v0) 11 — 20 =0 in  {Juo| < %}

Multiplying this identity by d,vo, leads after integration, and integration by parts, to

/4;/ (8,v0)? dp:/ 29 0pvo dp; (A.22)

o)

where we have used the facts that d,uy = 0, that —0,,v9 + ¥ ,,(ug,v9) = 0 and that v; =0
on {|v| = \%} On noting (A.7) and (A.6), equation (1.5b) to the order O(1) now gives

2=0 if £(y):= 39 and 20 =P8V 0y if L(y):=p7. (A.23)

40



Therefore depending on the scaling in (1.5b), we obtain on the grain boundary that
k=0 if £(y):= 8~ and fwV =0k if L(v):=pF7; (A.24)

1
where w := [~ (9,v0)?dp = Ograin = 27 (1 — )2, on recalling (A.16)-(A.17). Obviously,
the factors w and o cancel in (A.24). However, for later developments, concerning triple
junctions, we do not remove them.

Let us remark on the scaling £(7y) := 3+2. In order to derive an asymptotic expansion

around a sharp interface solution we require zero curvature, £ = 0, of the grain boundaries.

. . . . . s Ou
Finally we point out that (1.5a) degenerates on grain boundaries, i.e. we obtain % = 0,

and (1.5e) has no interfacial structure on grain boundaries since c¢(ug) is constant.

Deriving the governing equation for the void boundaries is more involved. From (A.7),
(A.8) and (A.5) we obtain, on dropping the ~ notation,

Vi (b(w)Vw) = 72 0,(b(w) By) + 7 {u) Oy 0, (Vodd) . Vs + Du(b(u) v Vi) . Vs

(A.25)
Similar expressions can be obtained for V. (b(u) V¢) and V. (c(u) V¢). Hence on noting
(A.25) and (A.7), the equations (1.5a) and (1.5e) to the order O(y~?) imply on integrating
with respect to p and matching that

Op(wo +a¢g) =0 and 0,00 = 0.
As d,wy = 0, similarly we obtain to the order O(y~!) that
Op(wr +a¢1) =0 and 0,1 =0.

To the order O(1) we obtain from (1.5a), (A.7), (A.6), (A.25) and (A.5), since ug does
not depend on s, that

=y 5pu0 = ap(b(’lto) 8,)(11}2 + « ¢2)) + b(’u,o) 858(100 + ¢0) .
After integration with respect to p we obtain
-V [U’O]Z =M ass(wo + « ¢O) (A26)

where [uo]? denotes the jump across the interface T'“ (the value for p — co minus the
value for p — —o0) and M := [ b(uo(p)) dp = pm =7 (4 — )~

3.
It remains to exploit (A.19) at a void interface. At a void interface we have
—ug+ V3 =1. (A.27)

Let us first consider points such that |ug| < 1. In order to fulfil (A.18) to the order O(v)
we need to have
—uy £v31 <0. (A.28)

Choosing (710, 120) = (uo, vo) = (4, :I:HT;) in (A.19) we obtain that

(=0ppuo + ¥ u(ug, o)) (1 — u1) + (=0ppv0 + ¥, (u0, v0)) (21 — v1) > 0 (A.29)
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for all (111,791) : R — R? with
—m £ V31721 <0

which in addition fulfil 7y, < 0 if (uo, v9) = (1, i\/lg) or ny1 > 0 if (ug,v9) = (—1,0). The
variational inequality (A.13), recall (A.15), implies that

—8pp(\/§uo + ) + \/gkll,u(uo, vo) £ W, (ug,v9) =0 in  {|ug| < 1}. (A.30)

Taking second derivatives in (A.27) we obtain from (A.30) after solving a linear system
for (0,pu0, 0ppv0) that

Opptio = £V3,00 = 13T, £ V3T ,). (A.31)
Hence (A.29) yields if |ug| < 1 that
(¥ (o, v0) F V3T, (ug, vo)) (1 — w1) + (FV3U, +3W,) (1 —v1) >0 (A.32)

for all (91, m21) with —n11 4+ v/3121 < 0. Now we represent (up,v;) as

(1) = (s3) v ().

and note that (A.28) implies that w; < 0. Choosing (111,721) = w2 (V/3,£1) in (A.32)
gives
0>w (—0, V30, —3T,+3vV3T,)(up,v)
= 4(,()1 (—\P’u + \/g\I/’v)(UO,Uo) = 4w1 (-%(1 — u) —+ /I/'U,()) .

The term in the last bracket is always negative provided that p < %. This implies that
wy > 0, and hence w; = 0, which in turn leads to —u; £+ V3uv, = 0.

For points that lie in the interior of the set {(ug,vo) = (1, j:\%)} we can argue as in

the case of a grain boundary to obtain that (uj,v;) = (0,0). Now we consider points that
lie in the interior of the set {(ugp,v9) = (—1,0)}. For these points the inequality (A.19)
yields on choosing (nso, 70) = (uo, vo)

0 <0, (=1,0) (1 — wr) + P, (=1,0) (721 — v1) = 5(4 — ) (1 — w1)

which has to hold for all (111, 791) fulfilling \/§|7721| < my1. Since by (A.18) the solution
(u1,v1) has to satisfy v/3 |v;| < u1, we obtain that (u;,v;) = (0,0) is the only solution to
the above variational inequality.

For points in the set {|ug| < 1} we now choose (111,721) = (0,0) and (919,720) =
(uo 4+ V/3 6,19 % §) with some small § € R in the variational inequality (A.19). This yields
that

— 8pp(\/§u1 +op) + m?p(\/guo +g) + (\/g\I/,uu(uo, Vo) Uy + \/§\I/,uv(u0, Vo) U1
+ U, (1, v0) ur £ W 4, (g, v0) 1) — V3w F 29 = 0.
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As —ug + vV3vy =1 and —u; £ v3v; =0, it follows from the above that
—40,u1 +4K0,u0 —3u; — (1 — p)ug —3wp F V32 =0.

Similarly to (A.22), on multiplying the above identity by 0,uo, integrating, performing
integration by parts; we obtain, on noting (A.15) and (A.31) that

4/-1/ (8pu0)2 dp — 3/ wo Opup dp F \/3/ 29 Optig dp

—0o0 — 00

=3 /<;/ [(8,u0)? + (D,v0)%] dp — 3wp [ue)! F \/§/ 20 0pup dp = 0.

[e. 9]

Equation (1.5b) gives to the order O(1) the identities (A.23) and hence we get, on recalling
(A.16),

ok =[ulwy if £(y):= 87 and ok = [u) wo +BwV if £(y):=87;
(A.33)
where w := [7_(0,v0)? dp = 3 Opmar = £ (1 — /i)%.

For the material interfaces (i,7) = (A, B), (C, A), and the grain interface (B, C), we
derive from (A.24), (A.26) and (A.33) for the scaling ¢(vy) := (5~ that

=2V = MAP 0, (wy'? + 2 ¢fP) and 2 wAB + BB VAT = AP A8 (A 34a)
2V = M9 0,,(w§* + a¢f?) and —2w§? + Bw VI = 94 k04 (A.34b)

BwBCYBO = oBC BO, (A.34c)

’

where, on recalling (A.17), we have that

NI

chzoBczogmmzéﬂ(l—u)%, MAB = M4 =q(4—p)~ 2,

4P =40 = gAB =% =5, = %71’(1 - )

N[

The evolution laws (A.34a,b) for the material interfaces combine surface diffusion and
surface attachment limited kinetics (SALK), which was discussed in Taylor and Cahn
(1994); see also Elliott and Garcke (1997).

If we choose the scaling () := 34?2 instead of £(v) := B3+ in the evolution equation
(1.5b) we derive from (A.26), (A.24) and (A.33) that
VAB

AB AB AR AB CA CA sCA CA
:_MTass(UT/{ +a¢0 )7 vV :_MTass( 2 ¢ )7

B9 kBY = 0.

Therefore under this scaling the evolution of the void surface is given by surface diffusion,
see Cahn, Elliott, and Novick-Cohen (1996), whereas the grain boundaries have zero mean
curvature, i.e. they are in equilibrium.

It remains to derive the equations at a triple junction. From now on, we will always
denote by superscripts A, B and C' quantities that are defined on the interfaces BC, C A
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and AB, respectively. In particular we have that the normals n{, n£ and n{ are such that
ni points into C, nE points into A and n{ points into B. At a triple junction m(t) we
choose at a fixed time ¢ a triangle T, whose midpoint coincides with the triple junction.
In addition it is assumed that the sides of the triangle intersect the interfaces to leading
order perpendicularly and have to leading order a length which is proportional to ’y%. We
now introduce the stretched variable y = v~!(z —m(t)), and make the asymptotic ansatz

(u,v)(,t) = (Uo, Vo)(y,t) +v (U, Vi) (y, 1) + ...

Then (1.5¢) gives to leading order that the following variational inequality has to hold
almost everywhere on T, := {y € R* |m(t) + vy € T, }:

(=AyUo + ¥ . (Uo, Vo)) (m — Up) + (=2 Vo + ¥ . (Uo, Vo)) (m2 — Vo) > 0 (A.36)

for all (m1,m2) : i/ — K. We now want to derive a solvability condition for (A.36),
which will lead to an angle condition at the triple junction. The ansatz (m;,72) =
(Uo, Vo) £6(0,,Us, 0y, Vo), I =1, 2, leads to values in K for small § in the following cases. If
(Uy, Vo) (y, t) lies in the interior of IC, then this is obviously true. If (Uy, V5)(y, t) lies in the
interior of one of the sets {(u,v) =i} with ¢ € {4, B,C}, we obtain V,U; = 0 and hence
(m,m2) = (Up, Vo). In the case of points that lie in the interior of one of the three sets
{(u,v) : —u£+3v =1and |u| < 1} and {(u,v) : u = 1 and |v| < \%}, we obtain also that
(n1,m2) € K for small 6. For example, if |Up| < 1 and —Uy++/3V, = 1 in a neighbourhood
of (y,t), then we obtain —d,,Uy & v/39,,Vo = 0 and hence (Uy, Vy) + §(9,,Uy, 9,,Vo) € K
if 0 is sufficiently small.

Assuming that the complement of the sets considered above has measure zero, which
is supported by numerical experiments, we obtain from (A.36) with (n1,72) = (ug, vo) £
§ (Oy,ug, Oy, v9), I =1, 2, that

(VyUO)T(_AyUO + \Il7u<U07 VO)) + (Vy%)T(_AyVO + \I],v(UOa VO)) =0

almost everywhere; where V,- = (9,,-,9,,-)7. Defining Ao := (Up, V)" and using the
identity
—(Vyh0)" (ByA0) = =V, . ((V4h0)" (Vyho)) + 5 (V[ Vo))

we obtain, after integration over i,, that the following identity holds
0= [ [=(TAa) (&) + (V80 (¥, %) (A0))" ] dy
= [T (B0 (T 0) + V(4 [V, 0 + (0]
_ /8 (V)" (o) o dsr + /6 IV ol W) o dr;

where we have applied the Gauss theorem to obtain the last identity. Moreover, ngr is the
outer unit normal to 9T,. Since we chose the triangle T’, such that J7’, intersects the inter-
faces asymptotically perpendicularly, we obtain that the term |, o, (Vy00) T (VyAo) nor dsr
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vanishes asymptotically. Recalling (A.16), matching Ay and the standing wave (uo, vo),
and noting that asymptotically ngr equals 7 along the different sides for i € {4, B,CY},

we obtain that o
0= Z o' .
i€{A,B,C}

This is the force balance at the triple junction and a simple computation shows that the
above identity is equivalent to Young’s law,
sin #4 _sin 68  sinf¢

= = (A.37)

where 64, 0 and ¢ are the angles that the regions A, B and C form at the triple junction
(see also Bronsard and Reitich (1993), Bronsard, Garcke, and Stoth (1998), and Garcke
and Novick-Cohen (2000)).

To obtain a flux balance condition we consider the mass balance (1.5a). We observe
that only the second term on the left hand side of (1.5a) in (P) gives a contribution to
leading order. Integrating the leading order term over T’,, we obtain that

0= B Vy . (b(Uo) Vy[WO + (I)Q]) dy = /~ b(U()) Vy[WO + (I)Q] .NoT dST.
Ty oTy

The right hand side gives a contribution only if b(Uy) # 0 which means only on the
material interfaces, AB and C'A. Matching with the inner solutions, using (A.7) and
V.8 = ngr + O(), we obtain that

[ o ap) ot +as)+ | [

o0 — 00

o0

b(ul () dp] Ou(wl +adl) =0,

where u§, w§, ¢S and uf, wE, ¢F are the inner leading order solutions at the interfaces

AB and CA, respectively. Altogether at the triple junction we obtain the flux balance
condition
MO 0,(w§ + a¢f) + MPo,(wf +agg)=0. (A.38)

It remains to determine an additional condition at the triple junction, which is related
to the fact that the chemical potential is continuous. Neglecting lower order terms in
(1.5a), we obtain close to the triple junction that

0= /~ [V, . (b(Uo) Vy(Wo + a®yg)) | (W + aPy) dy

T.

_ —[ b(UO)|Vy(WO+o¢<I>0)]2dy+/~ b(Us) (Wo + a @o) Y, (Wo + a Do) . ngr st

T, oT,

The choice of i, yields that V,(Wy + a @) . ngr results in a partial derivative along the
interface. Since the s-variable in the inner expansion is scaled in a different way we
obtain from matching the inner expansion to the triple junction expansion that V, (W, +
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a D) . ngr has to vanish to leading order. Hence to leading order at the triple junction
Wy + a®( is constant on the support of b(U) which is assumed to be connected. By
matching the solution close to the triple junction with the inner solution we obtain that
the limit for wy + a ¢y coming from the AB interface has to equal that coming from
the CA interface. Assuming that the ¢ equation has a continuous solution up to the
boundary, we obtain that at the triple junction

w§ = wl. (A.39)

We remark that the choice of scaling £(vy) := B or 372 does not effect the conditions
(A.37), (A.38) and (A.39) at the triple junction, as the equation (1.5b) was not used to
derive them. Of course, under the scaling £(vy) := 3> we deduce from (A.33) and (A.39)

that at the triple junction
0% k% = —oP KB, (A.40)

Finally, when an interface meets the external boundary, further boundary conditions have
to hold which can be derived as in Garcke and Novick-Cohen (2000) and Novick-Cohen
(2000). We include these conditions in the summary below. Let us also point out that the
ideas presented above can also be used to handle more general potentials W. In particular
the approach used to derive the triple junction conditions can be applied to the setting
in Garcke and Novick-Cohen (2000) and Novick-Cohen (2000).

To summarize we obtain, depending on the scaling in (1.5b), the following two sharp
interface problems. In both cases we obtain that at a triple junction the identities (A.37),
(A.38) and (A.39) have to hold for w and ¢. When an interface meets an external
boundary a 90° angle condition has to hold. In addition, at a material boundary, 9,(w’ +
a@') =0 for 1 € {B,C}. Firstly, the scaling ¢() := 3+ leads to

Ve = —MTC 8ss(§ kS + a¢?) on I'C,
VP = 5 agh)  onT”, (A1)
0 = g4 on I'4,

Whilst for the scaling ¢(v) := 3+, we obtain that

+2V" = MO, (w'+a¢’) onIforie{B,C},
BVt = oK 2w on I'* for i € {B,C}, (A.42)
uwivt = oA on I'4;

where in the 4+ option we take the top for ¢ = B and the bottom for ¢ = C. Furthermore,
the limiting electric potential satisfies

Ap=0 in Q\OQAt), 2=0 on I'Urc

where Q4(t) is the void with boundary I'Z U T'C.

The total area occupied by the void (and hence also the total area occupied by the
material) is conserved by the above flows. Let a(t) be the total volume of the void at

46



time ¢. By using a transport theorem for area, see e.g. Gurtin (1993), we obtain that

La(t) = — VB ds +/ VCds
T'5 1) T (1)

MP 8,5(w” 4+ a¢P)ds — 3 M€ ,5(w® + a¢®)ds =0

1
2
I'B(t) re(t)

by the flux condition (A.38) and the no flux condition at the outer boundary.

The surface energy of the system at time t is given by E*(t) := Zz’e{A,B,C} Jri 0" ds.
We now want to show that in the absence of an electric field, i.e. a = 0, the total surface
energy is a Lyapunov functional. Firstly, we consider the case of /() := (~. Using
a transport theorem for integrals over the interface, see e.g. Gurtin (1993), (A.34a,b),
(A.37) and the angle condition at the outer boundary we obtain (for more details in a
related situation see Garcke and Novick-Cohen (2000) and Novick-Cohen (2000))

LE(t) = — Z / o' k' Vi ds
“(t)

i€{A,B,C}
=—0 Z wi/ [Vi]st—i-Z [/ wBVBds—/ wcvcds]
i€{A,B,C} ‘(1) IB(t) re(t)
<- > / M |0, w'|*ds < 0. (A.43)
ie{B,cy /"M

We note in the above that terms [ M? w? §, w? + M w® §, w®] resulting from the in-
tegration by parts vanish at the outer boundary and at the triple junction due to the
flux condition (A.38), the continuity condition (A.39) and the no flux condition at the
outer boundary. The argument in (A.43) is easily adapted to the scaling /() := 8+%. In
conclusion we have for both motions that 4 E*(t) < 0.
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