DISCRETE AND CONTINUOUS DYNAMICAL SYSTEMS Volume 00, Number 0, January 0000 pp. 1–?

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE

Siniša Slijepčević

Department of Mathematics Bijenička 30, 10000 Zagreb Croatia

Abstract. We propose a general theory of formally gradient differential equations on unbounded one-dimensional domains, based on an energy-flow inequality, and on the study of the induced semiflow on the space of probability measures on the phase space. We prove that the ω-limit set of each point contains an equilibrium, and that the ω-limit set of μ-almost every point in the phase space consists of equilibria, where μ is any Borel probability measure invariant for spatial translations.

1. Introduction. The goal of this paper is to provide an abstract framework for studying the dynamical systems on unbounded domains, whose restriction to any bounded domain generates a gradient semiflow (i.e. a semiflow with a strict Lyapunov function). Such systems are called extended gradient semiflows in the following.

The asymptotic behaviour of gradient semiflows is well understood: their ω-limit set consists of stationary points. However, this result does not apply to extended gradient semiflows: typically one can not define a strict Lyapunov function on the phase space. We study instead a class of almost-Lyapunov functions H_n, n ∈ N, and deduce the following general result: ω-limit set of each point contains a stationary point. Furthermore, given any translationally invariant measure μ, ω-limit set of μ-almost every point x consists of stationary points.

We expect that the theory developed here will be applicable to a wide class of parabolic and damped hyperbolic differential equations on unbounded domains. In particular, it is a contribution towards the goal to describe the global attractor of these systems (see [BV90], [Fei96], [MS95]).

In this paper we discuss properties of one-dimensional systems, namely the systems which generate a semiflow on a subset of the set of functions u : R → R^n (or u : Z → R^n). Some generalisations and counterexamples in higher dimensions will be discussed in the forthcoming paper ([GS99]).

In section 2, we define extended gradient semiflows, and give some examples. The elementary properties, including non-existence of periodic orbits, are proved in section 3. In section 4, we give a sufficient condition for a point to be nonrecurrent. The main result is in section 5, where we show that the average time spent before an arbitrary orbit returns to a small neighbourhood of a non-stationary point is +∞. A corollary is that all the invariant measures of an extended gradient semiflow are supported on the set of stationary points.

In sections 6 and 7 we discuss spatially extended gradient systems, i.e. extended gradient semiflows invariant for spatial translations. We show that the induced

1991 Mathematics Subject Classification. 37B35, 35B40.

Key words and phrases. Gradient semiflows, Lyapunov function, periodic orbits, recurrent orbits, return times, invariant measures. 1

2 SINIŠA SLIJEPČEVIĆ

semiflow on the space of translationally invariant Borel probability measures is gradient, and discuss various implications. Finally, we suggest applications to variational problems on unbounded domains, and Hamiltonian dynamical systems in particular.

In Appendices A and B we show that two typical examples satisfy all the given axioms of (spatially) extended gradient systems: the gradient dynamics of Frenkel- Kontorova models, and the real Ginzburg-Landau equation.

2. Axioms. Given a semiflow ϕ on a space A, we use the following notation: ϕ^t(x) := ϕ(x, t), x^t := ϕ(x, t), x^{[0,T ]} := {ϕ(x, t), t ∈ [0, T ]}. A stationary point of a semiflow ϕ is every point x such that for each t ≥ 0, x^t = x. The set of all stationary points is denoted by S.

Definition 2.1. We say that a continuous semiflow ϕ on a topological space A is an extended gradient semiflow, if there exists a sequence of Borel-measurable functions H_n, A_n : A → R satisfying the following conditions:

(E1): Lyapunov condition. There exists an open cover F of A − S, such that for each U ∈ F, there exists ϵ > 0, and n_0 such that x^{[0,T ]} ⊂ U and n ≥ n_0 imply

H_n(x^T ) − H_n(x^0) + ∫_T 0 A_n(x^t)dt ≤ −ϵT. (2.1) (E2): Boundedness. For each n ≥ 1, H_n is bounded, and A_n bounded uniformly in n (i.e. there exists M > 0 such that for each n ∈ N, x ∈ A, |A_n(x)| < M ) on A. (E3): The flow inequality. There exists a strictly increasing function E :

R^+ → R^+, E(0) = 0, such that for each x ∈ A, and T > 0,

H_n(x^T ) − H_n(x^0) + ∫_T 0 A_n(x^t)dt ≤ − n−1∑ k=1 ∫_T 0 E(|A_k(x^t)|)dt. (2.2) We say that a semiflow is a continuously extended gradient semiflow, if it is an extended gradient semiflow, and the functions H_n, A_n, n ∈ N, are continuous.

A sequence of functions (H_n, A_n) satisfying (E1-3) is called the Lyapunov sequence.

In the examples, H_n will typically be the total energy of the system restricted to a finite domain of size ∼ n, and A_n will be the energy current through the boundary of the finite domain. The one-dimensionality is implicitly assumed in (E2) (the uniform bound on A_n means that the size of the boundary does not grow with the size of the domain) and (E3) (see the examples below).

We use the following notation dH dt (x) = d dt H(x^t)|_{t=0}+ , (2.3)

and say that H is differentiable along trajectories, if (2.3) is well defined for each x ∈ A. If for each n ∈ N, H_n is differentiable along trajectories, (2.1) can be written as d dt H_n(x) + A_n(x) ≤ −ϵ (2.4)

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 3

(where x ∈ U and n ≥ n_0), and (2.2) can be written as d dt H_n(x) + A_n(x) ≤ − n−1∑ k=1 E(|A_k(x)|). (2.5) Now we show that few typical examples satisfy the axioms.

Recall that we say that a semiflow ϕ on the phase space A is gradient, if there exists a function H : A → R, decreasing along trajectories (the function H is called Lyapunov function). A semiflow is strictly gradient, if it is gradient and the Lyapunov function is strictly decreasing along all non-stationary trajectories.

Example 1: Gradient flows. Assume that ϕ is a strictly gradient semoflow on a compact A, with a continuous Lyapunov function H. We then define H_n ≡ H, A_n ≡ 0. If H is differentiable along trajectories, and dH/dt : A → R is continuous, it is easy to check that the sequence H_n, A_n satisfies (E1-3).

Example 2: Gradient dynamics of Frenkel-Kontorova models. Given a C^2 function V : R^2 → R, 1-periodic (i.e. (V (x, y) = V (x + 1, y + 1)) and satisfying the twist condition (there exists δ > 0 such that V_{12}(x, y) ≤ −δ < 0), the Frenkel-Kontorova model is defined with the formal sum V = ∑ i∈Z V (u_{i−1}, u_i). Then the system

u̇ = −∇V (u) = −V_2(u_{i−1}, u_i) − V_1(u_i, u_{i+1}) (2.6)

induces a continuously extended gradient semiflow ϕ on the set B_N of all u ∈ R^Z such that sup_{i∈Z} |u_i − u_{i−1}| ≤ N , for any N ∈ N, in either product topology τ_p or sup-norm topology τ_∞ on B_N . If we define the translation T on R^Z, T (u)_i = u_i +1, then ϕ induces a continuously extended gradient semiflow on the quotient space B_N /T in either topologies. Precise definitions and the proof are given in Appendix A. Example 3: The real Ginzburg-Landau equation. The real 1D Ginzburg-Landau equation is given by the equations u_t(x, t) = u_{xx}(x, t) + u(x, t) − u^3(x, t), (2.7) where u(., t) : R → R. Then the equation (2.7) induces a continuous semiflow ϕ on the space C_{b,u} of all bounded, uniformly continuous functions, in either localised topology τ_{loc} or uniform topology τ_∞. The space A_C is the smallest ϕ-invariant, τ_∞-closed subset of C_{b,u} containing all functions u such that u, u_t, u_x, u_{tx}, u_{tt} are well-defined and uniformly bounded by C. Then (2.7) induces a continuously extended gradient semiflow on A_C , for any C > 0. Precise definitions and an outline of the proof are given in Appendix B.

Given an extended gradient semiflow ϕ and a Lyapunov sequence (H_n, A_n), we say that U is an almost-Lyapunov set, if there exists ϵ > 0 and n_0 such that for each n ≥ n_0, x^{[0,T ]} ⊂ U implies (2.1). Therefore (E1) can be reformulated as: there exists a cover F of A − S consisting of open almost-Lyapunov sets.

3. Elementary properties. We now prove some elementary consequences of Definition 2.1. We assume in the following that ϕ is an extended gradient semiflow on A. We first prove the following elementary lemma (1_A denotes the characteristic function of the set A).

4 SINIŠA SLIJEPČEVIĆ

Lemma 3.1. If A : [0, T ] → R is a measurable bounded function such that for each t ∈ [0, T ], 0 ≤ A(t) ≤ M and ∫_T 0 A(t) ≥ 2ϵT , then ∫_T 0 1_{{A(t)≥ϵ}}(t)dt ≥ ϵT M . Proof. We calculate: 2ϵT ≤ ∫_T 0 A(t)dt = ∫_T 0 1_{{A(t)≥ϵ}}A(t)dt + ∫_T 0 1_{{A(t)<ϵ}}A(t)dt ≤ M ∫_T 0 1_{{A(t)≥ϵ}}dt + ϵT, which implies the claim.

Proposition 3.2. (i) For each x ∈ A − S, T > 0 there exists an almost-Lyapunov neighbourhood U of x^{[0,T ]}.

(ii) If x ∈ S, for each n > 0, A_n(x) = 0.

(iii) For each x ∈ A − S, and each T > 0 there exists n_0 such that

for each n > n_0, H_n(x^T ) < H_n(x^0). (3.8)

Proof. (i) For each t ∈ [0, T ] we choose an almost-Lyapunov neighbourhood U_xt ∈ F of x_t, and n_xt , ϵ_xt such that (2.1) is satisfied on U_xt . We find a finite subcover U_{x1} ,...,U_{xn} of x^{[0,T ]}, and define U = ∪^n_{k=1}U_{xk} , ϵ = min_{k=1,...,n} ϵ_{xk} , n_0 = max_{k=1,...,n} n_{xk} . (ii) Assume that for some k, |A_k(x)| = δ > 0. Choose n > k such that (n − k)E(E(δ)) > M , where M is the bound on |A_n| from (E2), and E the function from (E3). Since x is stationary, H_n(x^T ) − H_n(x) = 0 for all n ∈ N, and (E3) implies that for each m > k, |A_m(x)| ≥ E(δ). Now (E3) implies that |A_{n+2}(x)| ≥ n+1∑ i=1 E(|A_i(x)|) ≥ (n − k)E(E(δ)) > M, which is in contradiction to M being an uniform bound on A_n.

(iii) Assume the contrary, and then there exists x ∉ S, and a strictly increasing sequence (n_k)_{k∈N} such that for each k, H_{nk} (x^T ) ≥ H_{nk} (x). Then (i) implies that for some ϵ > 0, | | | | | ∫_T 0 A_{nk} (x^t)dt | | | | | ≥ 2ϵT + H_{nk} (x^T ) − H_{nk} (x) ≥ 2ϵT. Denote by S_k = {t : |A_{nk} (x^t)| ≥ ϵ}. Lemma 3.1 implies that ∫_T 0 E(|A_{nk} (x^t)|)dt ≥ ∫_T 0 1_{Sk} E(ϵ)dt ≥ ϵT E(ϵ) M . (3.9)

Choose k large enough such that kϵE(ϵ)/M > M . Now (E3) and (3.9) imply that

H_{nk+1} (x) − H_{nk+1} (x^T ) ≥ k∑ i=1 ∫_T 0 E(|A_{ni} (x^t)|)dt + ∫_T 0 A_{nk+1} (x^t)dt

≥ kϵT E(ϵ)/M − ∫_T 0 |A_{nk+1} (x^t)|dt > M T − M T = 0, which is in contradiction to the assumption.

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 5

The proposition above says that the local property (E1) can be extended arbitrarily far along a trajectory, and that the functions H_n indeed resemble Lyapunov functions of a semiflow. It is important that the property (iii) above can not in general be extended to a small neighbourhood of x^{[0,T ]} (one can easily check it for the semiflows in Examples 2 and 3, assuming τ_p and τ_{loc} topologies respectively).

Corollary 3.3. Given an extended gradient semiflow ϕ, there exists no periodic orbits with a minimal period T > 0.

Proof. Assume that x is on such an orbit with a period T > 0. Proposition 3.2 implies now that for n large enough, H_n(x) < H_n(x^T ) = H_n(x), which is a contradiction.

Example 4: Corollary 3.3 implies non-existence of periodic solutions for the equation (2.6) on the spaces B_N , B_N /T and for the equation (2.7) on the spaces A_C .

It would be wrong to deduce at this moment that the dynamics of extended gradient systems is not interesting.

We conjecture that homoclinic orbits in an extended gradient system can exist. In particular, the family of “coarsening” orbits of the equation (2.7), constructed by Eckmann and Rougemont ([ER98]), is the family of orbits asymptotic to a homoclinic cycle (though a rigourous proof of that fact is still lacking). Further discussion of such questions will appear in [GS99].

However, an extended gradient system can never be chaotic, as will be shown in section 5.

4. Non-recurrent orbits. Now we give a sufficient condition for a point of a gradient extended system to be non-recurrent. Recall that a point x of a semiflow ϕ is recurrent, if for each neighbourhood U of x and each T there exists t > T such that x^t ∈ U . It is easy to check that, given a continuous semiflow ϕ, if x is recurrent, so is x^t for each t > 0.

Proposition 4.1. Given x ∈ A, assume that there exists a neighbourhood U of x, a time T and a strictly increasing sequence of integers (n_k)_{k∈N} such that for each k, H_{nk} (x^T ) < inf_{u∈U} H_{nk} (u). (4.10)

Then for each t ≥ T , x^t ∉ U, and x is not recurrent.

Proof. Assume that for some t > T , x^t ∈ U. Then (4.10) implies that for each k, H_{nk} (x^t) > H_{nk} (x^T ), which is in contradiction to Proposition (3.2), (iii).

Note that we actually proved more, i.e. that any point x satisfying (4.10) can not be in the ω-limit set of any point.

Example 5: It is easy to check, using the definitions of H_n and A_n in Appendices A and B and Proposition 4.1, that every point u ∈ B_N (assuming τ_∞ topology) satisfying

lim sup k→∞ 1 k k∑ i=−k u̇^2_i > 0 (4.11)

is non-recurrent for the semiflow induced by (2.6), and that every point u ∈ A_C (assuming τ_∞ topology) satisfying

lim sup n→∞ 1 n ∫_n −n u^2_t > 0. (4.12)

6 SINIŠA SLIJEPČEVIĆ

is non-recurrent for the semiflow induced by (2.7).

Remark 1: Topologically transitive extended gradient systems. It is possible to construct a semiflow satisfying (E1-3) with a recurrent, and even a dense orbit. An example is an irrational flow on the two-torus, with a time change in a small neighbourhood of a point, which becomes a fixed point (the flow is constructed in [KH95], Exercise 4.1.9). A construction of a Lyapunov sequence (H_n, A_n) of functions for that semiflow is in [Sli99a].

We conjecture that in particular examples such as those in Appendices, one can give much stronger characterisation of non-recurrent orbits than the one in Proposition 4.1. This does not, however, follow from the extended-gradient structure of the semiflow alone, and other properties of the dynamics (order-preserving, invariance for spatial translations) must be taken into account.

5. Return times and invariant measures. We now prove the main result of the paper, and describe all the invariant measures of an extended gradient system. An important question is not only whether an orbit returns infinitely many times to a neighbourhood of x, but how often it happens on average.

We define the upper return time r_U (x) of an orbit of x to a set U by:

r_U (x) := lim sup T →∞ 1 T ∫_T 0 1_U (x^t)dt, where 1_U denotes the characteristic function of U.

Theorem 5.1. Given y ∈ A − S, there exists a neighbourhood U of y such that for each x ∈ A, r_U (x) = 0.

Proof. Choose y ∈ A − S, U ∈ F containing y, ϵ and n_0 satisfying (E1) on U, and assume that r_U (x) = δ > 0. (E3) implies that for each n ∈ N, T > 0,

H_n(x) − H_n(x^T ) − ∫_T 0 A_n(x^t)dt ≥ 0. (5.13)

We can find a sequence of sets

R_k = [0, t_1] ∪ [t_2, t_3] ∪ ... ∪ [t_{2k−2}, t_{2k−1}],

0 = t_0 < t_1 < t_2 < ... < t_{2k−1} ≤ t_{2k} = T such that t ∈ R_k implies x^t ∈ U (i.e. 1_{Rk} (t) ≤ 1_U (x^t)), and such that 1_{Rk} (t) → 1_U (x^t) as k → ∞ a.e. with respect to the Lebesgue measure on [0, T ]. We now get, applying (5.13) and (E1), that for all n ≥ n_0 H_n(x) − H_n(x^T ) − ∫_T 0 A_n(x^t)dt = 2k−1∑

i=0 ( H_n(x^{ti+1} ) − H_n(x^{ti} ) − ∫_{ti+1} t_i A_n(x^t)dt )

≥ k−1∑ i=0 ( H_n(x^{t2i+1} ) − H_n(x^{t2i} ) − ∫_{t2i+1} t_{2i} A_n(x^t)dt )

≥ ϵ k−1∑ i=0 (t_{2i+1} − t_{2i}) = ∫_T 0 ϵ1_{Rk} (t)dt. Lebesgue dominated convergence theorem now implies:

H_n(x) − H_n(x^T ) − ∫_T 0 A_n(x^t)dt ≥ ∫_T 0 ϵ1_U (x^t)dt. (5.14)

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 7

We find a strictly increasing sequence of times T_k such that

lim sup T →∞ 1 T ∫_T 0 1_U (x^t)dt = lim_{k→∞} 1 T_k ∫_{Tk} 0 1_U (x^t)dt = δ.

Since H_n is bounded, we conclude that for each n > 0, lim_{k→∞} 1 T_k (H_n(x) − H_n(x^{Tk} )) = 0, (5.15)

and then relation (5.14) implies that

lim inf k→∞ 1 T_k | | | | | ∫_{Tk} 0 A_n(x^t)dt | | | | | ≥ lim_{k→∞} 1 T_k ∫_{Tk} 0 ϵ1_U (x^t)dt = δϵ. (5.16)

Now, denote by S_n = {t, |A_n(x^t)| ≥ δϵ/2}. We calculate, applying (5.16): δϵ ≤ lim inf_{k→∞} 1 T_k ∫_{Tk} 0 |A_n(x^t)|dt ≤ lim inf k→∞ 1 T_k ∫_{Tk} 0 1_{Sn} |A_n(x^t)|dt + lim sup_{k→∞} 1 T_k ∫_{Tk} 0 1_Sc_n |A_n(x^t)|dt ≤ M lim inf_{k→∞} 1 T_k ∫_{Tk} 0 1_{Sn} dt + δϵ/2, and therefore for each n ≥ n_0,

lim inf k→∞ 1 T_k ∫_{Tk} 0 1_{Sn} dt ≥ δϵ/2M, (5.17) where M is the constant from (E2).

Choose n > n_0 large enough such that (n − n_0)E(δϵ/2)δϵ/2M > M . Now we get, applying (5.17) and (E3): lim_{k→∞} 1 T_k (H_{n+1}(x) − H_{n+1}(x^T )) ≥ lim inf_{k→∞} 1 T_k ∫_{Tk} 0 A_n(x^t)dt + lim inf k→∞ 1 T_k n∑ k=1 ∫_{Tk} 0 E(|A_n(x^t)|)dt

≥ −M + lim inf_{k→∞} 1 T_k n∑ k=n_0 ∫_{Tk} 0 1_{Sn} E(|A_n(x^t)|)dt

≥ −M + E(δϵ/2) n∑ k=n_0 lim inf k→∞ 1 T_k ∫_{Tk} 0 1_{Sn} dt ≥ −M + (n − n_0)E(δϵ/2)δϵ/2M > 0, which is in contradiction to (5.15).

We conclude that a neighbourhood of each non-stationary point in A is visited never on average. A conclusion is that, while a gradient semiflow is asymptotically stationary (i.e. the limit set of each point consists of stationary points), a gradient extended system is asymptotically stationary on average. This is an example of a more general philosophy that a topological argument for systems on bounded domains should be replaced with a statistical (i.e. measure-theoretical) statement when discussing extended systems.

8 SINIŠA SLIJEPČEVIĆ

We clarify it in the following statements involving invariant measures. Recall that we say that a Borel probability measure is ϕ-invariant, if for each Borel-measurable A and t ≥ 0, μ(A) = μ(ϕ^{−t}(A)).

Corollary 5.2. Assume that ϕ is an extended gradient semiflow on A, and that ϕ is a Borel ϕ-invariant probability measure. If U is a countable union of elements of F, then μ(U) = 0.

Proof. It is enough to show that for each U ∈ F, μ(U) = 0, which follows immediately from the definition of r_U , the fact that for each y ∈ A, r_U (y) = 0 (Theorem 5.1), and the Birkhoff Ergodic Theorem.

Recall that a topological space satisfies the second axiom of countability, if it has a countable basis.

Corollary 5.3. Assume that A is a second-countable space, and ϕ an extended gradient semiflow on A. Then each Borel ϕ-invariant probability measure μ is supported on the set of stationary orbits, i.e. μ(S) = 1.

Proof. Since A satisfies the second axiom of countability, we can find a countable subfamily of F covering A − S. Corollary 5.2 now implies that μ(A − S) = 0.

Corollary 5.4. Assume that A is compact, metrisable, and that ϕ is an extended gradient semiflow. Then for each x ∈ A, the ω-limit set ω(x) contains a stationary point.

Proof. Since ω(x) is a closed ϕ-invariant subset of A, and A is compact, ω(x) is compact and non-empty, and the Bogolyuboff-Kryloff Theorem (see e.g. [CFS82]) now implies that there exists a Borel ϕ-invariant probability measure μ supported on ω(x). Corollary 5.3 implies that μ is supported on S, therefore S ∩ ω(x) is non-empty.

Finally, we describe all compact minimal sets of an extended gradient system. Recall that, given a semiflow ϕ, a closed ϕ-invariant set is minimal if it does not contain proper closed ϕ-invariant sets.

Corollary 5.5. Assume that A is metrisable, and that ϕ is an extended gradient semiflow. Then every compact minimal set consists of a single equilibrium.

Proof. Given a compact minimal set X , Corollary 5.4 implies that it contains a stationary point x. The definition of the minimal set implies that {x} can not be a proper subset of X , hence X = {x}.

An alternative proof of Corollary 5.5 is to use the argument by Furstenberg: every minimal set consists of uniformly recurrent orbits (see [Fur81], section 1.4 for definition of uniform recurrence, and Theorem 1.15 therein); Theorem 5.1 implies that the only uniformly recurrent points of an extended gradient system are stationary points.

Example 6: Corollary 5.3 implies that all the Borel ϕ-invariant probability measures of the semiflows ϕ induced by equations (2.6) and (2.7) on spaces B_N /T , A_C with τ_p, τ_{loc} topologies respectively, are supported on the set of stationary points.

Remark 2: On Golé’s New proof of Aubry-Mather theorem. An important step in Golé’s proof is the claim that, for the dynamics (2.6), ω-limit set of each point contains a stationary point. The proof of that step in [Gol92] is incorrect (in [Gol98], it was replaced with a weaker statement). Corollary 5.4 recovers the original proof from [Gol92].

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 9

6. Spatially extended gradient systems. Now we add an additional feature to our discussion, and discuss the systems that are spatially extended. The spatial structure is represented with the action of a group G on the phase space. which will in the applications usually be the group of spatial translations, G ∼= Z or R.

Recall that we say that a group G acts on a set A, if for each a ∈ A, ea = a (where e ∈ G is identity), and for each g_1, g_2 ∈ G, (g_1g_2)a = g_1(g_2a)). We say that G acts continuously on the space A, if g : A → A is continuous for each g ∈ G.

Definition 6.1. Given a group G acting on A, we say that a semiflow ϕ on A is a G-extended gradient semiflow, if ϕ is a continuously extended gradient semiflow satisfying the following:

(S1): G acts continuously on A, and commutes with the semiflow ϕ, i.e. for each g ∈ G, t ≥ 0, g ∘ ϕ^t = ϕ^t ∘ g. (S2): For each n, k ∈ N, there exists m ≥ nk, and group elements g_1, g_2, ..., g_k ∈ G such that

H_m = ∑_k i=1 H_n ∘ g_i, A_m = ∑_k i=1 A_n ∘ g_i. (6.18)

In applications, (S1) will mean that a system of equations is spatially homogeneous, and (S2) that the choice of H_n, A_n is compatible with the spatial structure.

Example 7: The equation (2.6) induces a Z-extended gradient semiflow, where Z acts as the group of spatial translations S^n, n ∈ Z, S(u)_i = u_{i−1}. Similarly, the equation (2.7) induces a Z- (and R-) extended gradient semiflow (see Appendices for details).

We denote by M_G(A) the set of all Borel probability measures on the space A, invariant for the group G, i.e. Borel probability measures μ, such that for each g ∈ G, and any measurable A ⊂ A, μ(gA) = μ(A). Note that the set M_G(A) depends on the topology on A, and that it is not a-priori clear that M_G(A) is non-empty. If A is compact and metrisable, and G = Z or R, then the Bogolyuboff-Kryloff Theorem implies that M_G(A) is non-empty (this will be the case in most applications). We implicitly assume that M_G(A) is non-empty in the following.

Now we can define the induced semiflow ϕ^∗ on M_G(A) as ϕ^{∗t}μ = μ ∘ ϕ^{−t}. (6.19) The condition (S1) implies that μ ∈ M_G(A) implies ϕ^{∗t}μ ∈ M_G(A), hence the flow ϕ^{∗t} is well-defined.

Denote by M_G(S) the set of all Borel probability G-invariant measures supported on the set of stationary points S, M_G(S) ⊂ M_G(A).

We assume in the following that ϕ is a G-extended gradient semiflow on A with a Lyapunov sequence (H_n, A_n).

Proposition 6.1. Given any μ ∈ M_G(A), T ≥ 0, and n ∈ N. Then ∫ A ∫_T 0 A_n(x^t)dtdμ(x) = 0.

10 SINIŠA SLIJEPČEVIĆ

Proof. We apply (S2), and for some k > 0 we find m ≥ nk and g_1, g_2, ..., g_k such that (6.18) is satisfied. Now, applying G-invariance of μ, (S1) and (S2) respectively, we get ∫ A ∫_T 0 A_n(x^t)dtdμ(x) = 1 k k∑ i=1 ∫ A ∫_T 0 A_n(ϕ^t(g_i(x)))dtdμ(x)

= 1 k ∫ A ∫_T 0 (_k ∑ i=1 A_n ∘ g_i(x^t)) ) dtdμ(x)

= 1 k ∫ A ∫_T 0 A_m(x^t)dtdμ(x). If M is the uniform bound from (E2), we get: | | | | ∫ A ∫_T 0 A_n(x^t)dtdμ(x) | | | | ≤ M T k . Since k can be arbitrarily large, the claim is proved.

Theorem 6.2. The semiflow ϕ^∗ on M_G(A) defined in (6.19) is strictly gradient, and L_n(μ) = ∫ A H_ndμ is a Lyapunov function for any n ∈ N. The set of stationary points of ϕ^∗ is M_G(S).

Proof. Choose μ ∈ M_G(A) − M_G(S), n ∈ N, T > 0. It is sufficient to show that L_n(μ^T ) < L_n(μ).

For a given k ∈ N, denote by m_k the number m_k ≥ nk such that (S2) is satisfied. We define

D_k(x) = H_{mk} (x^T ) − H_{mk} (x) + ∫_T 0 A_n(x^t)dt. The condition (E3) implies that D_k ≤ 0, and Proposition 3.2, (i), that for all x ∈ A − S, lim inf_{k→∞} D_k(x) < 0. Therefore we can find k large enough and ϵ > 0 such that ∫ A D_k(x)dμ(x) ≤ −ϵ. Now Proposition 6.1 implies that ∫ A H_{mk} (x^T )dμ − ∫ A H_{mk} (x)dμ ≤ −ϵ. Applying G-invariance of ϕ, (S1) and (S2), we deduce similarly as in the proof of Proposition (6.1):

L_n(μ^T ) − L_n(μ) = ∫ A H_n(x^T )dμ − ∫ A H_n(x) = 1 k (∫ A H_{mk} (x^T )dμ − ∫ A H_{mk} (x) )

≤ − ϵ k < 0. In the following, we assume the weak^∗-topology on the set of measures M_G(A).

In the following, ω(μ) denotes the ω-limit set of μ with respect to the semiflow ϕ^∗ and weak^∗-topology.

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 11

Corollary 6.3. Assume that A is compact, metrisable. Then the semiflow ϕ^∗ defined in (6.19) is weak^∗-continuous, M_G(A) is weak^∗-compact, for each μ ∈ M_G(A), ω(μ) is non-empty, and ω(μ) ⊂ M_G(S). Furthermore, ω(μ) contains either one or infinitely many measures.

Proof. Continuity of ϕ^∗ follows from the definition of weak^∗-topology. The set of all Borel probability measures on a compact metrisable set is weak^∗-compact and metrisable (see e.g. [Wal82], Theorems 6.4 and 6.5), and since M_G(A) is weak^∗- closed, it is weak^∗-compact. Other claims follow from Theorem 6.2 and the wellknown properties of gradient semiflows on compact sets (see e.g. [KH95], Prop. 1.6.3 and 1.6.4).

7. Limit sets of G-extended gradient semiflow. Here we show that if a semiflow ϕ is a spatially extended gradient semiflow in the sense of Definition 6.1, then we can show that the asymptotic behaviour of ϕ is “almost everywhere” analogous to the behaviour of a gradient semiflow.

Theorem 7.1. Assume that ϕ is a G-extended gradient semiflow on A, and that μ ∈ M_G(A). Then ω(x) ⊂ S for μ-almost all x ∈ A.

Proof. Denote by X the set of all x ∈ A such that ω(x) is not a subset of S.

Step 1. We first describe X . Choose x ∈ X , and find y ∈ ω(x) ∩ (A − S), a neighbourhood U ∈ F of y, ϵ and n_0 such that (E1) is satisfied. We can find a neighbourhood V ⊂ U of y and δ > 0 such that z ∈ V implies z^{[0,δ]} ⊂ U . Now we define

D^{m,δ}_n = H_n(x^{mδ} ) − H_n(x^{(m+1)δ}) −

∫_{(m+1)δ} mδ A_n(x^t)dt. Now (E3) implies that D^{m,δ}_n ≥ 0, and the choice of V and (E1) imply the following: if x^{[mδ,(m+1)δ]} ∩ V ≠ ∅, then for all n ≥ n_0, D^{m,δ}_n ≥ δϵ/2 or D^{m+1,δ}_n ≥ δϵ/2. Since y ∈ ω(x), there exists a sequence m_i such that D^{mi ,δ}_n ≥ δϵ/2. Let X_{δ,ϵ,n} be the set of all x ∈ A, such that there exists a sequence m_i → ∞ such that D^{mi ,δ}_n ≥ δϵ/2. We conclude that X ⊂ ⋃ δ,ϵ>0, n∈N X_{δ,ϵ,n}. (7.20)

Step 2. We now show that μ(X_{δ,ϵ,n}) = 0. Proposition 6.1 implies that

a_m := ∫ A D^{m,δ}_n (x)dμ(x) = ∫ A ( H_n(x^{mδ} ) − H_n(x^{(m+1)δ}) ) dμ(x). Now Theorem 6.2 implies that a_m ≥ 0 for all m ∈ N, and (E2) (i.e. the fact that H_n is bounded) implies that the series ∑ m∈Z a_m is convergent. Therefore for each ξ > 0, we can find m_0 ∈ N such that ∑ m≥m_0 a_m ≤ ξ. A simple calculation implies easily that μ(D^{m,δ}_n ≥ δϵ/2) ≤ 2 δϵ ∫ A D^{m,δ}_n (x)dμ(x) = 2 δϵ a_m.

12 SINIŠA SLIJEPČEVIĆ

Therefore μ(X_{δ,ϵ,n}) ≤ μ(D^{m,δ}_n ≥ δϵ/2 for some m > m_0) ≤ 2 δϵ ∑ m≥m_0 a_m ≤ 2 δϵ ξ. Since ξ was arbitrarily small, μ(X_{δ,ϵ,n}) = 0.

Since X_{δ,ϵ,n} is monotone in δ, ϵ, (7.20) implies that μ(X ) = 0.

Example 8: Eckmann - Rougemont coarsening orbits. Let ϕ be the G-extended gradient semiflow generated by (2.7) on A_C for some C large enough (G is the group of spatial translations T_y, y ∈ Z). Let μ_B be the Bernoulli measure on the space Σ of all sequences (η_i)_{i∈Z}, η_i ∈ {−1, 1}, and π : Σ → C_{u,b} the map such that π(η) is a piecewise-linear function u(x), u(i) = η_i. We assume the product topology on Σ and τ_{loc} topology on C_{u,b}, and then π is continuous. We set μ = μ_B ∘ π^{−1}, and then μ is G-invariant. Regularity properties of (2.7) imply that for each t > 0, μ^t is supported on A_C for C large enough. Now Theorem 7.1 implies that for μ-a.e. x ∈ A, ω(x) ⊂ S. Eckmann and Rougemont in [ER98] showed that for certain initial conditions x of the type π(η), both the solutions u ≡ −1 and u ≡ 1 are in the τ_{loc} ω-limit set of x (the “coarsening” dynamics), and that ω(x) is not a subset of S. We showed that the set of such initial conditions has μ-measure 0.

8. Discussion. We expect that the results proved in this paper apply to a large class of parabolic and damped hyperbolic differential equations. We apply the ideas to particular examples (simplifying and modifying some arguments), and suggest generalisations and counterexamples in higher dimensions in the forthcoming paper [GS99].

We now briefly discuss some other possible applications of the results.

Variational problems. A standard difficulty when solving variational problems on unbounded domains is that the functional in question is not well defined, i.e. it is divergent. A novel approach to variational problems on unbounded domains which we suggest is to minimise the induced functional (well-defined!) on the subset of the space of all measures invariant for spatial translations, invariant for the induced semiflow ϕ^∗. An example where the idea could be applied is the following.

Hamiltonian dynamics. We can study the gradient dynamics of the action functional of a Lagrangian system (a flow or a map); the gradient dynamics of Frenkel-Kontorova models (see Appendix A) as action functionals for twist maps is an example. Since the time is one-dimensional, the theory developed in this paper can be applied to that dynamics, where the Lagrangian system can have arbitrarily many degrees of freedom. Corollaries 5.4 and 6.3 are powerful new tools for construction of orbits and invariant measures respectively of Lagrangian flows and maps.

A new proof of existence of Mather’s shadowing orbits of twist maps ([Mat91b]) using the dynamics (2.6) is given in [Sli99b]. Corollary 5.4 is a step towards generalisation of the result to Lagrangian systems with more than one degree of freedom.

In [Sli99a], the author gives a simple construction of action-minimising measures of Lagrangian maps (the analogue of Mather’s results in [Mat91a] for Lagrangian flows) based on Corollary 6.3, and discusses related open problems.

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 13

Appendix A. Gradient dynamics of Frenkel-Kontorova models

The Frenkel-Kontorova model is defined with a C^2 generating function V : R^2 → R satisfying the following conditions:

(i) Periodicity: for each x, y ∈ R^2, V (x + 1, y + 1) = V (x, y); (ii) The twist condition: there exists δ > 0, such that V_{12}(x, y) ≤ −δ, where indices denote partial derivatives. The Frenkel-Kontorova model is defined with the following formal sum V (u) = ∑ i∈Z V (u_{i−1}, u_i), where u ∈ R^Z. The Frenkel-Kontorova model is studied in a number of physical applications ([FM96]), as well as the action functional for twist maps, in particular in Aubry-Mather theory ([MF94]).

The dynamics is defined with the following system of equations (the Cauchy problem):

u̇_i = ∇V (u) = −V_2(u_{i−1}, u_i) − V_1(u_i, u_{i+1}), (8.21) u_0 = u^0,

u^0 ∈ R^Z (a Cauchy problem). We study the system in the space

B_N = {u ∈ R^Z, : sup_{i∈Z} |u_i − u_{i+1}| ≤ N },

where N ∈ N. We are interested in two topologies on B_N , namely τ_∞-topology, generated by the norm sup_{i∈Z} |u_i| (in this topology, B_N is a Banach manifold); and the product topology τ_p induced by the product topology on R^Z.

One can show that the conditions (i), (ii) imply that the equation (8.21) generates a semiflow ϕ on B_N for each N ≥ N, and that ϕ is τ_∞- and τ_p-continuous (see [Sli99a] for details).

Given the translation T : R^Z → R^Z, T (u)_i = u_i + 1, periodicity of V implies that ϕ commutes with T , hence we can study the induced semiflow on the quotient space B_N /T (we here abuse the notation and denote by T the group of translations generated by T ). Tychonoff theorem implies that the space B_N /T is τ_p-compact. We set A = B_N /T , and define:

H_n(u) = n−1∑ k=−n V (u_k, u_{k+1}), (8.22)

A_n(u) = −V_1(u_{−n}, u_{−n+1})u̇_{−n} + V_1(u_n, u_{n+1})u̇_n = V_1(u_{−n}, u_{−n+1})(V_2(u_{−n−1}, u_{−n}) + V_1(u_{−n}, u_{−n+1})) (8.23) −V_1(u_n, u_{n+1})(V_2(u_{n−1}, u_n) + V_1(u_n, u_{n+1}), (8.24)

H_n, A_n : A → R. Clearly, H_n, A_n are τ_p- and τ_∞ continuous, and τ_p-compactness of A implies (E2). Differentiating dH_n/dt and substituting (8.21), we get

dH_n(u^t) dt + A_n(u) ≤ − n∑ k=−n+1 u̇^2_k. (8.25)

Now, given u ∉ S, we can find n_0 large enough such that

n_0∑

k=−n_0+1

u̇^2_k ≥ 2ϵ > 0,

14 SINIŠA SLIJEPČEVIĆ

and a τ_p (or τ_∞) neighbourhood U_u of u such that for all v ∈ U_u,

n_0∑

k=−n_0+1 v̇^2_k ≥ ϵ. Now if we define F = {U_u, : u ∈ A − S}, (2.4) and then (E1) are satisfied.

We can uniformly bound |V_1(x, y)| on the set {|x−y| ≤ N } by a constant C > 0. Now the relation

A^2_n = (−V_1(−u_{−n}, u_{−n+1})u̇_{−n} + V_1(u_n, u_{n+1})u̇_n)^2 ≤ 2C(u̇^2_n + u̇^2_{−n})

and (8.25) imply (2.5) and (E3), with E(x) =^1_{2C} x^2. We conclude:

Proposition 8.1. The equation (8.21) induces a continuously extended gradient semiflow on spaces B_N , B_N /T , where N ∈ N, in either τ_p or τ_∞ topology.

We note that B_N /T (with τ_p topology) is homeomorphic to [−N, N ]^N × S^1 × [−N, N ]^N, and therefore τ_p-compact and metrisable.

The definition of H_n and A_n implies immediately that the dynamics 8.21 satisfies (S1), (S2), and induces a G-extended gradient semiflow, where G is the group of translations S^n, n ∈ Z; S(u)_i = u_{i−1}.

Appendix B. The real Ginzburg-Landau equation

The real 1D Ginzburg-Landau equation is given by the equations u_t(x, t) = u_{xx}(x, t) + u(x, t) − u^3(x, t) (8.26) u(x, 0) = u^0, (8.27)

where indices as usual denote the partial derivatives, u : R × R^+ → R, and u^0 : R → R is the initial condition ((8.26), (8.27) is a Cauchy problem). We here outline the proof that (8.26) induces a gradient extended semiflow; detailed discussion will appear in [GS99].

Denote by C_{b,u} the space of all bounded, uniformly continuous functions on R. Denote by τ_∞ the topology on C_{b,u} induced by the norm ||f||_∞ = sup_{x∈R} |f(x)|. Let s : R × (0, 1] be an integrable function, say s(x) = (1 + x^2)^{−1}. Denote by τ_{loc} the topology on C_{b,u}, induced by the norm ||f||_s = sup_{x∈R} s(x)|f(x)|. It is well-known that (8.26) induces a τ_∞- and τ_{loc}-continuous semiflow ϕ on C_{b,u} (see [Col94] and references therein).

Denote by Ã_C , the subset of C_{b,u}, such that u, u_t, u_x, u_{tt}, u_{tx} are well-defined and bounded in ||.||_∞ by C. Denote by A_C the smallest ϕ-invariant τ_∞-closed set containing Ã_C . It is easy to show (e.g. using the integral representation of the solution of (8.26), (8.27)) that there exists D > 0 such that A_C ⊂ Ã_D (i.e. that D is the uniform bound on u, u_t, u_x, u_{tt}, u_{tx}), and that A_C is τ_{loc}-closed.

For a given C > 0, we define H_n, A_n : A_C → R,

H_n(u) = ∫_n −n ( u^2_x 2 − u^2 2 + u^4 4 ) dx, (8.28)

A_n(u) = −u_x(−n)u_t(−n) + u_x(n)u_t(n). (8.29)

EXTENDED GRADIENT SYSTEMS: DIMENSION ONE 15

The definition of the set A_C implies (E2). Now, partially integrating, we get:

dH_n(u) dt + A_n(u) = − ∫_n −n u^2_t dx. (8.30)

Analogously as in Appendix A, we deduce that A_n, H_n are τ_∞- and τ_{loc}- continuous, and that (E1) is satisfied.

Recall that, if u ∈ A_C , that D is the uniform bound on |u_x|, |u_t|, |u_{tx}|. Then for each y > x, the mean value theorem implies that u^2_t (y) ≥ u^2_t (x) − D^2(y − x). A simple calculation implies now that: ∫_n n−1 u^2_t dx ≥ Ẽ(|u_t(n)|), (8.31)

where Ẽ : R^+ → R^+ is defined with:

Ẽ(x) := {_{x4} 2D^2 , for x ≤ D 2, x^2 −^{D2}_2 for x ≥ D^2.

It is easy to check that Ẽ is strictly increasing, convex, and Ẽ(0) = 0. Using (8.31), convexity and monotonicity of Ẽ, we get: ∫_{−n+1} −n u^2_t dx + ∫_n n−1 u^2_t dx ≥ Ẽ(|u_t(−n)|) + Ẽ(|u_t(n)|) ≥ 2Ẽ( 1 2 (|u_t(−n)| + |u_t(n)|)) ≥ 2Ẽ( 1 2D | − u_x(−n)u_t(−n) + u_x(n)u_t(n)|) = 2Ẽ( 1 2D |A_n(u)|). (8.32)

We define E(x) = 2Ẽ(^1_{2D} x), and substituting (8.32) into (8.30) we prove (E3).

We conclude:

Proposition 8.2. For each C > 0, the equation (8.26) induces a continuously extended gradient semiflow on A_C , in either τ_∞ or τ_{loc} topology.

We note that A_C is τ_{loc}-compact, metric space.

We denote by T_y the translation T_y(u)(x) = u(x − y). The definition of H_n, A_n implies that (8.26) induces a G-extended gradient semiflow, where G is the group of translations T_y, where either y ∈ Z or y ∈ R.

Acknowledgements. The results reported here were obtained while the author was a PhD student in the Department of Applied Mathematics and Theoretical Physics, University of Cambridge.

The author wishes to thank Th. Gallay for encouragement and for lots of useful advice. Many thanks to E. Rissler for a helpful discussion, and to V. Baladi and C. Liverani for inviting me to the Sils-Maria Winter School in Smooth Ergodic Theory (participation supported by ESF/PRODYN), where Theorem 5.1 was inspired and proved.

16 SINIŠA SLIJEPČEVIĆ

References.

[BV90] A. V. Babin and M. I. Vishik. Attractors of partial differential equations in an unbounded domain. Proc. Royal Soc. Edinburgh, 116A:221–243, 1990.

[CFS82] I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai. Ergodic Theory. Springer-Verlag, Berlin, 1982.

[Col94] P. Collet. Thermodynamic limit of the Ginzburg-Landau equations. Nonlinearity, 7:1175–1190, 1994.

[ER98] J.-P. Eckmann and J. Rougemont. Coarsening by Ginzburg-Landau dynamics. Commun. Math. Phys., 199:441–470, 1998.

[Fei96] E. Feireisl. Bounded, locally compact global attractors for semilinar damped wave equations on R^n. J. Diff. Integral Eqns., 9:1147–1156, 1996.

[FM96] L. M. Floria and J. J. Mazo. Dissipative dynamics of the Frenkel-Kontorova model.

Advances in Physics, 45:505–598, 1996.

[Fur81] H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory.

Princeton University Press, 1981.

[Gol92] C. Golé. A new proof of Aubry-Mather’s theorem. Math. Z., 210:441–448, 1992. [Gol98] C. Golé. Erratum to “A new proof of Aubry-Mather theorem”. unpublished, 1998. [GS99] T. Gallay and S. Slijepčević. Energy flow in extended gradient partial differential equations. in preparation, 1999.

[KH95] A. Katok and B. Hasselblatt. Introduction to the Modern Theory of Dynamical Systems.

Cambridge University Press, 1995.

[Mat91a] J. N. Mather. Action minimising invariant measures for positive definite Lagrangian systems. Math. Zeit., 207:169–207, 1991.

[Mat91b] J. N. Mather. Variational construction of orbits of twist diffeomorphisms. Jour. of American Math. Soc., 4:207–263, 1991.

[MF94] J. N. Mather and G. Forni. Action minimising orbits in Hamiltonian systems. In Transition to Chaos in Classical and Quantum Mechanics, LCM 1589. Springer-Verlag, 1994.

[MS95] A. Mielke and G. Schneider. Attractors for modulation equations on unbounded domains - existence and comparison. Nonlinearity, 8:743–768, 1995.

[Sli99a] S. Slijepčević. Gradient dynamics of Frenkel-Kontorova models and twist maps. PhD thesis, University of Cambridge, 1999.

[Sli99b] S. Slijepčević. Monotone gradient dynamics and Mather’s shadowing. Nonlinearity, 12:969–986, 1999.

[Wal82] P. Walters. An Introduction to Ergodic Theory. GTM 79. Springer, 1982.

E-mail address: slijepce@cromath.math.hr