
Nonlinear dynamis in the semitransparentequatorial waveguide. Resonant exitationof Rossby and Yanai waves and theirinterationsG. Reznik (P. Shirshov Inst., Mosow), V. Zeitlin (LMD-ENS,Paris)Plan:

• The model and the linear wave spetrum.
• Removal of resonanes.
• Solutions to the synhronism onditions.
• Resonant growth of equatorial waves.
• Nonlinear saturation.

• E�ets of spatial modulation.



1 The model and the linear wavespetrum.2-layer rotating shallow water on the equatorial tangent plane(non-dissipative):
∂tui + ui · ∇ui + βyẑ × ui +

1

ρi
∇πi = 0 , i = 1, 2; (1)

∂thi + ∇ · (uihi) = 0 , i = 1, 2, (2)where βy is the Coriolis parameter in the viinity of the equator.Coordinates: x - "zonal"(west-est); y - meridional (south-north), z -vertial. Dynamial variables: ui = (ui(x, y, t), vi(x, y, t)) - veloity�elds, hi - depths of the layers, h1 + h2 = H - rigid lid upper b...



Barotropi and barolini veloities:

ubt =
h1u1 + h2u2

H
, ubc = u1 − u2. (3)In terms of barotropi streamfuntion ψ, the barolini veloity

u = (u, v) and the depth of the upper layer h1 = h:

∇2ψt + ψx = ǫ
[

−J(ψ,∇2ψ) − s(∂xx − ∂yy) [(1 + ǫqh)(uv)]

+ s∂xy
[

(1 + ǫqh)(u2 − v2)
]

)
]

ut + ∇h+ yẑ × u = ǫ [−J(ψ,u) + u · ∇(ẑ ×∇ψ) − qu · ∇u

+ ǫs (2hu · ∇u + uu · ∇h)] ,

ht + ∇ · u = ǫ
[

−J(ψ, h) − q∇ · (uh) + ǫs∇ ·
(

h2
u
)]

.



Parameters and harateristi sales.

q =
H − 2H1

H
, s =

Hs

H
, ǫ =

∆H

Hs

, (4)

∆H - typial variation of the interfae, and Hs = H1(H−H1)
H

.Equatorial saling:

L =
(g′Hs)

1

4

√
β

; T =
1

βL
; U =

g′∆H

βL2
. (5)Redued gravity: g′ = g(ρ2 − ρ1)/ρ1



Linear wave spetrumBarotropi Rossby waves propagating at any angle:

ψ0 = Aψe
i(θ+ly) + c.c.; θ = kx− σt; (6)with the dispersion relation
σ = −k/(k2 + l2), (7)and the trapped barolini waves

(u, v, h) = (iUm, φm, iHm)Aeiθm + c.c.; θm = k̂x− σmt (8)with the dispersion relation

σ3
m − (k̂2 + 2m+ 1)σm − k̂ = 0; m = 0, 1, 2, ... . (9)
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Figure 1: Dispersion urves for trapped equatorial waves.



The funtions Um = (Um, Vm), Hm are strongly loalized near theequator (y = 0). They are expressed in terms of the paraboliylinder funtions:
Vm(y) = φm(y) =

Hm(y)e−
y2

2

√

2mm!
√
π
, Um(y) =

σmyφm − k̂φ′m

σ2
m − k̂2

,

Hm(y) =
k̂yφm − σmφ

′
m

σ2
m − k̂2

,where Hm(y) are the Hermite polynomials and prime means y-di�erentiation.







RESONANT INTERACTIONS OF TRAPPEDAND NON-TRAPPED WAVES

2 Removal of seular terms.The fored linearized system has the form:
∇2ψt + ψx = Qψ (10)

ut − yv + hx = Qu, vt + yu+ hy = Qv, ht + ux + vy = Qh. (11)Solution is bounded provided the orthogonality onditions aresatis�ed:

〈ψ̂Qψ〉x,y,t = 0, (12)

∫ ∞

−∞

dy 〈ûQu + v̂Qv + ĥQh〉x,t = 0. (13)



ψ̂, û, v̂, ĥ - arbitrary bounded solution of the homogeneous equations,angles denote averaging:
〈...〉x = lim

Lx→∞

1

2Lx

∫ Lx

−Lx

dx ..., etc (14)In what follows, the soure terms are of the form:
Qψ,...,h =

∑

q

Qqψ,...,h(y)e
i(kqx−σqt), (15)

with Qqψ,...,h(y) rapidly deaying at y → ±∞. For suh Qψ,...,h(y) theonditions (12), (13) are not only neessary, but also su�ient if

kq 6= 0, σq 6= 0



3 Solutions to the synhronism onditions.Resonant triads:
k1 ± k2 = k; σ1 ± σ2 = σ. (16)

k1,2, σ1,2 - barolini trapped waves, k, σ - barotropi wave.Parametri resonane: upper sign - most interesting. Alloweddomains for the parametri resonane in the phase-spae (k, l) of thebarotropi waves:



Figure 2: Two barolini Rossby waves with equal meridionalwavenumbers.



Figure 3: Two barolini Rossby waves with di�erent meridionalwavenumbers.



Figure 4: One barolini Rossby and one Yanai wave.



Figure 5: Two Yanai waves.



4 Resonant growth of equatorial waves.Asymptoti multi time-sale expansion for small ǫ starting from aresonant wave triad:
(ψ, u, v, h) = (ψ(0), u(0), v(0), h(0))(x, y, t, T )+ǫ(ψ(1), u(1), v(1), h(1))(x, y, t, T )+...,

ψ(0) = Aψ(T )ei(θ+ly) + c.c., (u(0), v(0), h(0)) =
∑

α=1,2

(u(0)
α , v(0)

α , h(0)
α ),

(u(0)
α , v(0)

α , h(0)
α ) =

1√
aα

(iUα(y), φα(y), iHα(y))Aαe
iθα + c.c.

α = 1, 2; θ = kx− σt, θ1,2 = k1,2x− σ1,2t, T = ǫt.



The equations for the �rst orretion are
∇2ψ

(1)
t + ψ(1)

x = −∇2ψ
(0)
T +Nψ,

u
(1)
t − yv(1) + h(1)

x = −u(0)
T +Nu,

v
(1)
t + yu(1) + h(1)

y = −v(0)
T +Nv,

h
(1)
t + u(1)

x + v(1)
y = −h(0)

T +Nh,



Nonlinear interation terms are:
Nψ = −J(ψ(0),∇2ψ(0)) − s(∂xx − ∂yy)(u

(0)v(0)) + s∂xy(u
(0)2 − v(0)2),

Nu = −J(ψ(0), u(0)) + u
(0) · ∇ψ(0)

y − qu(0) · ∇u(0)

Nv = −J(ψ(0), v(0)) − u
(0) · ∇ψ(0)

x − qu(0) · ∇v(0)

Nh = −J(ψ(0), h(0)) − q∇ · (u(0)h(0)).Only underlined terms may ontain resonanes.



The resonane removal ondition with (û, v̂, ĥ = (u(0)
α, v(0)

α, h(0)
α)gives the following equations for the slow evolution of the amplitudesof the barolini waves:

A1T
= L+

1 AψĀ2, Ā2T
= L̄+

2 ĀψA1,or

A1T
= L−

1 AψĀ2, Ā2T
= L−

2 ĀψA1,where ± signs orrespond to the signs in the synhronism onditions.The equations (17), or (17), are redued to a single one:

AαT T
= C± |Aψ|2Aα, C+ = L+

1 L̄
+
2 , C

− = L−

1 L
−

2 .

C± are real. An important property is
C+ > 0, C− < 0.

⇒ exponential growth in the + ase.



Energy balane
E = Ebt +Ebc = const,where Ebt, Ebc are the barotropi and the barolini energies:

Ebt =

∫ ∞

−∞

dy 〈(∇ψ)
2〉x, Ebc =

s

2

∫ ∞

−∞

dy 〈(1 + ǫqh)(u2 + v2 + h2)〉x.Quadrati energy form onserved in the lowest order:
E0 =

s

2

∫ ∞

−∞

dy 〈(u(0)2 + v(0)2 + h(0)2)〉x +

∫ ∞

−∞

dy 〈∇ψ(0) · ∇ψ(1)〉x, ,

⇒ First barotropi orretion (the barotropi response ofthe equator) is ruial



5 Nonlinear saturation.Rearrangement of the asymptoti expansion:
ψ = ψ(0)(x, y, t, T1, T2, ...) + ǫ

1

2ψ(1)(x, y, t, T1, T2, ...) + ...,

(u, v, h) = ǫ−
1

2 (u(0), v(0), h(0))(x, y, t, T1, T2, ...)

+ (u(1), v(1), h(1))(x, y, t, T1, T2, ...) + ...,



5.1 "Pure" parametri resonane σ = 2σ̂, k = 2k̂.Amplitude (Landau) equation:
AT2

+ LAψĀ+ (P + iQ) |A|2A = 0.

Q = Q0 + qQ1 + sQ2, L, P,Q are real, P ≥ 0.The term ∝ L is due to the interation of the primary harmonibarotropi wave with the zero-order barolini one, the term

∝ P + iQ0 is due to the interation between the seondary barotropimode and the zero-order barolini mode, the term ontaining Q1 isdue to the interation between zero- and �rst-order barolini �elds,and the term ontaining Q2 is due to the ubi interation of thezero-order barolini mode.



Stationary solutions:
A0 = 0, A2

± = − LAψ
P + iQ

.

A0 is unstable, A± are stable if P > 0 (neutrally stable if P = 0). ⇒nonlinear saturation always takes plae.
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Figure 6: Typial behaviour of the trajetories of solutions of the Lan-dau equation in the phase-spae ReA− ImA. The trajetories in theupper (lower) half-plane are attrated to A−(+).



Figure 7: Inrement and saturation amplitude of the barolini Rossbywave with m = 1 as funtions of zonal wavenumber. The parametriresonane ase.



Bak in�uene of the trapped barolini mode on the barotropi �eld:primary vs seondary barotropi modes. If the barolini mode issaturated then A2 is proportional to Aψ and the ratio betweenprimary and seondarymodes does not depend on θ, Aψ.



Figure 8: Comparison of the primary harmoni barotropi wave withthe seondary barotropi mode generated by the saturated trappedRossby wave with m = 1, k̂ = .83. The amplitudes of Reψ(s) and

Imψ(s) reah ∼ 0.8, i.e. the bak in�uene of the saturated trappedmode an be very strong.



5.2 Two di�erent barolini waves.

A1T
+ α1Ā2 + β1 |A2|2A1 + γ1 |A1|2A1 = 0

A2T
+ α2Ā1 + β2 |A1|2A2 + γ2 |A2|2A2 = 0.The following properties of the oe�ients may be established:

α1ᾱ2 > 0, Re(β1 + β2) ≤ 0, Re(γ1) ≤ 0, Re(γ2) ≤ 0.

α1,2 are either both real or both imaginary, and at least one of

Re(γ1), Re(γ2) is < 0. ⇒ saturation.



In terms of real amplitudes and phases: A1,2 = |A1,2| eiΦ1,2 :

˙|A1| − |α1||A2| cos(φα − Φ1 − Φ2) +Reγ1|A1|3 +Reβ1|A2|2|A1| = 0,

˙|A2| − |α2||A1| cos(φα − Φ1 − Φ2) +Reγ2|A2|3 +Reβ2|A1|2|A2| = 0,

Φ̇1 − |α1|
|A2|
|A1|

sin(φα − Φ1 − Φ2) + Imγ1|A1|2 + Imβ1|A2|2 = 0,

Φ̇2 − |α2|
|A1|
|A2|

sin(φα − Φ1 − Φ2) + Imγ2|A2|2 + Imβ2|A1|2 = 0,

α1 = |α1| eiφα , α2 = |α2|e−iφα .



Remarkably, Φ− = Φ1 − Φ2 splits out! No nontrivial time -independent solutions in the general ase . Solution

|A1,2| = const,Φ+ = Φ1 + Φ2 = const,Φ− ∝ T2 may be found,leading to:

A1,2 = B1,2e
±iωT2with onstant omplex B1,2, and real ω.



Saturation:diret numerial simulations show that suh quasi-stationarysolutions are stable and attrative for small initial values of theamplitudes.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Figure 9: Typial behaviour of the trajetories of the solutions in thephase-spae |A1| − |A2|. The trajetories are attrated to the �xedpoint.



At eah k there is a longer and a shorter barolini wave. Withinreasing |k| the longer (shorter) barolini wave is beoming evenlonger (shorter). No seletivity in k: inrement gradually grows from

≈ .65 to ≈ .74. Peuliarity: there is a onsiderable di�erene in thevalues of two saturated amplitudes, the saturation level of the longerwave > that of the shorter wave ⇒ dominane of longer waves.Calulations with di�erent m1,2 on�rm this tendeny



Figure 10: Inrement, saturation amplitudes |B1,2|, and frequeny ωof slow osillations as funtions of the barotropi zonal wavenumber kfor a pair of barolini Rossby waves with m = 1; k1,2 are the zonalwavenumbers of the barolini waves, l = 1.



6 The e�ets of spatial modulationMultiple sales both in spae- and time:
ψ = ψ(0)(x, X1, X2, ..., t, T1, T2, ...)

+ ǫ
1

2ψ(1)(x, X1, X2, ..., t, T1, T2, ...) + ...,

(u, v, h) = ǫ−
1

2 (u(0), v(0), h(0))(x, X1, X2, ..., t, T1, T2, ...)

+ (u(1), v(1), h(1))(x, X1, X2, ..., t, T1, T2, ...) + ....



6.1 "Pure" parametri resonane: σ = 2σ̂, k = 2k̂Amplitude equation in the referene frame moving with the trappedwave:
AT2

− i

2
σ̂′′(k̂)AX1X1

− LAψĀ+ (P + iQ) |A|2A = 0.

σ̂′′(k̂) is the derivative of the group veloity with respet to k̂.Equation of the Ginzburg - Landau (GL) type: resonantly fored GLequations known in optis and in the Faraday e�et. The mehanismof exitation and saturation in our ase is di�erent from the standardone:

• barotropi wave: not a pure external foring, hanged by theseondary wave,

• standard resonantly driven GL has the term µA with Reµ 6= 0.



The saturated stationary solutions are still solutions, stable for

P > 0. Two di�erent stationary states - domain wall type solutions,as it is the ase for similar GL equations? - A harateristiBloh-type domain wall strutures appear, forming a bound state (aso-alled bubble, or "dark soliton")
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Figure 11: Spae-time evolution of a loalised wave-paket.
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Figure 12: Initial (top left), and �nal pro�les of the real (dashed) andimaginary (dash-dotted) parts of A, and its amplitude (solid)



6.2 A pair of barolini waves.The amplitude equations in the lowest order:

AiT1
+ cgi

AiX1
= 0, i = 1, 2,

cgi

- group veloities of the respetive waves. Next order:

A1T2
+ cg1A1X2

− i

2
σ′′

1 (k1)A1X1X1
+ α1Ā2 + β1 |A2|2A1 + γ1 |A1|2A1 = 0

A2T2
+ cg2A2X2

− i

2
σ′′

2 (k2)A2X1X1
+ α2Ā1 + β2 |A1|2A2 + γ2 |A2|2A2 = 0.



"Syntheti" equations:
A1T1

+ cg1A1X1
+

ǫ
1

2

(

− i

2
σ′′

1 (k1)A1X1X1
+ α1Ā2 + β1 |A2|2A1 + γ1 |A1|2A1

)

= 0

A2T1
+ cg2A2X1

+

ǫ
1

2

(

− i

2
σ′′

2 (k2)A2X1X1
+ α2Ā1 + β2 |A1|2A2 + γ2 |A2|2A2

)

= 0.

cg1 6= cg2 ⇒ impossible to hange a referene frame and remove thepropagative e�ets.



If the wave-amplitudes do not depend on T1, X1 but only on T2, X2:

A1T2
+ cg1A1X2

+ α1Ā2 + β1 |A2|2A1 + γ1 |A1|2A1 = 0

A2T2
+ cg2A2X2

+ α2Ā1 + β2 |A1|2A2 + γ2 |A2|2A2 = 0.The terms with seond spatial derivatives, thus, appear as the nextorder orretions.



Hyperboli system with straight harateristis dX
dT

= cg(k̂1,2): anglebetween the harateristis determines the zone of in�uene of theinitial onditions. Expet formation of sharp fronts ("shoks"), asusual for non-dispersive hyperboli systems, whih is on�rmed bypreliminary diret numerial simulations. Resemblane to thedynamis of ounterpropagating waves in the Faraday e�et, with animportant di�erene of absene of linear in A1,2 terms, and di�erentstruture of the oe�ients.



7 Summary/Perspetive

7.1 Summary
• resonant exitation of trapped waves by non-trapped ones insemitransparent waveguides (generi!) = parametri instability ofthe barotropi wave with respet to barolini perturbations;teleonnetions midlatitudes-tropis.
• new type of GL equation: spatio-temporal organization ("darksolitons")

• oupled GL-type equations: slow variability, fronts.



7.2 Perspetive
• Whole sphere with disrete spetrum (resonant exitation oftides).

• Other semitransparent waveguides (oasts/topography)


