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Notation

K a perfect fields

Gk = Gal(K/K) the absolute Galois group of K

N a positive integer, if char(K) > 0 then want char(K) { N.
E an elliptic curve defined over K.

E[N] the N-torsion subgroup of E(K).

E[N] is stable under the action of Gg.

For o € Gk,
E[N] — E[N], P— P°

is an automorphism.



Mod N Galois Representation of E

Obtain a representation
Pen © Gk — Aut(E[N]).
This is known as the mod N Galois representation attached to E.
@ ker(p) is normal of finite index.
e o € ker(p) < P? =P for all P € E[N].
o . ker(p) = Gk(e[ny)-

® n(Gk) = Gk/Gkeny = Gal(K(E[N])/K).



E[N] = (Z/NZ)? (Z/NZ-module of rank 2).
Automorphism of E[N] = Z/NZ linear isomorphism E[N] — E[N].
Choosing an basis for E[N] we can identify pg  as a representation

PEp ¢ Gk — GLa(Z/NZ).



An Example: pg,
Suppose char(K) # 2.

E: Y?=f(X), f(X)=X3+aX?>+bX+ceK[X], A(f)#0.

Write

f=(X—=0)(X—-0)X-065), 6 ckK.

E[2] = {0, Pl, P2, P3}, P,‘ = (9,’,0), P3 = P1 =+ P2.

K(E[2]) = K(61,02,605),  Gal(K(E[2])/K) = Gal(f).

Choose Pq, P as basis.

Case 1: If 01, 62, 03 € K, then p =1 (the trivial homomorphism).



An Example: pg, (continued)

E[2] = {0, P1, P>, Pg}, P; = (9,’,0), P3; = Py + Ps.
Case2: 01 e K, K(b)=K(0:)=K(d), deK\ (K>

Let 0 € Gg.

U(\/a):\/a — O'(Pl):Pl, O'(PQ)ZPQ,

— 7o) = (5 1) € 6La(F)

o(Vd)=—Vd (o swaps 6y, 63)

11

O’(Pl):Pl, U(P2)2P3:P1—|-P2 — ﬁ(a): (O 1

) € GLy(F»).

re={(5 V) (5 1)} = caik(va)K) = Galtk (R k).



An Example: pg, (continued)

E[2]:{07P17P27P3}7 Pi:(9i70)7 P3:P1+P2-

Case 3: Gal(f) = A3 ={id, (1,2,3), (1,3,2)}.
e.g.

(01,02,03)° = (02,03,01) = P{ =P, Py =P3=P1+ P,
_ 01

w60 = {(5 1) (1 1) (i o)} =a=cakierpm,

Case 4: Gal(f) = Ss, find

5(Gk) = GLa(F2) = S3 = Gal(K(E[2])/K).



Important Remark: Image Upto Conjugation

e p(Gk) C GL2(Z/NZ) depends on a choice of basis for E[N].

@ If we change basis then we conjugate p by the change-of-basis matrix,
which is an element of GLy(Z/NZ).

@ .-, image is only defined up to conjugation.



The mod N-Cyclotomic Character
Let ¢y be a primitive N-th root of 1.

Define the mod N-cyclotomic character

v Gk = (Z/NZY, CR= .

Theorem

If T € Gg denotes any complex conjugation then xn(7) = —1.

Proof.

Complex conjugation takes (y to Cﬁl.

Theorem

det 5g.y = Xn (GK 2y GLy(Z/NZ) (Z/NZ)*).




Cyclotomic Character (continued)

Theorem
detpe v = XN-

Proof.
Recall that the Weil pairing ey @ E[N] x E[N] — un = (Cn) is bilinear,
alternating, non-degenerate, and Galois invariant.

Alternating: ey(S,S) =1 for all S € E[N].
Alternating implies skew-symmetric:
l=en(S+T,5+T7)
= eN(Sa S)eN(Sa T)eN(T’ S)eN(T7 T)
= eN(S, T)eN(T, S)

coen(T,S)=en(S, 7)1 (skew-symmetric)




Cyclotomic Character (continued)

Proof.
ey non-degenerate = 3 basis S, T such that ey(S, T) = (n.
a b S7 =aS +cT,
Let 0 € Gk, 0 = . :
oGk Penl) <c d> {T“:b5+dT.
X"’(U =5 by definition of yy
= en(S, ) by choice of S, T
=en(S7,T7) Galois invariance
=en(aS + cT,bS +dT)
= en(S,S)* en(S, T)*en(T, S) en(T, T)™ bilinearity
= en(S, T)?dbe ey alternating

,"i,d_bc by choice of S, T.
xn(o) = ad — bc = detpg y(0).




Torsion and Isogenies

Theorem

The following are equivalent:

(a) E has a K-rational point of order N;

(b) PEN ~ ((1) X*N)'

(c) Pe.n(Gk) is conjugate inside GLo(Z/NZ) to a subgroup of

Bu(N) = {(3 Z) . beZ/NZ, d € (Z/NZ)*} C GLo(Z/NZ).

v



Theorem
The following are equivalent:

(a) E has a cyclic K-rational N-isogeny;

(b) Pen ~ ((g ;;) where ¢, ¥ : Gx — (Z/NZ)* are characters
satisfying ¢ = xn.
(c) Pen(Gk) is conjugate inside GLo(Z/NZ) to a subgroup of

Bo(N) := {(g Z) . beZ/NZ, a, de(Z/NZ)*}.

Proof. (a) = (b). Let 8 : E — E be a cyclic N isogeny, defined over K.

ker(0) = (P), P € E[N] has order N.

6 defined over K = (P)? = (P).




Theorem
The following are equivalent:

(a) E has a cyclic K-rational N-isogeny;

(b) Pen ~ ((g ;Z) where ¢, ¥ : Gk — (Z/NZ)* are characters
satisfying ¢ = xn.

Proof. (a) = (b). Let #: E — E be a cyclic N isogeny, defined over K
ker(8) = (P), P € E[N] has order N.
6 defined over K = (P)? = (P).

Choose @ € E[N] such that P, Q is a basis.

P’ —a,P, Q" =bP+d,Q Voe Gk

_ as, by
PE,N(U) = <0 da> .

Exercise: Complete the proof.




Quadratic Twisting
Lemma
Let d € K*. Suppose char(K) # 2. Let E' be the quadratic twist of E by

d. Let ¢ : Gk — {1,—1} be the quadratic character defined by
Vd' =14(0)-Vd. Then pgn ~ - e n-

Proof. E, E’ have models

E : Y2 = X3+aX?+bX+c, E' : Y? = X3+daX?+d°bX+dc.
X Yy
d’ dVd
isomorphism. Induces isomorphism ¢ : E[N] — E'[N].
Let P = (x,y) € E[N]. Note that £P = (x,+y). Thus,

= (5.7) - (5.0 23

= u(o) (5. 22 = vto)- 0P,

Exercise: complete the proof.

Themap ¢ : E(K) = E'(K), &é(x,y) = is an




Theorem

Let H be a subgroup of GLy(Z/NZ). Suppose that pg n(Gk) is contained
in H. Let E' be a quadratic twist of E. If —I € H, then pg/ n(Gk) is
contained in H (up to conjugation).

Corollary

If E has a cyclic K-rational N isogeny, then so does any quadratic twist.

Recall

E has point of order N <= image C Bi(N) := {((1) 5)}

E has cyclic N isogeny <= image C By(N) := {(g 2)}

Note —/ € By(N) but —/ ¢ Bi(N) (for N > 3).




Serre’s Uniformity Conjecture

Conjecture (Serre's Uniformity Conjecture)

Let E/Q be without CM. Let p > 37. Then pg , is surjective.

Note: p surjective <= image contains SLp(FF}).

Theorem (Dickson)

Let H be a subgroup of GLo(Fp) not containing SLy(F,). Then (up to
conjugation)

*

(i) either H C By(p) := {<0 :)} (Borel subgroup)

(i) or HC NS (p) := {(g g>, (g g) Ca, B EIF:‘,} (normalizer of
split Cartan)

i) or HC p) (normalizer of non-split Cartan).

HC N li f lit C

(iv) or the image of H in PGLy(F,) is isomorphic to As, S4 or As (these
are called the exceptional subgroups of GLy(FFp)).




Conjecture (Serre's Uniformity Conjecture)
Let E/Q be without CM. Let p > 37. Then pg , is surjective.

Theorem (Dickson)
Let H be a subgroup of GL>(Fp) not containing SLo(Fp). Then (up to
conjugation)

*

(i) either H C Bo(p) := {<o :)} (Borel subgroup)

(i) or HC NS (p) := {(g g) , <g g) Ca, BE IE‘;;} (normalizer of

split Cartan)
(ii) or H C N.(p) (normalizer of non-split Cartan)?

(iv) or the image of H in PGLy(FF,) is isomorphic to As, S4 or As (these
are called the exceptional subgroups of GL»(F,)).

N (p) can be conjugated inside GLo(F2) to

(G &) (& §) eem}




